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Electroencephalography (EEG)

» Hans Berger, 1920s
> 16 ~ 64 electrodes
» 100 1V on the scalp (1 ~ 2mV on the cortex)



Magnetoencephalography (MEG)

-~

» Measuring (very weak) magnetic fields (~ 1071 T = 100 fT)

» Shielded room, superconductive sensors



Maxwellovy rovnice (ve vakuu)

Gaussuv zakon

vV E=2
€0



Maxwellovy rovnice (ve vakuu)

Gaussuv zakon

v.E=2 %E.ds:i
€0

Gaussiiv zakon pro magnetismus

V-B=0 %B‘dS:O
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Maxwellovy rovnice (ve vakuu)
Gaussiiv zakon

v.E=2 %E.ds:i
€0

Gaussiiv zakon pro magnetismus

V-B=0 %B -dS=0
Faradayiiv zakon indukce
0B do
VxE_—E j{E.ds__E

Ampériiv zakon

OE dD
B: —_— B- = I -
V X Mo(J—i—ant) 7{ ds Mo( —|—6odt>
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I—Maxwellovy rovnice (ve vakuu)

Uzavfena plocha:

/V-fdx: f-dS
Q aQ

/fodS: f-ds
s s

Uzav¥ena kFivka:

1
Mo€o—§

Posuvny proud / Elektrickd indukce

\Il:/E-dS

Maxwellovy rovnice (ve vakuu)




Kvazistatickd aproximace

v.eE=2 VxE=0
V-B=0 V x B = piod



Kvazistatickd aproximace

VxE=0

VXB:/L()J



Kvazistatickd aproximace
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L Kvazistaticka aproximace

Potencidlové pole

Kvazistatické aproximace

/ fds:/ fds = 6(B) — 6(A)
Ci:A—B G:A—B

Rotace
f.
(V xf) - n_SnLands
e, e e
8& X Zz 8f—
vxi=|% 4 ozl =[%-% E-% F-%
 f £
2 2 2 2 2 2
V(V x f) = Ot o°fy o O0°f 8@_8&:
dydx 0zOx = 0z0y Oxdy 0Oxdz Oydz
V- (VxB)=0=VIJ

VxE=0



Proud ve vodici

J=J+0E=J"-0VV



Proud ve vodici

J=J+0E=J"-0VV

-J=0

V- (oVV)=V-J°
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(- Proud ve vodi&i

1. Ohmav zdkon J = oE

Proud ve voditi

J=PicE=F_avV

V=0 - [V @v)=v.F



Poissonova a Laplaceova rovnice

V- (oVV)=V-J°

Konstantni o

oAV =V - J°|

Poissonova / Laplaceova rovnice (homogenni forma)
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I—Poissonova a Laplaceova rovnice

V.-Vf =Af

Poissonova a Laplaceova rovnice

Vo (ovV) =V
Konstanta 7
BTG

Poissonova / Laplaceova rounice (homogenni forma)



Greenova funkce pro Laplaceovu rovnici

AV =Ff=V.J°

_ 1
N Ar|lr —r||

G(r,r') —AG(rLY)=6(r—v) =6y

V(r) =f*G(r)
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AV=f-V.p

)= gy A =) =
:

I—Greenova funkce pro Laplaceovu rovnici a0

= 4l

Resent:
V() = £+ 6()

Regime md¥ = —Rv + f(t)

v=0vcaset=r,vaserT, 7+ A7 pfijde ‘rdna’ s impulsem
[T () de =1,

Prot>7+ A7, m%¥ = —Rv

Priklad £(t) = 16(t — 7)

Regeni v(t) = Ae=(R/Mt Jak je velké A? Integrujeme piivodni rovnici:
m(v(t+ A7) —v(1)) =1 — Rf:+AT v(t) dt

Zanedbdame integrdl v, protoZze At je malé.
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AV=f-V.p

6rr)=

I—Greenova funkce pro Laplaceovu rovnici P

= 4l

g ) = d(r — ¥') = b
e G =8 =) =k

Resent:
V() = £+ 6()

R/m)T

Po srovnani s integrdlem mame mAe~( =/ a z toho

(1) = {0 EST 6 7)

