FishŋScales: Representing Fuzzy Manifolds

Radim “Sťara Ruzena Bajcsy

University of Pennsylvania GRASP Laboratory 3401 Walnut St., Philadelphia, PA, U.S.A.

radim@grip.cis.upenn.edu

Abstract We address the problem of automatically reconstructing mŋmanifolds of unknown topology from unorganized points in metric pŋspaces obtained from a noisy measurement proŋ cess. The point set is ^rst approximated by a collection of oriented primitive fuzzy sets over a range of resolutions. Hierarchical multiresolution representation is then comŋ puted based on the relation of relative containment de^ned on the collection. Finally, manifold structure is recovered by establishing connectivity between these primitives based on proximity, compatibility of position and orientation, and local topological constraints. The method has been sucŋ cessfully applied to the problem of surface reconstruction from polynocularŋstereo data with many outliers.

1 Introduction

In this paper we are not concerned with arbitrary unorgaŋ nized point sets, but only with those obtained by a real measurement process.

Stereo reconstructions are rarely interpreted as surfaces because computer stereo vision typically produces a large fraction of outliers and illŋbehaved noise. When many cameras are used, the problem becomes signi^cant as in the dataset shown (Fig. 1). If it were not for the outliers, the dataset contains many more measurements than are necessary for an interpretation.

In this paper we propose a method of interpreting noisy measurements as manifolds. The problem is as follows: there is an mŋmanifold in the world one observes, which may be a curve (m = 1), a visual surface (m = 2), etc. One takes a ^nite number of local measurements whose dimension is p > m and uses them to create a representation with manifold structure. Of course, one does not know if a manifold is observed; the only information is present in the measurements and in the a priori assumption that the perceived object is locally homeomorphic to an open mŋ ball or a halfŋball and can be covered by a ^nite number of subsets.

To our knowledge, the majority of current bottomŋup (nonŋparametric)methods for recovering curves or surfaces from visual data are based on the above assumption. What is rarely acknowledged in full consequence, though, is that measurements are always corrupted by noise.^1 The unŋ

1A problem speci^c to 3ŋD vision is that retinal images are mere projections of the world and the fullyŋdimensional structure must be reŋ constructed, which also introduces various artifacts.

Fig. 1: A top view of a cloud of isolated points in IR^3 as obtained from a fourŋcamera stereo. The human face is looking towards the bottom edge of the page and the cameras were located in front of it. The matching artifacts ^ll the space around but are not compatible with it.

certainty not only affects the local properties of the reconŋ structed entity but also the global structure one wants to recover: if we triangulate a set of points and a slightly perŋ turbed set of the same points, the triangulations may signi^ŋ cantly differ, even nonŋlocally. The goal then is to suppress the in~uence of uncertainty on the recovered structure.

Our assumption is that the dimension p of the measureŋ ments must be greater than the dimension of the manifold m. Since the measurements are corrupted by noise, our task must include simultaneous ^ltration and ‘projection’ on an mŋdimensional structure. We propose that it is sufŋ ^cient to locally ^lter and project the measurements by grouping them into local geometric primitives that sit in pŋspace and are expected to ‘cover’ the manifold the same way scales cover most ^sh. The smallest approximation erŋ ror occurs when the subspace of the primitives eigenspace corresponding to m largest eigenvalues is parallel to the tangent (hyperŋ)plane of the manifold. The covering will be more compact if the primitives are compatible at their overlap. In this paper we show how to evaluate this overlap and how to build the global structure from local primitives.

After this introductory section, we describe in Section 2 a new mŋmanifold representation which will later be narŋ rowed to surfaces in 3ŋD. Some results on the dataset shown in Fig. 1 are presented in Section 3. Finally, in Section 4 we discuss our approach and propose future research topics.

1.1 Related Work There are roughly two distinct approaches to the problem of surface reconstruction: (1) topŋdown: the connectivity information (the topological type of the surface) is a priori known, and (2) bottomŋup: the connectivity is recovered along with geometry. The former problem has been extenŋ sively treated in the literature [12, 28, 30, 14]. Recently, a modi^cation for closed compact surfaces has been reported in [6, 23, 20]. For a review of these methods, see [2]. See also [22, 26, 19] for parametric models recovery.

