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T
A rigid motion of a set of points X = (x Yy z 1> into the set of points Y can be expressed
by a Euclidean transform

E = (TT t), reR3>*3 teR3 r'r=rr' =1, detr=1
0; 1
Y = EX

We will show that for all rigid motions there exists such a fixed line o, called the axis
of motion, that E can be written as a composition of two one-parametric motions E =
E>(s) E1(p), where E{(p) is a rotation around o by angle ¢ and E»(s) is a translation along
o by length s. Two-parametric motions E(s, ) are called screws.

The existence of the axis does not depend on the choice of the coordinate system. Thus,
we will choose a particular coordinate system with respect to which the E will take so

simple form that the above statement will become evident.

Let the change of the coordinate system be represented by

—1
P = (?T 1)  ReR3*3 TcR3 RTR=RR" =1, detR=1
3
X' = PX
Y' = PY
Y = PEP X' =pPX

Thus
E' = ppp1




An elementary proof




Expand elements of E’
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and choose P to make E’ as simple as possible.
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However, it is not possible as we will see later. Now,
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We would like to make E’ diagonal.
let us simplify it as much as possible.

LR RTY((r-DT + t))




We shall start with an observation about matrices r.

There holds rank (r — I) is either O or 2. To proof the statement, consider that

P =yTy=(Ca) (ra) =arTra=aT(r'Me=a"Io =2"z = ||z

If there is a A € C such that
rr = A\x
then |A\| = 1 since
APzl = 12l = [l«|?
There is a real unit eigenvalue since r is a real matrix with the chracteristic polynomial
p(N) =det(A —r) = A3 —trace (MA2 +bx —det (r) = A3 4+ aX2 4+ b\ — 1

which has always a real solution. Since p(0) = —1, limy_ ., p(A\) = +o0, and p(A) is a
continuous function, it must cross the zero value at a positive real number. We conclude
that 1 is an eigenvalue.

Furthermore

N+ -1=N+(a+DA+a+b+1)(A-1)+ (a+1D)
implies that a4+ b =0, i.e. b = trace(r). Thus

%:A2+(a+l)k+l

Now, if all eigenvalues are real, then they must be 1,1,1 or 1,—1, —1 since

A=A =22) =27 = (A1 + )N+ Ao
Otherwise, the eigenvalues must be 1,a + b7,a — bi.




r IS a real matrix with the chracteristic polynomial
p(A) = det (A — r) = X3 — trace (r)A\? + trace (r)\ — det (1)

and thus there holds

p(l) = 1—trace(r)+trace(r)—1=0
p(—=1) = —1-—trace(r)—trace(r) — 1= —-2(trace(r)+1)

so p(—1) =0 < trace(r) = -1




Eigenvalues of » may have only one of the following values

1.1,1,1:
r =1 since (A —1)3 = X3 —3)\2 43X —1 implies that trace(r) = r11 + o0 +r33 = 3
but that means that r11 = rpp = r33 =1 since rq11,7r22,733 < 1.

2. 1,a+ bi,a — bi:
For each )A; there is an eigenvector z; 7 0. Suppose that there is ¢, j such that z; = ;.
Then Nz, = re; = re; = Ajo; = Ajz; implies that A\; = A;. That is not the case.
a + b2 0 0]
Therefore, there is a rank 3 matrix R such that rR =R o) a—0bi Of.
0 o) 1

3.1,—1,—1:
Using a similar argument as above, we see that there is a rank 3 matrix R such that
e f O
rR=R|g h 0O].
O 01




f O
Matris R is a rotations. Matrix h O is diagonal.
01

Ok o

By the Gram-Schmidt orthogonalization, there exists an othonormal matrix U such that
S =U"1rU is upper triangular, i.e.

$11 S12 S13
S=10 590 so3
0 0 s33
It holds STS = (U 1r)T(ULrU) =W TrU)T(UTrU) =1 and also SST = I. There-
fore,

2 2 2

N s11 s12 s13\ [(s11 O O $11 T 810 + 873 8128%24-8%3823 513833

I'=55 = |0 s22 so3||s12 s22 0 | = |s12820 + 13523 S5, 1+ 853 523533
O O s33/ \s13 S23 $33 813833 523533 3%3

implies 8%:3: 1$8132823:O=>8%2: 1$812:O$8%1 = 1. Thus

s11 O 0
S=1]10 s O
0 0 s33

Since rU = U S, the columns of U are eigenvectors and thus U = R shows that R is a
rotation.