(1/m)e=(R/m(t=7) ¢ >

Pokud pfijdou dva impulzy, /1 a h v &asech 71, 7, je FeSenim superpozice
v(t) = hG(t, 1) + LG(t, ).
Totéz prijde-li sekvence impulzi:
F(£) = 3 ho(t — )
v(t) = 5 hG(t.m)
Méme—li spojit}'/ prﬁbéh f(t), dostaneme:
= [f(t) ) dr
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AV=f-V.p

)= gy A =) =

I—Greenova funkce pro Laplaceovu rovnici -

Resent:

1
arlel

V() = £+ 6()

Jelikoz G(t,7) = G'(t — 7) lze psét
v(t) = [f(t)G'(t — 1) dt = f(t) x G’

G resp. G’ je impulzni odezva, nebo také Greenova funkce.

Obecn&ji pro Lxu=1f, Lx G =4, potomu=G=x*f.



Biot-Savartiv zakon

r—r

Ho
B=—J/x——
4 llr — ¢']2

Ho / 1 /
B="2 Vy———
o /J(r) x Vy = dr
Q
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el

I—Biot—Savartll’lv zakon o it [ur ety

o
B=l1x

1 r—r
/ p—
Cle=vll e =2

\Y%



Model zdroji proudu

» Current “dipole” q[Am]:

q=JAIAS
Jaip(x) = adp = qd(x — p)

Dipole field
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L Model zdroji proudu

_dak-x
Venl®)= 35 Jp =5

Jak vypotitat Vg, pomoci Greenovy funkce

AV=Ff=V]  V()=rf=Gr)

Pfidéme o AV =f=VJ  oV(r) = f*G(r)

Dosadime za f a upravime: o Vgip(x) = Vdip * G(r) = Jaip * VG(r)
G(r) = gy

Jaip(x) = adp = qd(x — p)

ViG(r) = ﬁ



Metody ¥eSeni Poissonovy rovnice

V(UVV) =f=VJ’| pro V.

» Umime ¥esit analyticky pro konstantni o a okrajové podminky
0voo

» V ostatnich pfipadech fesime numericky.



Surface versus volume methods

Solve V(UV V) =f=VIJP

» Volume methods

for V.

» unknowns (V(x)) in the volume x € Q C R?

» differential equations
» Surface methods

» conductivity piecewise constant
» unknowns (V(x)) on a set of surfaces x € S;(R?)

> integral equations



Finite difference method

UAV:J(%ZT‘Z/—i—ag—V):f

> Regular grid:
vij = V/(hi, hj)

» Finite difference approximation

1

1 1
for example AV = el [1 —4 1] * v

» Linear sparse system of equations: Av =Db

» Where 0 = const — stationarity — FFT solution
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I—Finite difference method

9%V co o Viglj—2vijtvioa
(W) (h,’ h_/) ~ %

o (Vi+1,j—2;i2,j+\/i—1,j + Vi,j+1—2;i2,j+vi,j—1)

Vector out of the matrix wijm = vj

fij

Finite difference method

> Regulr grd:

> Finite difference approsimti

for ample AV =

S

— FFT solution



Redeni soustavy z metody konenych diferenci

» P¥imé ¥eZeni (napf. Gaussova eliminace,pro maly pocet
nezndmych)
> lterativni FeSeni (relaxace, konjugované gradienty, MINRES)

» Rychlé ¥edeni (FFT) — jen pro konstantni koeficienty



2006-03-01

Reeni soustavy z metody konenych diferenci

EEG a MEG &3ast 2, matematické metody

> PHimé esent (napt. Gaussova liminacepro malf poet
nezndmych)
nerativn eSent (relarace, konjugované gradienty MINRES)

I—Re§en|' soustavy z metody kone¢nych diferenci R e S

1. Naptiklad Jacobiho iterace
_1 - 2
v =3 (Vo vy + vy + V0 — fih®o)
Je potfeba ukdazat, Ze konverguje.
2. Oif < jwf
_ 2 2\7
Af = —(wg +wy)f o
Lze proto Fesit —o(w? +w))V = F
Nebo diskretizovanou rovnici
Vit1,j—2VijtVi—1, + Vi,j+1—2Vi,j+Vi,j—1) — £
[ 2 = Tj