Except for a restricted class of tasks, the topological type of the observed surface is not known in advance. In the recent work of Caselles et al., the topological structure is allowed to evolve during the recovery from an initial simple model (homeomorphic to a sphere) [3]. The models are restricted to closed surfaces. Many of the topŋdown methods require collecting all the raw measurements prior to recovering the model and do not allow for (1) ef^cient incorporation of new local measurements to improve eiŋ ther the model accuracy or its descriptiveness (there were some attempts to do this in triangulations [32, 5]), or for (2) removing redundant primitives to increase the ratio of descriptiveness over the description length of the the ^nal representation (some attempts are reported in [1, 27]).

The bottomŋup approachŮknown as reconstruction from unorganized pointsŮis much more dif^cult and has not been treated as often. Tonnessen and Szeliski proposed modeling objects (surfaces) as collections of (isolated) oriŋ ented particles [29], which was a generalization of the particles of Reeves [24]. They attempted neither to reŋ cover the model from real range data nor to establish the connectivity among the particles. This was later done by Fua, who recovered the models from unorganized points without the connectivity [9] and also including the connecŋ tivity [11, 10]. He used 2ŋD Delaunay triangulation over a projection of the centers of the local primitives. This is only possible when the surface can be mapped on a plane by a oneŋtoŋone projection. Oriented particles are generally well suited for modeling elastic surfaces or surfaces under deformation [21]. Our work has been inspired by the work of Fua, but it differs in establishing the proper invariant connectivity among the local geometric primitives which, in turn, can help reject some inconsistent measurements.

Hoppe et al. recover local orientation at each dataŋpoint and then recover the signed distance function zero set by the means of a contouring algorithm [16] (see also [15, 4]). The distance is measured from the estimated oriented tanŋ gent plane and its zero set is a manifold by its de^nition. The (initially unknown) absolute orientation is propagated from points of known orientation in Euclidean Minimum Spanning Tree. The algorithm complexity is O(n log n), where n is the number of primary measurements. Recently, this work has been greatly elaborated upon [7] but the auŋ thors do not deal with the problem of outliers or uncertainty in the measurements. This approach fails when the surface is not orientable: consider just a Mĺobius strip which is a perfectly visually observable entity and there is no reason why it should not be recoverable from visual data.

Edelsbrunner et al. introduced the formal notion of the family of αŋshapes of a ^nite point set in IR^3 [8]. It is a genŋ eralization of the convex hull of a point set and represents the ŞshapeŤ of the set.

1.2 The BottomŋUp Approach In the presence of outliers in raw data or when the data describe just portions of objects, one wants to recover the manifold in a bottomŋup process since it is much easier to deal with unreliable and/or incomplete information locally. Also for fusing information from many partial reconstrucŋ tions, some intermediate representation is preferred, one that is more compact and more descriptive than isolated points. If we accept the bottomŋup paradigm, we face two relatively independent subproblems, both of which are disŋ cussed in this paper:

1. How to group isolated points to meaningful, compact, and descriptive semiŋlocal geometric primitives. This is a local clustering problem.

2. How to establish connectivity between those primiŋ tives and create a (pseudoŋ)manifold structure. This is a global data interpretation problem and we want to separate it from the ^rst step as much as possible since it depends on the purpose of data interpretation.

In many clustering methods, one has to select a scale (resolution) at which the clustering should be done or employ global constraints like minimum description length [31]. Since selecting the scale requires a taskŋ dependent knowledge and we want to postpone the interŋ pretation to a later stage, we shall address the clustering problem by the means of simple and fast multiresolution clustering.

The reconstruction task is then accomplished in three steps:

1. Preprocessing. Grouping of isolated points accordŋ ing to an a priori local geometric model to geometric primitives that are instances of this model.

2. Veri^cation and re^nement. By recurring back to (some of) the images the orientation and position of the primitives may be re^ned.

3. Interpretation at a given scale.

(a) Establishing the containment order of the primŋ itives and removing those that are redundant at the given resolution.

(b) Selecting the manifold order.

