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Electroencephalography (EEG)

I Hans Berger, 1920s

I 16 ∼ 64 electrodes

I 100µV on the scalp (1 ∼ 2mV on the cortex)



Magnetoencephalography (MEG)

I Measuring (very weak) magnetic fields (∼ 10−14 T = 100 fT)

I Shielded room, superconductive sensors
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Maxwellovy rovnice (ve vakuu)

Uzav̌rená plocha: ∫

Ω

∇ · f dx =

∮

∂Ω

f · dS

Uzav̌rená ǩrivka: ∫

S

∇× f dS =

∮

∂S

f · ds

µ0ε0 =
1

c2

Posuvný proud / Elektrická indukce

Ψ =

∫
E · dS
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Kvazistatická aproximace

Potenciálové pole

∫

C1:A→B

f ds =

∫

C2:A→B

f ds = φ(B) − φ(A)

Rotace

(∇× f) · n = lim
S→0

∮
f · ds

A

∇× f =

∣∣∣∣∣∣

ex ey ez
∂
∂x

∂
∂y

∂
∂z

fx fy fz

∣∣∣∣∣∣
=

[
∂fz
∂y

−
∂fy
∂z
, ∂fx

∂z
− ∂fz

∂x
,

∂fy
∂x

− ∂fx
∂y

]

∇(̇∇× f) =
∂2fz

∂y∂x
−

∂2fy

∂z∂x
+

∂2fx

∂z∂y
−

∂2fz

∂x∂y
+

∂2fy

∂x∂z
−

∂2fx

∂y∂z
= 0

∇ · (∇× B) = 0 = ∇J
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Proud ve vodiči

1. Ohmův zákon J = σE
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σ∆V = ∇ · Jp

Poissonova / Laplaceova rovnice (homogenńı forma)
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Poissonova a Laplaceova rovnice

∇ · ∇f = ∆f
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Greenova funkce pro Laplaceovu rovnici

Řeš́ıme m dv
dt

= −Rv + f (t)

v = 0 v čase t = τ , v čase τ , τ + ∆τ p̌rijde ‘rána’ s impulsem∫ τ+∆τ

τ
f (t) dt = I .

Pro t > τ + ∆τ , m dv
dt

= −Rv

Př́ıklad f (t) = Iδ(t − τ)

Řešeńı v(t) = Ae−(R/m)t . Jak je velké A? Integrujeme původńı rovnici:

m
(
v(τ + ∆τ) − v(τ)

)
= I − R

∫ τ+∆τ

τ v(t) dt

Zanedbáme integrál v , protože ∆τ je malé.

Z rovnice v(t) = Ae
−(R/m)t máme

v(τ + ∆τ) = Ae−(R/m)(τ+∆τ) ≈ Ae−(R/m)τ
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Greenova funkce pro Laplaceovu rovnici

Po srovnáńı s integrálem máme mAe−(R/m)τ = I a z toho

v(t) =

{
0 t ≤ τ

(I/m)e−(R/m)(t−τ) t > τ
= IG (t, τ)

Pokud p̌rijdou dva impulzy, I1 a I2 v časech τ1, τ2, je řešeńım superpozice
v(t) = I1G (t, τ1) + I2G (t, τ2).
Totéž p̌rijde-li sekvence impulz̊u:
f (t) =

∑
i Iiδ(t − τi )

v(t) =
∑

i IiG (t, τi )
Máme-li spojitý pr̊uběh f (t), dostaneme:
v(t) =

∫
f (t)G (t, τ) dτ
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Greenova funkce pro Laplaceovu rovnici

Jelikož G (t, τ) = G ′(t − τ) lze psát
v(t) =

∫
f (t)G ′(t − τ) dt = f (t) ∗ G ′

G resp. G ′ je impulzńı odezva, nebo také Greenova funkce.

Obecněji pro L ∗ u = f , L ∗ G = δ, potom u = G ∗ f .