Finite element method

V(eVV) =f

> Test functions  ¢;
(V(oVV),¢5) = (f, ;)
> Discretize V=3, vj¢;
> vilV(oVe).0)) = (F.é5)

=Y vioi(Vei,Vey) = (f,é;)

» Linear symmetric system Av=Db
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(- Finite element method

Testovaci funkce P0,P1 na trojdhelnicich.
Gradient V¢ je konstantni.
Ukdzat integraci per partes:

_[oe 06 o6
Vo= |3« 3 o

(o) = [ (5e+58+52)vaz

[ 294 dxdydz = [ [%ﬂ " dydz-
dx

T
X

d
dx
dx

(Vo,Vip) =

e-<
vEeERe

———
SRS

99 94
Ox Ox

dxdydz

Finite elemer

---------




Surface method / Boundary element method

» Mathematical basis

» Representation theorem
» Integral representations

» Single layer formulation
» Double layer formulation
» Symmetric formulation



The Green connection

Suppose constant o Au=f

> Green function (Nedelec’s convention)

_ 1
~ drfr — r'||

G(r,r) —AG(r ) =08(r—¥) =6y

» Stokes theorem

/g(r) -ds(r) = /V -g(r)dr

o0 Q



The Green connection

» Stokes theorem

» First Green identity

g=uVv — /quds(r):/Vqu+uAvdr
o9 Q



The Green connection

» First Green identity
g=uVv - /quds /Vqu+ uAvdr
o0
» Second Green identity

/qu — vVuds(r /uAv — vAudr
o0 Q

/u@n/v—van/uds(r):/uAv—vAudr
Bl Q



The Green connection

» Second Green identity

/u@nfv— vOpuds(r) = / uAv — vAudr

o) Q
» Third Green identity

v=-G(rr), Au=0 -
vu(r) = / G(r,¥) D u(Y') — 1B G(r, ¥') ds(r')
o0
1, reQ

v={1/2, reoQ
0, reR)\Q



Representation theorem

Third Green identity: © 0
u(r), re

/ G(r,¥') Oy u(r’) — u(r') O G(r, v ) ds(r') ={ u(r) /2, re 8Q
89 0, rc R3\Q

AU™=0 inQ At =0 inR\Q, "= o)

uint(r)7 re Q
[ 600) o)) - oy G [l () ds(e) =), e RND
o9 ”m”g”ex{(r)7 reon

where  [u] = u™ (') — u®(¥),  [Owu] = 0, u™(r') — Fu(r)



Extended representation theorem

> Regular case, re R3\0Q.

p=0cVV, V.p=0, inR3\0Q

—p(r) = /08n7n/G(r,r’)[V](r’) — 0nG(r,¥)[p](r")ds(r)

o0
V(r) = /—8,,/ G(r,/)[V](r) + o1 G(r,r)[p](r') ds(r)
o0

where p=p-n, [V}:V‘—VJr7 [p}:p_—er



Extended representation theorem

» Limit case, r e 99.

p=0cVV, V.p=0, inR3\0Q

—pE(r) = j:% +/aa,.,nlc(r,r’)[v] — 8nG(r,r)[p] ds(r)

o0

vE@r) = :F[zﬂ —|—/—8,./G(r, r)[V] + o7 G(r,r')[p] ds(r)
o0N

where p=p-n, [V}:V‘—VJr7 [p}:p_—er



Extended representation theorem

» Operator form, r € 99.

—pt(r) = i[zﬂ + / Onn G(r, ¥ )[V] — 0nG(r,¢')[p] ds(r')

where p =00,V
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Bl [ ot .01V - 6t as)
v ==l oGV oGl o] )

I—Extended representation theorem
pH(r) = oN[V] + (2] = ") ]

VE@) = (7] - D) [V] +07'5[p]

where p = a0,V

Vysvétlit double layer, single layer potencial. Napsat vzorec pro V, V*.