(c) Establishing connectivity between the primitives based on proximity, mutual compatibility, and global topological constraints.

In the preprocessing step local problems (like removing outliers) are resolved and redundancy in the dataset is supŋ pressed at given scale. This step is repeated at multiple resolutions. Multiple such collections are fused in a simple union operation.

In the interpretation step, primitives redundant at given scale are ^rst removed and the collection of primitives is then interpreted by imposing additional nonŋlocal conŋ straints as manifold structure (of selected order) with boundary.

The next section introduces a surface representation that allows us to deal with the reconstruction task as we outlined it here.

2 Discrete Fuzzy Manifolds

The fuzzyŋset framework provides us with tools suitable for all partial problems and allows us to generalize. We will start with simple concepts that will be used in a more rigorous task formulation.

2.1 Fuzzy Sets and Fuzzy Relations We build upon the standard notion of fuzzy set. For an introduction to this topic we refer the reader to [33]. Here we use the following notation.

A fuzzy subset S of IR^p is de^ned by its membership function μ(x|S) : IR^p → [0, 1], where the value of μ(x|S) represents the degree of membership of a point x ∈ R^p in S. The interval [0, 1] is a special case of a membership set. For shortness, we shall often write μ(S) instead of μ(x|S). In addition to standard setŋtheoretic operations of complement, intersection, and union and the algebraic operations of product and sum, we require μ(x|S) to be integrable and we de^ne the norm ‖μ(S)‖ = ∫ IRp μ(x|S) dx ≤ ∞. (1) We will also fuzzify nŋary relations as follows: Let P be a product set of n sets, P = E_1 × E_2 × · · · × E_n and M its membership set, a fuzzy nŋary relation is a fuzzy subset of P taking its values in M.

2.2 Primitive Fuzzy Sets We are not interested in isolated primitive sets S, rather in a ^nite collection C = {S_1, S_2, . . . , S_n}. We shall assume that the primitive sets are ^nite and nonŋsingular 0 < ‖μ(S)‖ < ∞ (2) and that they are local models to some more global strucŋ ture. We will be looking for relations between the primitive sets that generalize the local properties of the members of C to the properties of the collection C in the large.

Since our primitive sets are intended as local manifold models, some geometric properties are required, namely, the primitives must be oriented to guarantee the existence of subspace which they can uniquely be projected to and which is supposed to be parallel to the manifold tangent (hyperŋ)plane. The knowledge of the orientation sign is not required, though.

2.3 Primitive Fuzzy Relations Based on the standard fuzzyŋset operations we de^ne two fuzzy relations:

1. relative intersection

ω(S_1, S_2, . . . , S_N ) = ‖μ( ⋂_N i=1 S_i)‖ ‖μ( ⋃_N i=1 S_i)‖ , (3)

2. relative inclusion (containment)

ι(S_1, S_2) =

‖μ(S_1 ∩ S_2)‖ ‖μ(S_1)‖ . (4)

(a) (b) (c) (d)

Fig. 2: Hyperellipsoids that are perpendicular (a) or parallel but nonŋcollinear (b) intersect much less than those that are (nearly or fully) collinear (c). The degree of intersection is measured by ω. Hyperellipsoids that are embedded in larger ones may be redundant at a certain scale (d). The order is de^ned by ι.

The relative intersection expresses the degree of mutual overlap of S_1, . . . S_N . The relative inclusion expresses the degree to which S_1 ⊂ S_2. For an intuitive example see Fig. 2. Since ‖μ( ⋂_N i=1 S_i)‖ ≤ ‖μ( ⋃_N i=1 S_i)‖, ‖μ(S_1 ∩ S_2)‖ ≤ ‖μ(S_1)‖, and ‖μ(S_i)‖ > 0, the values of ω and ι are both con^ned to the interval of (0, 1].