Biot-Savart̊uv zákon

B =
µ0

4π
J l ×

r − r′

‖r − r′‖2

B =
µ0

4π

∫

Ω

J(r′) ×∇r′
1

‖r − r′‖
dr′
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EEG a MEG část 2, matematické metody

Biot-Savart̊uv zákon

∇r′
1

‖r − r′‖
=

r − r′

‖r − r′‖2



Model zdroj̊u proudu

I Current “dipole” q [Am]:

q = J∆l ∆S
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Model zdroj̊u proudu

Jak vypoč́ıtat Vdip pomoćı Greenovy funkce
∆V = f = ∇J V (r) = f ∗ G (r)
Přidáme σ: σ∆V = f = ∇J σV (r) = f ∗ G (r)
Dosad́ıme za f a uprav́ıme: σVdip(x) = ∇Jdip ∗ G (r) = Jdip ∗ ∇G (r)
G (r) = 1

4π‖r‖

Jdip(x) = q δp = q δ(x − p)
∇rG (r) = 1

4π
r

‖r‖3

Jdip ∗ ∇G (r) = 1
4π

q·(p−x)
‖p−x‖3



Metody řešeńı Poissonovy rovnice

∇
(
σ∇V

)
= f = ∇Jp pro V .

I Uḿıme řešit analyticky pro konstantńı σ a okrajové podḿınky
0 v ∞

I V ostatńıch př́ıpadech řeš́ıme numericky.



Surface versus volume methods

Solve ∇
(
σ∇V

)
= f = ∇Jp for V .

I Volume methods
I unknowns (V (x)) in the volume x ∈ Ω ⊂ R

3

I differential equations

I Surface methods
I conductivity piecewise constant
I unknowns (V (x)) on a set of surfaces x ∈ Si (R

2)
I integral equations



Finite difference method

σ∆V = σ
(
∂2V
∂x2 + ∂2V

∂y

)
= f

I Regular grid:
vij = V (hi , hj)

I Finite difference approximation

for example ∆V ≈
1

4h2

���� 1

1 −4 1

1

� ��� ∗ v

I Linear sparse system of equations: Av = b

I Where σ = const stationarity FFT solution
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Finite difference method

(
∂2V
∂x2

)
(hi , hj) ≈

vi+1,j−2vi ,j+vi−1,j

h2

σ
(

vi+1,j−2vi,j+vi−1,j

h2 +
vi,j+1−2vi,j+vi,j−1

h2

)
= fij

Vector out of the matrix wi+jM = vij



Řešeńı soustavy z metody konečných diferenćı

I Př́ımé řešeńı (např. Gaussova eliminace,pro malý počet
neznámých)

I Iterativńı řešeńı (relaxace, konjugované gradienty,MINRES)

I Rychlé řešeńı (FFT) – jen pro konstantńı koeficienty
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Řešeńı soustavy z metody konečných diferenćı

1. Nap̌ŕıklad Jacobiho iterace
vn
i ,j = 1

4

(
vn
i+1,j + vn

i−1,j + vn
i ,j−1 + vn

i ,j+1 − fijh
2σ

)

Je poťreba ukázat, že konverguje.
2. ∂t f ↔ jωf̂

∆f ↔= −(ω2
x + ω2

y )f̂

Lze proto řešit −σ(ω2
x + ω2

y )V̂ = f̂

Nebo diskretizovanou rovnici
σ

(
vi+1,j−2vi,j+vi−1,j

h2 +
vi,j+1−2vi,j+vi,j−1

h2

)
= fij



Finite element method

∇
(
σ∇V

)
= f

I Test functions φj

〈
∇

(
σ∇V

)
, φj

〉
=

〈
f , φj

〉

I Discretize V =
∑

i viφi

∑

i

vi

〈
∇(σ∇φi ), φj

〉
=

〈
f , φj

〉

−
∑

i

vi σi

〈
∇φi ,∇φj

〉
=

〈
f , φj

〉

I Linear symmetric system Av = b
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Finite element method

Testovaćı funkce P0,P1 na trojúhelńıćıch.
Gradient ∇φ je konstantńı.
Ukázat integraci per partes:

∇φ =
[
∂φ
∂x

∂φ
∂y

∂φ
∂z

]

〈∆φ, ψ〉 =
∫ (

∂2φ
∂x2 + ∂2φ

∂y2 + ∂2φ
∂z2

)
ψ dz

∫ ∂2φ
∂x2 ψ dxdydz︸ ︷︷ ︸

dx

=
∫ [

∂φ
∂x
ψ

]∞
−∞

dydz −
∫ ∂φ
∂x

∂ψ
∂x

dxdydz

〈∇φ,∇ψ〉 =




∫
∂φ
∂x

∂ψ
∂x

dx∫
∂φ
∂y

∂ψ
∂y

dx∫ ∂φ
∂z

∂ψ
∂z

dx




T



Surface method / Boundary element method

I Mathematical basis

I Representation theorem

I Integral representations
I Single layer formulation
I Double layer formulation
I Symmetric formulation



The Green connection

Suppose constant σ: ∆u = f

I Green function (Nedelec’s convention)

G (r, r′) =
1

4π‖r − r′‖
− ∆rG (r, r′) = δ(r − r′) = δr′

I Stokes theorem
∫

∂Ω

g(r) · ds(r) =

∫

Ω

∇ · g(r) dr
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The Green connection

I Second Green identity

∫

∂Ω

u ∂n′v − v ∂n′u ds(r) =

∫

Ω

u∆v − v∆u dr

I Third Green identity

v = −G (r, r′), ∆u = 0

νu(r) =

∫

∂Ω

G (r, r′) ∂n′u(r′) − u ∂n′G (r, r′) ds(r′)

ν =

�� � 1, r ∈ Ω

1/2, r ∈ ∂Ω

0, r ∈ R
3\Ω



Representation theorem

Third Green identity:�
∂Ω

G(r, r′) ∂n′u(r′) − u(r′) ∂n′G(r, r′) ds(r′) = �����
����
u(r), r ∈ Ω

u(r)/2, r ∈ ∂Ω

0, r ∈ R
3\Ω

∆uint = 0 in Ω, ∆uext = 0 in R
3\Ω, uext ‖r‖→∞

→ O(‖r‖−1)

�
∂Ω

G (r, r′) � ∂n′u � (r′) − ∂n′G (r, r′) � u � (r′) ds(r′) = �������
������
uint(r), r ∈ Ω

uext(r), r ∈ R
3\Ω

uint+uext

2
(r), r ∈ ∂Ω

where [u] = uint(r′) − uext(r′), [∂n′u] = ∂−

n′
uint(r′) − ∂+

n′
uext(r′)



Extended representation theorem

I Regular case, r ∈ R
3\∂Ω.

p = σ∇V , ∇ · p = 0, in R
3\∂Ω

−p(r) =

∫

∂Ω

σ∂n,n′G (r, r′)
[
V

]
(r′) − ∂nG (r, r′)

[
p
]
(r′) ds(r′)

V (r) =

∫

∂Ω

−∂n′G (r, r′)
[
V

]
(r′) + σ−1G (r, r′)

[
p
]
(r′) ds(r′)

where p = p · n,
[
V

]
= V− − V +,

[
p
]

= p− − p+



Extended representation theorem

I Limit case, r ∈ ∂Ω.

p = σ∇V , ∇ · p = 0, in R
3\∂Ω

−p
±(r) = ±

[p]

2
+

�
∂Ω

σ∂n,n′G (r, r′) � V � − ∂nG (r, r′) � p � ds(r′)

V
±(r) = ∓

[V ]

2
+

�
∂Ω

−∂n′G (r, r′) � V � + σ−1
G (r, r′) � p � ds(r′)

where p = p · n,
[
V

]
= V− − V +,

[
p
]

= p− − p+



Extended representation theorem

I Operator form, r ∈ ∂Ω.