BEM problem

Solve: AV =f inUQ;
[00,V] =[V] =0 on§;

N
F=> fo
i=1




BEM — Single layer formulation

Vs = ZINZI v,/oi verifies oAvs =f
us=V—-vs - J[uj=0

~ U =31 8ks,  &s =l

[00nV] =0 — [00nhus] = —[00nvs]

Consider:

From:

From the representation theorem:

N
0j+0j11
Onvs = 52—"—<€s, — > Diks,
" 2o —0p) ; e
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I—BEM — Single layer formulation

Napsat reprezentaéni teorém. Napsat hrani¢ni podminky.

BEM — Single layer formulation




BEM — Double layer formulation

Vg = Z,N:l v, verifies Avyg=f

Consider: ug =0V —vy — [Onuglj=0
~ ug =YL, Djips,
ps; = —[udli = (oig1 — 0i) Vs,
From: V=0 — oj41(ug+va)” =0j(ug+ va)"

From the representation theorem:

N
o+ 041
vy = % Vs, — Z(O‘H_l —0i)D;i Vs,
i=1




BEM — Symmetric formulation

‘5f+1
V —va./o; in$;
Consider: ug, = 0/ " -
—VQI./O',' in R \Q;
[UQ,']I' = VS," [UQi]i—l = _VSi—1

Define: ps; = 0i[Onuq,]i = 0i(On V); = 0+1(0n V);



BEM — Symmetric formulation

From the extended representation theorem:

(UQ,-);, = (V - VQ//O"');,
Vs
= 75 + Dii-1Vsy — DiiVs, — 07'8ji—1ps,_, + o7 'Siips,
(un)g = (V = vayfoina) g
Vs,

- +DiiVs, — D ix1Vs,,, — 0ii8iips; + 0180 iv1Ps:



BEM — Symmetric formulation

Subtract:

Ji_-i-ll(‘/QiH)Si - Ui_l(vﬂi)si =

Dii-1Vs, , —2D;iVs, + Dji11Vs

—1 1, -1 -1
— 0 8ii—1ps,_y + (07 +0;71)8iips; — 0; 18 i+1Ps..,

i+1

and also:

(8l1 VQi+1)5i - (80‘/9,')5; =
oiNii-1Vs,_, —(oi +0iy1)NiiVs, + 0i11Ni i11 Vs,
- ‘Dzi—lpsi_1 + 2fDTl'pSi - D;!F,i—&-lpsl'+-1



BEM — Symmetric formulation

(+o2)Niy —2Dj, —aN12 D3,
—2D1 (o7 o )81 D1z —o; 812
—ao:No1 D3, (o2+03)N22 —2D3, —aNa3 D3y
Da —o7'821 —2D2 D23 —o3'83
—aN32 D3 (o3+0:)N33 —2D3
D32 —o7'832 —2D33  (o7"+0)S33
Vs, (Onve,)s, = (Gnva,)s,
ps, 75 (v,)s, = o (viy)s,
Vs, (9nva,)s, = (Gnvas)s,
Ps, 751 (vas)s, — o2 ' (vay)s,
Vs | = | (9nvas)s; — (Gnvas)ss
Ps, 7t (v )s, = o5 (viay)sy

Vsy, (Tnvay)sy

(ow-s+omNN-1,n-1
—2Dy-1n-1
—onNn,N-1

2Dy 1,1
(o3l tor )SN-1,N-1
Div -1

—onNN-1.v
Dy-1,n
anNnw



Discretization in BEM

» Discretize unknowns (¢; = P0,P1)
= &ipilr)
> Test functions (¢; = §,P0,P1) VAN
1 PO P1

<g(r) — /g(r’)anG(r,r') ds(r'),wj> = (On Vo, v))
i)

ZE: (é Gi ) = | @i(r)OnG(r,r)y(r) d52(f',r’)> = (On Vo, ¥j)

00X ON

» Linear system of equations: A€ =b



BEM accuracy

» Analytical solution

> Relative error ||V — Vana|\|£2 /| Vana|\|£2
» Dipoles at 0.50R, 0.80R, 0.90R, 0.95R, 0.98R

» Spherical head phantoms with
Ny =3 x 42,3 x 162,3 x 642



BEM accuracy

Relative error

0.001

Head 3

0.4

Dipole position

0.7



Fast Multipole Method — Motivation

x=y

» Solution methods

» Direct, e.g. LU decomposition.
Complexity O(P?), memory O(P?)