2.4 FishŋScales From now on, we shall assume that the membership funcŋ tions have this particular form μ(x|S) = f ( 1 2 (x − x_0)^T S^{−1}(x − x_0)), (5)

where S is a p×p symmetric and positiveŋde^nite structure matrix, the vector x_0 is the center, and f is a monotone nonŋ increasing scalar in~uence function such that:

0 < f (t) ≤ 1, f (0) = 1, and ∫_∞ 0 f (t)^k dt < ∞, k = 1, 2. (6) We shall call such sets ^shŋscales and they will be used as local fuzzy geometric primitives. The eigenvectors and eigenvalues of the structure matrix de^ne the geometric properties of the ^shŋscale: its eigenvector corresponding to the extremal eigenvalue de^nes the ^shŋscale orientation and the ratios of eigenvalues de^ne how ~at, thin, etc., the ^shŋscale is. If λ_{max} is the maximum eigenvalue among λ_i, i = 1, . . . , p of S, we de^ne the scale rank ρ ρ = p∑ i=1 λ_i λ_{max} , ρ ∈ (0, p]. (7) We may then classify 3ŋD ^shŋscales (p = 3) as follows:

type rank eigenvalues spherical 3 λ_1 = λ_2 = λ_3 > 0 ~at 2 λ_1 → 0, λ_2 = λ_3 ≫ 0 linear 1 λ_1 = λ_2 → 0, λ_3 ≫ 0

Based on the rank, our reconstruction may be selective when the dataset contains measurements originating from manifolds of different order.

(a) (b) (c)

Fig. 3: The collection (a) of 0ŋsimplices (vertices) and 1ŋsimplices (edges) is not a complex (some edges intersect in between their endpoints). If we remove some of the edges we transform it to a complex (b). The complex can be further transformed to a pseudoŋmanifold (c) by removing some more edges. This process can be guided by the values of ω associated with the edges.

2.5 The Collection of Simplices Generated by ! At this point we will need some concepts from standard topology. For the lack of space here, we refer the reader to standard books, e.g. [17, 13]. Let us just give our de^nition of pseudoŋmanifold: A pseudoŋmanifold with boundary is the carrier of an mŋcomplex in which every (m−1)ŋsimplex is a face of at most two mŋsimplices (we will refer to this as the pseudoŋmanifold constraint). The neighborhood of every point in a pseudoŋmanifold is homeomorphic to an open ball or halfŋball, except for a ^nite number of singular points that are homeomorphic to k open balls (or halfŋballs) identi^ed to the point.

The relation ω generates a collection of associŋ ated simplices as follows: the primitive sets centers {(i)} may be thought of as 0ŋsimplices, the labeled edges {(i, j) | ω(i, j) > 0} as 1ŋsimplices, the triangles {(i, j, k) | ω(i, j) ∧ ω(j, k) ∧ ω(i, k) > 0} as 2ŋsimplices, etc.^2 The collection C_ω of all these simplices do not necŋ essarily form a complex, since some of their intersections need not be simplices from the collection. We may remove some simplices from C_ω to obtain a complex, see Fig. 3. Moreover, we may remove simplices violating the pseudoŋ manifold constraint to get a pseudoŋmanifold P_ω ⊆ C_ω. If ω > 0 there is at least one pseudoŋmanifold that can be formed from C_ω: it is the convex hull of C_ω. Let the weight of P_ω be the sum of the weights of all its 1ŋ simplices that are incident on at least one 2ŋsimplex. If (2) holds and no two weights ω(i, j) and ω(k, l), (i, j) ≢ (k, l) are equal, there is a unique pseudoŋmanifold P^∗_ω ⊆ C_ω that maximizes the weight over all possible pseudoŋmanifolds P_ω that can be formed from C_ω.

Unfortunately, such an optimization task is an NPŋ complete computational problem. We have developed a subŋoptimal heuristic algorithm that works in O(N^2 log N ) time for 2ŋcomplexes. It will brie~y be described in Secŋ tion 2.8.

2.6 The Inclusion Graph Generated by´ There is an oriented antisymmetric edgeŋlabeled graph G_ι associated with ι (see (4)) whose edges are de^ned as folŋ lows: ∀(S_i, S_j ) ∈ C × C, i ≠ j : ι(S_i, S_j ) < ι(S_j , S_i) ⇔ (i, j) ∈ G_ι. 2We compute ω for edges as opposed to triangles since triangles maxŋ imizing ω(i, j, k) are not compact.