−p
±(r) = ±

[p]

2
+

∫

∂Ω

σ∂n,n′G (r, r′)
[
V

]
− ∂nG (r, r′)

[
p
]
ds(r′)

V±(r) = ∓
[V ]

2
+

∫

∂Ω

−∂n′G (r, r′)
[
V

]
+ σ−1G (r, r′)

[
p
]
ds(r′)

−p±(r) = σN
[
V

]
+

(
± I

2 − D
∗
)[

p
]

V±(r) =
(
∓ I

2 − D
)[

V
]
+ σ−1

S
[
p
]

where p = σ∂nV
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p
]

V±(r) =
(
∓ I

2 − D
)[

V
]
+ σ−1

S
[
p
]

where p = σ∂nV
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Extended representation theorem

Vysvětlit double layer, single layer potenciál. Napsat vzorec pro V ,V ±.



BEM problem

Solve: ∆V = f in ∪Ωi[
σ∂nV

]
=

[
V

]
= 0 on Si

Ω1

1

2

ΩΝ

S

S
SΝ−1

f =

N∑

i=1

fΩi

vΩi
(r) = −fΩi

∗ G (r)



BEM — Single layer formulation

vs =
∑N

i=1 vΩi
/σi verifies σ∆vs = f

Consider: us = V − vs [us ]j = 0

us =
∑N

i=1 SjiξSi
ξSi

= [p]i

From: [σ∂nV ] = 0 [σ∂nus ] = −[σ∂nvs ]

From the representation theorem:

∂nvs =
σj + σj+1

2(σj+1 − σj)
ξSj

−
N∑

i=1

D
∗
jiξSi
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BEM — Single layer formulation

Napsat reprezentačńı teorém. Napsat hraničńı podḿınky.



BEM — Double layer formulation

vd =
∑N

i=1 vΩi
verifies ∆vd = f

Consider: ud = σV − vd [∂nud ]j = 0

ud =
∑N

i=1 DjiµSi

µSi
= −[ud ]i = (σi+1 − σi)VSi

From: [V ] = 0 σj+1(ud + vd)− = σj(ud + vd )+

From the representation theorem:

vd =
σj + σj+1

2
VSj

−

N∑

i=1

(σi+1 − σi)DjiVSi



BEM – Symmetric formulation

Ωi Ωi+1

Si Si+1Si−1

Consider: uΩi
=

{
V − vΩi

/σi in Ωi

−vΩi
/σi in R

3\Ωi

[uΩi
]i = VSi

, [uΩi
]i−1 = −VSi−1

Define: pSi
= σi [∂nuΩi

]i = σi (∂nV )−Si
= σi+1(∂nV )+Si



BEM – Symmetric formulation

Ωi Ωi+1

Si Si+1Si−1

From the extended representation theorem:

(
uΩi

)−
Si

=
(
V − vΩi

/σi

)−
Si

=
VSi

2
+ Di ,i−1VSi−1 − DiiVSi

− σ−1
i

Si ,i−1pSi−1 + σ−1
i

SiipSi

(
uΩi+1

)+

Si
=

(
V − vΩi+1/σi+1

)+

Si

=
VSi

2
+ DiiVSi

− Di ,i+1VSi+1 − σ−1
i+1SiipSi

+ σ−1
i+1Si ,i+1pSi+1



BEM – Symmetric formulation

Subtract:

σ−1
i+1(vΩi+1

)Si
− σ−1

i (vΩi
)Si

=

Di ,i−1VSi−1
− 2DiiVSi

+ Di ,i+1VSi+1

− σi
−1

Si ,i−1pSi−1
+ (σ−1

i + σ−1
i+1)SiipSi

− σ−1
i+1Si ,i+1pSi+1

and also:

(∂nvΩi+1)Si
− (∂nvΩi

)Si
=

σiNi ,i−1VSi−1
− (σi + σi+1)NiiVSi

+ σi+1Ni ,i+1VSi+1

− D
∗
i ,i−1pSi−1

+ 2D∗
iipSi

− D
∗
i ,i+1pSi+1



BEM – Symmetric formulation




(σ1+σ2)N11 −2D∗
11 −σ2N12 D∗

12

−2D11 (σ−1
1 +σ−1

2 )S11 D12 −σ−1
2 S12

−σ2N21 D∗
21 (σ2+σ3)N22 −2D∗

22 −σ3N23 D∗
23

D21 −σ−1
2 S21 −2D22 (σ−1

2 +σ−1
3 )S22 D23 −σ−1

3 S23

−σ3N32 D∗
32 (σ3+σ4)N33 −2D∗

33 . . .
D32 −σ−1

3 S32 −2D33 (σ−1
3 +σ−1

4 )S33 . . .
...