» lterative, e.g. GMRES, uses products lNv.
Complexity O(MP?), memory O(P)

Number of elements P, number of iterations M.
» Fast Multipole Method

» Calculate y = Tv in O(P log P) time.
» Approximative, hierarchical



Multipole expansion

Typical element:

2
Fij= [V 52 e () i(r)ds* (v, r)
resupp ;i
r’Esuppgaj

, 1

_ /1 — /
T =~ 2 V(M —¥) 07— M)

n=0...00
m=—n...n

Spherical harmonics
", Of:
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L Multipole expansion

Greengard, Rokhlin, 1987

1D ptiklad
L

1 (M—=nr)"

r—r an:%(/\/l—r’)’”rl

1 —m / m

Hr_r/H :_Z n ( I’)On(l‘)
n=0...0c0
T == X (M~ ) O = M,)

n=0...00
m=—n...n

Aproximace funguje jen pro dostate¢né vzdalené elementy.




FMM — Algorithm

Build an oct-tree:




FMM — Algorithm

Levels involved:

Level 2

Cell considered



FMM — Algorithm

Sweep-up — outer fields




FMM — Algorithm

Sweep-down — result

e\ o
Local contribution @

v 3 Tijvi
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L—FMM — Algorithm

Agregace

FMM - Algorithm

Sweep-down — result



The full story (FMM)

Two sets of coefficients:

BT(M) = (17(M — 1), 4;(r)),
j,bnm(M) <VI,:"(M - I’) : nj'v‘)oj/"(r)>r

To approximate the four operators:

A (Sai, ) = Z B=m(M) 3™ (M)

4m (Dgjs, ) J>:Z "o=m"(M) Ja™"(M) =
= 4m (D, ,>:Z a=™"(M) 'o™"(M)
am (N, ) = Z B=mn(M) S 5™ (M)



The full story (FMM)

Three translation operators:

x,™ (M) = (Rumx),,"= > Immr(N

n=0...n ,m=—n...n

%, (M) = (SamE), "= > 17" (N— M) %,

n=n'...L,m=—n...n

X (M) = TNMX/ ZOZ"++,,'7’

=0...L,m=—n...n
Error estimate (preliminary)

C (IM=r[l/|[M—r[)""

M) x,

M) x,"(N)

"(N)

"(N)

C (max{[M — [l [N — r[[}/[M—N]}) -+



FMM tree structure

Calculate all y; = >, x; (8¢, ;) for ¢ € A, ¢ € B.

outer-outer / \ R
R/ \

4
//
R/
//

fa @A #a fa HA A

/TN

/

Tree B

\\H]ll(l -inner

\
/\
~,

/

63 03 03 03 o3 o0d
ia
e



FMM — Speed-Up

10000

1000 ¢

g

© 100 ¢

g

— 10 ¢

2,

o)

£

= fmm ——
01y _ matrix =
0.01 matrix extrap. e

100 1000 10000 100000 1e+06
Number of elements

Single-level FMM, O(P4/3), faster for P Z 70000 triangles.



Inverzni problém

Najdéte zdroje u
Ax = Bu
Mé&Feni napé&ti a magnetického pole
Mx =m
Regularizace pro zdroje u

|[IDul| = min
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I—Inverznl' problém

Lagrangian

u'D"Du+ A"(Ax — Bu) + p" (Mx —

Derivujeme podle u,x,A,u, vznikne symetrickda matice.

Inverzni problém

Najdite zdre u

m)



MEG/EEG, Conclusions

vV VvV vV VvV vV vV vV VY

MEG, EEG, brain function analysis

Excellent time-resolution, bad spatial resolution
Standard diagnostic use

Combination with other methods (fMRI, PET) desirable
Localization is a hard inverse problem

Solution methods — FDM, FEM, BEM methods

BEM formulations, single/double/symmetric
Implementation, discretization

Fast Multipole Method for acceleration