In other words, the edges (i, j) of the graph are oriented so that if S_i and S_j intersect then ‖μ(S_i)‖ > ‖μ(S_j )‖. This means that, as long as (6) holds and no two intersecting primitive sets have the same norm, there is no oriented circuit in the graph.

The relation of relative inclusion ι is re~exive, since ι(S, S) = 1, antisymmetric, since ι(S_1, S_2) ≠ ι(S_2, S_1) or ι(S_1, S_2) = ι(S_2, S_1) = 0 unless ‖μ(S_1)‖ = ‖μ(S_2)‖, and the associated graph has no circuits, which means that ι is a fuzzy nonŋtransitive ordinal relation [18]. The tranŋ sitive closure of ι is thus the relation of fuzzy order which represents the hierarchical structure of C. The closure can be found as the minimumŋspanning tree of G_ι, T_ι ⊆ G_ι, which is a polynomialŋcomplexity computational problem.

We assert that T_ι captures the hierarchical structure of the collection C. If the primitive sets in C are recovered at multiple scales (resolutions), the T_ι provides a way to build a multiŋresolution representation or a way to remove redundant primitive sets from C by prescribing the maxiŋ mum approximation error. By selecting a threshold on ι, the T_ι can be converted to a forest, in which each root represents the primitive set that includes all other primitive sets in the component. The threshold, which, by de^nition of ι, is a fraction of the coarsestŋlevel primitive set size, is to be selected. We want to pursue further research to develop this proposition.

2.7 The FishŋScale Surface Model From now on we shall restrict the general discussion to surfaces embedded in Euclidean pŋspace. Extending the results to any manifold dimension is trivial, since the key structures are de^ned for any dimensions.

We have selected the exponential in~uence function f (t) = e^{−t}, since the relative intersection and inclusion can be easily estimated and since the moments of the ^rst and second orders of μ(x|S) are directly related to the primitive set center and covariance matrix.

Let S_i be the structure matrices of the primitive sets S_i, and let x_{0i} be their respective centers. Let |S| denote the determinant of S, let P_{12} = (S^{−1}_1 + S^{−1}_2 )^{−1}, and let

d^2_{12} = 1 2 (x_{01} − x_{02})^T (S_1 + S_2)^{−1}(x_{01} − x_{02})

be the Mahalanobis distance between the ^shŋscale centers.

The fuzzy relations (3) and (4) for a pair of primitive sets are then estimated as follows:

1. Relative intersection ŕω(S_1, S_2) ≤ ω(S_1, S_2):

ŕω(S_1, S_2) =

‖μ(S_1 · S_2)‖

‖μ(S_1 + S_2)‖ (8)

= √ |P_{12}| e−d^212 √ |S_1| + √ |S_2| − √ |P_{12}| e−d^212 def = κ e−d^{212} ,

where the term d_{12} captures the decrease in intersection with increasing distance between the centers and the ratio κ captures the perpendicularity of the primitive sets, see Fig. 4. Note that ŕω(S, S) = (2^{( p}2^{+1)} − 1)^{−1}, where p is the dimension of the vector x, whereas ω(S, S) = 1. The ability of ŕω to estimate ω thus decreases with increasing

Fig. 4: The value of relative intersection ŕω for increasing perŋ pendicularity (angle ϕ, in degrees) of two 2ŋD primitive sets of different rank ρ centered at the same point.

dimensionality of the measurement space. Nevertheless, the ŕω is has similar properties as ω (it is also a resemblance relation).

2. Relative inclusion ŕι(S_1, S_2) ≤ ι(S_1, S_2):

ŕι(S_1, S_2) =

‖μ(S_1 · S_2)‖ ‖μ(S_1)‖ = √ |P_{12}| √ |S_1| e−d^{212} , (9)

which isŮlike ι(S_1, S_2)Ůalso a nonŋtransitive ordinal reŋ lation because of (6).

2.8 Surface Reconstruction in IR^3 To implement the algorithm described in Section 2.5 we need a local condition acting on 2ŋsimplices (triangles) and 1ŋsimplices (edges) that helps transform the intimal collection C_ω to a pseudoŋmanifold P_ω by removing some edges (and incident triangles). We use the following:

Condition 1 The angle between any two triangles incident on a common edge in a complex must be greater than^2_3 π.