...
. . .

(σN−1+σN )NN−1,N−1 −2D∗
N−1,N−1 −σNNN−1,N

−2DN−1,N−1 (σ−1
N−1+σ

−1
N

)SN−1,N−1 DN−1,N

−σNNN,N−1 D∗
N,N−1 σNNN,N




·




VS1

pS1

VS2

pS2

VS3

pS3

...
VSN




=




(∂nvΩ1
)S1

− (∂nvΩ2
)S1

σ−1
2 (vΩ2

)S1
− σ−1

1 (vΩ1
)S1

(∂nvΩ2
)S2

− (∂nvΩ3
)S2

σ−1
3 (vΩ3

)S2
− σ−1

2 (vΩ2
)S2

(∂nvΩ3
)S3

− (∂nvΩ4
)S3

σ−1
4 (vΩ4

)S3
− σ−1

3 (vΩ3
)S3

...
(∂nvΩN

)SN






Discretization in BEM

I Discretize unknowns (ϕi = P0,P1)

ξ(r) =
∑

i

ξiϕi (r)

I Test functions (ψj = δ,P0,P1)
δ P0 P1〈

ξ

2
(r) −

∫

∂Ω

ξ(r′)∂nG (r, r′) ds(r′), ψj

〉
= 〈∂nV0, ψj 〉

∑

i

ξi



 1
2 〈φi , ψj〉 −

∫

∂Ω×∂Ω

ϕi (r
′)∂nG (r, r′)ψj (r) ds2(r′, r′)



 = 〈∂nV0, ψj 〉

I Linear system of equations: Aξ = b



BEM accuracy

I Analytical solution

r

Jp

I Relative error ‖V − Vanal‖`2
/ ‖Vanal‖`2

I Dipoles at 0.50R , 0.80R , 0.90R , 0.95R , 0.98R

I Spherical head phantoms with
NV = 3 × 42, 3 × 162, 3 × 642



BEM accuracy
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Fast Multipole Method – Motivation

Γx = y

I Solution methods
I Direct, e.g. LU decomposition.

Complexity O(P3), memory O(P2)
I Iterative, e.g. GMRES, uses products Γv.

Complexity O(MP2), memory O(P)

Number of elements P , number of iterations M .

I Fast Multipole Method
I Calculate y = Γv in O(P log P) time.
I Approximative, hierarchical



Multipole expansion

Typical element:

Γi ,j =
∫∫

r∈suppψi

r′∈suppϕj

∇′ 1
‖r−r′‖ · nj ϕj (r

′)ψi (r)ds
2(r′, r)

∇′ 1

‖r − r′‖
= −

∑

n=0...∞
m=−n...n

∇′I−m
n (Mp − r′)Om

n (r − Mp)

Spherical harmonics
I−m
n , Om

n :
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Γi ,j =
∫∫

r∈suppψi

r′∈suppϕj

∇′ 1
‖r−r′‖ · nj ϕj (r

′)ψi (r)ds
2(r′, r)

∇′ 1

‖r − r′‖
= −

∑

n=0...∞
m=−n...n

∇′I−m
n (Mp − r′)Om

n (r − Mp)

Spherical harmonics
I−m
n , Om
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EEG a MEG část 2, matematické metody

Multipole expansion

Greengard, Rokhlin, 1987
1D p̌ŕıklad

1

r − r ′
≈

L∑

n=0

(M − r)n

(M − r ′)n+1

1

‖r − r′‖
= −

∑

n=0...∞
m=−n...n

I−m
n (−r′) Om

n (r)

1

‖r − r′‖
= −

∑

n=0...∞
m=−n...n

I−m
n (Mp − r′) Om

n (r − Mp)

Aproximace funguje jen pro dostatečně vzdálené elementy.



