Advanced Robotics

Lecture 3
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Motion induces a mapping of the associated linear space into itself

With a fixed origin O and mapping o,
| Lo m : P — P induces a mapping m: )V — V
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Motion characterisation in V

7 = (O, P) m:E — £ motion = VP,Q € P :
3 = (0, m(P)) d(m(P),m(Q)) = d(P,Q)
7 = ¢(0,Q)
7 = ¢(0,m(Q))
d(P,Q) = Jo(P,Q) ¢(P,Q)

V(9(0,Q) — (0, P)) - (9(0, Q) — (O, P))
V@ -2 - (-

J@ -z - -z

d(m(P), m(Q))




Motion characterisation in V

= d(P,Q) for every P, Q

= (m(y) —m(Z)) - (m(y) —m(Z)) forevery I,y
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Motion is not linear in general
f:V —=YVislinear iff Va,3 € R and VZ,y € V holds

flaZ+BY) =af(@)+ 8 1Y)

A general motion m is not linear since, e.g.,

Translation mz(¥) = £ + o is a motion since

(ma(7) — mz(Z)) - (ma(§) — mz(Z))

(G+5-%-36) (F+5——0)
(y—2) (§—17)

but

for 3# 0 and a # 1 ...translations are not linear

But there are motions that are linear as we will show ...
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Motion that fixes origin preserves the scalar product

For every motion holds
(T—2) - (—2) = (m(y) —m(Z)) - (m(y) —m(F)) for every Z, y
F—-2)-G-%) = ' -2)- @ -2

moreover, if m(O) = 0O, i.e. m(0) =0, then for £ =0, we get

gy -y = ¢g-y for every ¥ and ¢’ = m(%)
and thus
G-B- -G-8 = G -7)-F -7
v-y—2y- 2+ 7 7% g -y -2y -2+ 7
g y—2y-Z+%-% = ¢g-y-2y -2 +2-7
—21-2 22

g-7 = g -z’
v-% = m(y) -m(x) for every ¥, §
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Motion that fixes origin is linear

There exists an orthonormal basis 8 = (€1,...,€p) iIN VY
It is mapped by m to vectors 3 = (&{/,...,¢&,) as
é}’zm(é’@-), ?:21,...,??,

which are also an orthonormal basis

&' &' =m(&) -m(&) =é&-é&

Take a general vector 7 and its image m(Z)

r = meé1+...+xnen m(@) = e+ ...+ anen’
Use the scalar product to compute the coordinates

n n
e = ) ri(€;-€;) = x;(€; 6@)4—2 r;(€;-€;) = x; 1+ r;0 = x;
j=1 J7i J71

/
‘,’B?:,B,

8
S
|
@('D
=
|
S
N
Y
\;/
3
N
=
p —
|
@('D
3
|

pajdla@cmp.felk.cvut.cz




Motion that fixes origin is linear

For every ¥, m(Z) can be obtained in the following way
1. choose an orthonormal basis 8 = (€1,...,€p) iIN V
2. find coordinates of £ w.r.t. 8 z;3 =¢€; - &

3. construct m(Z) = z1gm(€1) + ...+ zngm(en)

Linearity:

(aZ 4+ by)ip € - (aZ+by) = a(€;-T) +b(€;-Y) =azig+ by

m(aZ + by)

(az1+by1g) m(€1) + ...+ (azng + byng) m(en)
(az13m(€1) + ... + azngm(én))

+ (b Yip m(e1) + ...+ byn@ m(én))
= a(er1gm(@) + ... + zngm(En)
+ b(ylﬁ m(€1) + ...+ Ynp m(€n))

am(Z) + bm(y)
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Motion that fixes origin is linear

Express vectors of the the basis 3/ = m(B3) in the basis 3:

Find the coordinates y; of m(&) w.r.t. the basis g:
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Motion that fixes origin is linear
Y1 a1 --- Qin\ (21
Yn, a;n]_ ... Qann In

m(¥) = AZ

It holds VZ, 7€ V: m(Z) m(y) =24y

Writing Z-§ = Z' § we get
zIaag=z"g for all Z, 7€V

In particular, for the standard basis ¥ = €;,y = €; we get

—:TT - . - -
e;, A Aej—(az-l am) | = ere5 =

ai; <Oforz’=j

1 fori#j

A is an orthogonal matrix
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Motion that fixes origin is represented by an orhonormal matrix

Choose a Cartesian coordinate system (O; A, B,C), (€1,€5,€3).

Motion m, which preserves the origin, maps it to the

Cartesian coordinate system, (O; m(A),m(B),m(C)), (€1, e, e3)
é;-;, — Aé};

for some orthogonal matrix A.

Every motion m is orientation preserving:

VO,A,B,C € P: o(O;A,B,C) = o(m(O); m(A), m(B),m(C))
I.e. It maps right-handed bases to the right-handed bases.

€3 —e€e1 X ey — ez —e1 X e
1 = &' &' =3 (&1 x &') =det (61 &' &)
= det(A(e1’ &' é3')) =detAdet(e1’ &' é3')=detAl
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A is othonormal
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Every motion is a linear transformation followed by a translation

Be m motion. Motion m maps 0 somewhere. Introduce b = m(@)
and the new motion m/(%) = (t_go m)(Z), where t_g(:T:’) —=Z—bis
a translation. Motion m’ maps origin to origin:

m/(0) = (t_zom)(0) =t_z(m(0)) =t _(b) =b-b=0

and therefore there is an orthonormal matrix A such that

m/(Z) = AZ
m(Z) —b = AZ
m(Z) = AZ+b
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Motion representation by a 4 x 4 matrix

For the motion in the three-dimensional Euclidean world
m(Z) = AZ+b
AcR3 and b e R3

can be written in a concise way as

non-linear mapping
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