This is a suf^cient but not necessary condition for a comŋ plex to be pseudoŋmanifold. Clearly, no three triangles can be incident on a single edge without violating this condiŋ tion. The condition also constrains the surface curvature (which is necessary since we do not constrain the boundary curvature and/or length).

The heuristic algorithm then works as follows:

1. Compute 3ŋD Delaunay triangulation^3 T over the cenŋ ters of all primitive sets C.

2. For all edges in T of increasing ω do the following:

if the edge is incompatible with any of the triangles incident on any of its endpoints, remove it (and all incident triangles) from T. This step transforms T to pseudomanifold P_ω.

An edge (i, j) is incompatible with a triangle (j, k, l) if both angles γ_1 ≠ {(j, l, i), (j, k, l)} and γ_2 = ̸{(i, k, j), (j, k, l)} are smaller than^2_3 π (see Fig. 5).

That we require the pseudosurface P_ω to be a subŋ complex of Delaunay triangulation is a suf^cient but not

3Tetrahedralization, in fact.

Fig. 5: Edge (i, j) is incompatible with triangle (j, k, l) if both γ1 <^2_3 π and γ2 <^2_3 π.

Fig. 6: Four images that were used as input data to the polynocular stereo algorithm.

necessary condition. The second condition is also suf^cient but not necessary (it is much stronger than Condition 1). If we ^nd the necessary and suf^cient conditions our reŋ constructions will contain less holes when the dataset is severely corrupted by noise.

The computational complexity of this procedure is O(N^2 log N ), which is the complexity of 3ŋD Delaunay triangulation. The algorithm ^nds a subŋoptimal solution to the optimization problem described in Section 2.5.

3 Experimental Results

We show an example of reconstruction from a quadrinocŋ ular stereo system in which all the cameras are fully caliŋ brated. The input images (see Fig. 6) are recti^ed and subŋ sampled to halfŋresolution. Stereo matching is run indepenŋ dently on three of the six possible image pairs. Matches are selected based on maximum Normalized CrossŋCorrelation using a 5 × 5 image window and on leftŋtoŋright, rightŋ toŋleft symmetric ordering and disparity gradient conŋ straints. Subŋpixel resolution disparity is computed in a postŋprocessing step that uses af^ne distortion model and leastŋsquares parametric estimation. The reconstructed points from all three stereo pairs are shown in Fig. 7a. (It is a closeŋup of the set shown in Fig. 1. No spatial clipping of the point set was done to get the results shown later.)

Next, spatial binning with parameter σ is used to group points to clusters: leastŋsquares estimates of location x^0 are found within each nonŋempty 3 × 3 × 3 neighborhood of each bin. New location estimates x^1_0 and covariance matrix estimates S are found in a spherical region of radius 1.5 σ centered at x^0. The parameters (x^1_0, S)_i describe the primitive sets. The result at scale σ = 6.9mm is shown in Fig. 7b. In this experiment we did not compute the hierarŋ chical representation based on ι as described in Section 2.6.

Reconstruction results for various scale parameters σ are shown in Fig. 8. The rms error of the reconstructions is about 0.3mm as measured for planar surfaces with random texture slanted no more than 45 degrees with respect to the cameras and at 800mm distance from the rig. More

(a) (b)

Fig. 7: Isolated spatial points reconstructed by quadrinocular stereo (a), the primitive setsŮeach is rendered as an ellipsis and a short needle showing the orientation (b).

σ = 18.5 mm σ = 13 mm σ = 6.9 mm

Fig. 8: Reconstructed surface, samples from the resolution specŋ trum (σ is the scale parameter). The spectrum was not computed by decimating the triangulation. The shading is simulated.

examples for synthetic data are shown in Fig. 9.

4 Conclusions

In this paper we proposed a novel model for hierarchical discrete manifold representation and discussed the correŋ sponding reconstruction problem. We demonstrated the general method on surface reconstruction from isolated points.