FMM – Algorithm

Build an oct-tree:

� �� �



FMM – Algorithm

Levels involved:

Level 2

Level 1 – suburb

Treated locally

Cell considered



FMM – Algorithm

Sweep-up → outer fields
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FMM – Algorithm

Sweep-down → result
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+

+

+
Suburb contribution

Parent contribution

Local contribution

yj ≈
∑

i Γi ,j vi

inner-inner

inner-local

outer-inner

outer-inner



FMM – Algorithm

Sweep-down → result

� ��
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+

+
Suburb contribution

Parent contribution

Local contribution

yj ≈
∑

i Γi ,j vi

inner-inner

inner-local

outer-inner

outer-inner
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FMM – Algorithm

Agregace



The full story (FMM)

Two sets of coefficients:

i
a

m
n (M) =

〈
Im
n (M − r), ψi (r)

〉
r

j′
b

m
n (M) =

〈
∇Im

n (M − r) · nj′ , ϕ
′
j′(r)

〉
r

To approximate the four operators:

4π
〈
Sψi , ψj

〉
=

∑
n,m

i
a
−m,n(M) i

ã
m,n(M)

4π
〈
Dϕ′

i ′ , ψj

〉
=

∑
n,m

i ′
b
−m,n(M) j

ã
m,n(M) =

= 4π
〈
D

∗ψj , ϕ
′
i ′

〉
=

∑
n,m

j
a
−m,n(M) i

b̃
m,n(M)

4π
〈
Nϕ′

i ′ , ϕ
′
j′

〉
=

∑
n,m

i ′
b
−m,n(M) j′

b̃
m,n(M)



The full story (FMM)

Three translation operators:

x
−m′

n′ (M) =
(
RNM x

)−m′

n′ =
∑

n=0...n′,m=−n...n

Im−m′

n′−n (N − M) x−m
n (N)

x̃
−m′

n′ (M) =
(
SNM x̃

)−m′

n′ =
∑

n=n′...L,m=−n...n

Im′−m′

n−n′ (N − M) x̃−m
n (N)

x̃
m′

n′ (M) =
(
TNM x

)m′

n′=
∑

n=0...L,m=−n...n

Om+m′

n+n′ (N − M) x−m
n (N)

Error estimate (preliminary)

C
(
‖M−r′‖/‖M−r‖

)L+1

C
(
max

{
‖M − r′‖, ‖N− r‖

}
/‖M−N‖

)L+1



FMM tree structure

Calculate all yi =
∑

j xj

〈
Sψi , ψj

〉
for ψj ∈ A, ψi ∈ B .

a a a a a a

ã ã

ã

ã ã ã ã ã ã

local

interaction

a

a a

Tree A Tree B

R

R S

outer-inner T

i
a

+ yi
j
a

outer-outer
inner-inner

xj

R
S



FMM – Speed-Up
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Single-level FMM, O(P4/3), faster for P ' 70000 triangles.



Inverzńı problém

Najděte zdroje u

Ax = Bu

Mě̌reńı napět́ı a magnetického pole

Mx = m

Regularizace pro zdroje u

‖Du‖ = min
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Inverzńı problém

Lagrangian

uTDTDu + λT (Ax − Bu) + µT (Mx − m)

Derivujeme podle u,x ,λ,µ, vznikne symetrická matice.



MEG/EEG, Conclusions

I MEG, EEG, brain function analysis

I Excellent time-resolution, bad spatial resolution

I Standard diagnostic use

I Combination with other methods (fMRI, PET) desirable

I Localization is a hard inverse problem

I Solution methods — FDM, FEM, BEM methods

I BEM formulations, single/double/symmetric

I Implementation, discretization

I Fast Multipole Method for acceleration