We can choose S such that

Ok o
O =%
= O O
|
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I
o O
= O O




Let rank(r — 1) =0. Then r=1 and
I Rt
E'=
(05 1 )

If t = 0, then we are done since E’ is the indentity and it can be written as the rotation by
p = 0 followed by the traslation by s = 0 around resp. along any line through the origin.
If t # 0, then by choosing R = (Rl R> t/||t||) we make

1, T T
R™'t = (RTt Rt tTt/|lt]) = (0 0 ||t
1 O 0O O
, o010 o0
E="10 0 1 ¢
O 0 0 1
which coresponds to the rotation by ¢ = 0 followed by the traslation by s = ||¢t|| around

resp. along the line corresponding to the z axis.




Let rank(r —I) = 2. Then either t espan(r —I) ort ¢ span(r —1I).

If t € span(r — I), then we can choose T such that (r —I)T 4+t = 0 to get

e f OO

[ R~ YR 03\ |g h 0O
— L0 1)J7|]0o010
0001

which coresponds to a rotation around the z axis.

If t ¢ span(r—1I), then we can choose T such that we can generate by (r—1)T 4+t any one
dimensional subspace that is not in span(r — I). Choose R = <R1 R» R3) to make rR =
e f O
R|g h O}, in particular rR3 = R3, i.e. (r—I)R3 = 0. Therefore, R3 ¢ span(r — I) and we
0O 01
-
can make (r—I)T 4+t =sRsand R-1((r—I)T+t) = R~ 1sR3 = s (RlTR3 RJ R3 R§R3) =

T
(O 0 s) . Finally we obtain

I
B = T

R~ YR R Y (r—DT+1)
04 1

o)
g h O
1

» O O

\0 0 0 1
which coresponds to a rotation around and a traslation along the z axis.




A proof via the Jordan canonical form




Jordan canonical form:

Let A be a matrix of a linear transformation on N-dimensional linear space over C with

characteristic polynomial

K
pMN= JI G =2%  Ni>0 & Ni4+No+---+Ng =N,

1 =1
then there exist transformation 7' such that
Jg 0 .. O Ji1 O
a1 |0 J2 .. O | 7 = 0 Jp
0 0 .. Jx 0 o

with Jil of such size Mil X Mil that

M;; 2 My, > 0 for [ <m, M1+ Mo+ -+ M, =

0
0

Jir,:

7

A 10O 0]

0O N\ 1 0]

: : 1

O 0 O A;
N;




Examples:

1 0O 1 0O 21
0 2 01 0 2
210 2 10
O 2 0 0O 2 0
O 01 O 0 2
a + bi o) 0 O

0 a—bt 0 O

0 0 1 1

0 o) 01

)

a + b2 0
0 a — by
0 0

o)
o)




Screws:
E = (g—r i), TER3X3, tE]R3, TTT:TTT:I, detr =1
3

The characteristic polynomial of £

pPAN) =\ —1DdetM —r)=(A—1)(A—1) (AQ + (—trace (r) + 1)\ + 1)

has solutions
1. 1,1,1,1 for r =1,
2. —1,—-1.1,1, or

3. a+bt,a—01,1,1.
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Thus, there is an ordered basis 8 = (by,bs,bs,bs) w.r.t. which E has the form




Let 5 = (by,bs, b3, bs) be an ordered basis w.r.t. which E has the form Eg =

We can write

by = exby

ybo = fybo

Z/b3 - Z b3 —|— qgw b4
w’b4 - w b4

Taking p' = (b’, b5, b5, b)) = (bl,bz,bg,,n};—jn) instead of 5 we get

z'b] = exb]
y'by = fybs
by = 2b o+ [[ball gwbh
w'by, = wb)

e 0 O 0

0 f O 0

we get B, =
O 0 1 |[ballg
O 0 O 1
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