The proposed pŋD geometric representation is suitable for incremental reconstruction and for fusion of partial models of arbitrary topology; the reconstruction procedure can effectively suppress outliers and remove redundant measurements without using any computationally expenŋ sive robust methods, which makes it particularly suitable for fast processing of pointŋreconstructions from polynocŋ ular stereo.

The advantages of the proposed method are (1) sigŋ ni^cant data reduction compared to the original point set (about 1:40), (2) accuracy of less than 0.1% in range, (3) small sensitivity of the reconstructed structure to moderate noise in the data, (4) the recovered connectivity is invariant

(a)

(b)

(c)

(d) Fig. 9: Reconstruction of objects of different topological type (arŋ ti^cial data, Gaussian noise, varying density and SNR). Two close spherical shells (a), SNR = 54dB. The connectivity may change with increased uncertainty as in (b) (the same scale parameter σ, SNR = 14dB). A Mĺobius strip (c). A torus (d). Input point sets are shown in the left column, the collections of ^shŋscales renŋ dered as ellipsoids in the middle column, and the reconstructed pseudoŋsurfaces in the last column.

to Euclidean transformation group, (5) the ability to recur to the input images for re^nement prior to highŋlevel interŋ pretation of the data, (6) data fusion is easy since it is done at intermediate interpretation level, (7) the topological type of the recovered entity is allowed to change with the change of resolution, (8) the information from a large number of cameras can be processed fast with the only bottleneck in computing power.

The data reduction and speed are very important for telepresence, where the bandwidth is a strong constraint. The accuracy is very important for medical applications. And the stability is critical to partial models fusion.

To our surprise, it turned out that we can cope with the presence of moderate highlights on the observed surface and with faint textures without affecting the precision of the reconstruction. The realŋdata example we gave in this paper shows just that.

We are developing a general and scalable implementaŋ tion using the messageŋpassing paradigm of parallel comŋ puting of a system that reconstructs 3ŋD models from imŋ ages from many cameras working simultaneously (Rayŋ mond McKendall, GRASP). We also pursue error modeling and propagation that is expected to help in the clustering step and help guarantee the performance bounds (Gerda Kamberova, GRASP).

Acknowledgements

This work has been supported by the following grants: Army DAAH04ŋ96ŋ1ŋ0007, DARPA N00014ŋ92ŋJŋ1647, NSF SBR89ŋ 20230. First author has been partly supported by the Czech Grant Agency under the grant GA “CR 102/95/1378.

References

[1] J.ŋD. Boissonat. Geometric structures for threeŋdimensional shape representation. ACM Trans. Graphics, 3(4):266Ű286, 1984.

[2] R. M. Bolle and B. C. Vemuri. On threeŋdimensional surface reconstruction methods. IEEE Trans. PAMI, 13(1):1Ű13, 1991.

[3] V. Caselles, R. Kimmel, G. Sapiro, and C. Sbert. Three dimensional object modeling via minimal surfaces. In Proc. European Conf. Computer Vision, pp. 97Ű106, 1996.

[4] B. Curless and M. Levoy. A volumetric method for building complex models from range images. Computer Graphics (SIGGRAPH ’96), pp.303ŋ312, 1996.

[5] L. de Floriani and E. Puppo. An onŋline algorithm for conŋ strained Delaunay triangulation. Computer Vision, Graphŋ ics, and Image Processing: Graphical Models and Image Processing, 54(3):290Ű300, 1992.

[6] H. Delingette. Simplex meshes: a general representation for 3D shape reconstruction. RRŋ2214, INRIA, Sophia Anŋ tipolis, 1994.

[7] M. Eck and H. Hoppe. Automatic reconstruction of Bŋ spline surfaces of arbitrary topological type. In Computer Graphics (SIGGRAPH ’96), pp. 325Ű334, 1996.

[8] H. Edelsbrunner and E. P. Mĺucke. Threeŋdimensional alpha shapes. ACM Trans. Graphics, 13(1):43Ű72, 1994.

[9] P. Fua. Reconstructing complex surfaces from multiple stereo views. Tech Note 550, AI Center, SRI International, Menlo Park, CA, 1994.

[10] P. Fua and Y. G. Leclerc. Using 3ŋdimensional meshes to combine imageŋbased and geometryŋbased constraints. In Proc. European Conf. Computer Vision, pp. 281Ű291, 1994.

[11] P. Fua and P. Sander. Reconstructing surfaces from unŋ structured 3D points. In Proc. ARPA Image Understanding Workshop, 1992.

[12] W. E. L. Grimson. A computational theory of visual surface interpolation. A.I. Memo 613, MIT, 1981.

[13] J. L. Gross and T. W. Tucker. Topological Graph Theory.

John Wiley & Sons, 1987.

[14] S. Han and G. Medioni. Reconstructing freeŋform surfaces from sparse data. In Proc. Int. Conf. Pattern Recognition, pp. 100Ű104, 1996.

[15] A. Hilton, A. J. Stoddart, J. Illingworth, and T. Windeatt.

Reliable surface reconstruction from multiple range images. In Proc. European Conf. Computer Vision, pp. 117Ű126, 1996.

[16] H. Hoppe, T. DeRose, T. Duchamp, J. McDonald, and W. Stuetzle. Surface reconstruction from unorganized points. In Computer Graphics (SIGGRAPH ’92), pp. 71Ű78, 1992.

[17] K. Jĺanich. Topology. SpringerŋVerlag, 1984. [18] A. Kaufmann. Introduction to the theory of fuzzy subsets.

Academic Press, 1975.

[19] A. Leonardis, F. Solina, and A. Macerl. A direct recovery of superquadric models in range images using recoverŋandŋ select paradigm. In Proc. European Conf. Computer Vision, pp. 309Ű318, 1994.

[20] R. Lin and W.ŋC. Lin. Recovery of 3ŋD closed surfaces using progressive shell model. In Proc. Int. Conf. Pattern Recognition, pp. 95Ű98, 1996.

[21] J.ŋC. Lombardo and C. Puech. Oriented particles: A tool for shape memory objects modelling. In Proc. Graphics Interface, Quebec City, Canada, 1995.

[22] A. P. Pentland. Perceptual organization and the representaŋ tion of natural form. Arti^cial Intelligence, 28(2):293Ű331, 1986.

[23] R. Poli, G. Coppini, and G. Valli. Recovery of 3D closed surŋ faces from sparse data. Computer Vision, Graphics, and Imŋ age Processing: Image Understanding, 60(1):1Ű25, 1994.

[24] W. T. Reeves. Particle systemsŮa technique for modeling a class of fuzzy objects. Computer Graphics (SIGGRAPH ’83), 359Ű376, 1983.

[25] J. Rossignac and P. Borrel. Multiŋresolution 3D approxŋ imations for rendering complex scenes. In Modeling in Computer Graphics, pp. 455Ű465. SpringerŋVerlag, 1993.

[26] F. Solina and R. Bajcsy. Recovery of parametric models from range images: The case for superquadrics with global deformations. IEEE Trans. PAMI, 12(2):131Ű147, 1990.

[27] M. Soucy and D. Laurendeau. Multiresolution surface modŋ eling based on hierarchical triangulation. Computer Vision, Graphics, and Image Processing, 63(1):1Ű14, 1996.

[28] R. Szeliski. Bayesian Modeling of Uncertainty in Lowŋlevel Vision. Kluwer Academic Publishers, 1989.

[29] R. Szeliski and D. Tonnesen. Surface modeling with oriŋ ented particle systems. Computer Graphics (SIGGRAPH ’92), 185Ű194, 1992.

[30] D. Terzopoulos. Multiŋlevel reconstruction of visual surŋ faces: Variational principles and ^nite element representaŋ tions. A.I. Memo 671, MIT, 1982.

[31] R. S. Wallace. Finding Natural Clusters through Entropy Minimization. Phd thesis, School of Computer Science, Carnegie Mellon University, Pittsburgh, PA, 1989.

[32] D. F. Watson. Computing the nŋdimensional Delaunay tesŋ sellation with application to Voronoi polytopes. The Comŋ puter Journal, 24(2):167Ű171, 1981.

[33] L. A. Zadeh. Fuzzy sets. Information and Control, 8:338Ű 353, 1965.