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Advanced Robotics

Lecture 4
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Inverse kinematic task
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world frame

Inverse kinematic task

Position of the flange reference frame in
the world reference frame

l

joint angles
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Two consecutive bodies are related by a transform

4 parameters

az‘az‘&b‘dz

sinf; cosf;cosa; —CosH;sina; a;Sinb;
0 Sin o; COS «; d;

C0sf; —sinf;cosq; sin@;sina; a;Co0S6;
0 0 0 1

— Oarlasr2a13a74n75
M = MOMIMZMZIMEME

Serial manipulator with 6 motions
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Denavit-Hartenberg motion decomposition will be useful

Juint e

Jonti—1
Jointi+1

Cos6f; —-sinf;cosy; sing;sino; a; Coso;
sin g; C0sf;cosa; —Cosf;singe; a;Sing;
_ 0 sin o COS ¢ d;
0 0 0 1
1—1 1—1 it
M; = M, M;

- C0Sf; —sing; O 07 1 0 0 a; ]

vl — sing; cos@; O O At O cosa; —sina; O

wnt o 0 0O 1 d; ¢ 0 sino; cosa; O
i 0 O 0 1 ] | O 0 O 1 |
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Inverse kinematics — formulation 1

Given the position of the flange, i.e. the matrias

and parameters of the mechanisn, e.g. «;, a;, d;

compute the control variables 01, 02, 03, 04, 05, 06
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Inverse kinematics — solution

Matrix motion equation M = MYM3IMZMZMZME
— ~ _J
A
known
function of
o, ag, d;
and

91, 65, 03, 04, 05, B¢
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Change of variables — from trigonometry to algebra

[ COS6;
sin 0;
0

0

Ci

oOoOor

— Sin 6,

COS 6,
0
0

O OO

O OO

~& 00

— S 00

COs 6,
Sin 9’1,
COS

Sin o

M

(ORI GNGN

COS «;
Sin o

Di
qi

SNONON

0 CLZ'_
—Sina; O
cosa; O

0O 1 |
O CLZ'_
—q; O
pi O
O 1 |
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1 unknown 9, —

Algebraic identity

2 unknowns ¢;, s; + 1 algebraic identity

A
97:\
Cy
2 2 __
c; —|—S,L =1
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Change of variables — from trigonometry to algebra
T cos; —sing; O 07 1 0 0 a; |
i1 sin 6; cosf;, O O int O cosa; —Sina; O
My = 0 0 1 d; M; O sina; cosa; O
! 0 0 0 1 |0 0 0 1
COs 6, » G
Sin @, > 54
COS > D;
Sin o > g
c; —s; O 0 1 O 0O a; ]
i—1 Si c O O Mt — O p» —¢ O
M, = 0 0 1 d; ¢ O ¢ pi O
| 0 0 0 1 | |0 0 0 1|
2 __
07;2+37;2:1 p; T qf =
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Inverse kinematics — formulation 2

Given the position of the arm, i.e. the matrix M

and parameters of the mechanisn, e.g. «;, a;, d;

compute the control variables

81, €1 , 82, C» , 83, €3, 84, C4 , 85, C5 , 86, C6

subject to the constraint

M = M?(c1,81) M3(ca,50) M2(c3,s3) M3 (ca, sa) MZ(cs, s5) ME(cs, S6)

c%—l—s%:l cﬁ—l—s§r:1
and c%—l—s%:1 c%—l—s%:1
C%—l—S%:]. C%—l—S%:].
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Counting unknowns and equations

12 unknowns

S1, C1 , 892, €2 , 83, €3 , S84, C4 , S5, C5 , S, Cg

12 equations (3 x 4 matrix) but only 6 independent (m constains rotation)

/

M = M3 (c1,81) M3(ca, s2) M3(c3,83) M3 (ca,s4) M7 (cs, s5) ME(cs, S6)

6 equations

c%—l—s%:l C£2L+S£2L:1
c%—l—s%: c%—l—s§:1
c§—|—3§:1 c%—l—s%:l

There is 12 unknowns and 12 equations — can be solved
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Decomposition to elemantary motions

Decomposition to elementary motions

— Oarliasr2ar3a74n75
M = MOMIMZMZIMEME

A
4 \

M =M MM ML M M2 MM

int int nt nt

M M

nt

nt 5 nt
MEEMD | ME

it
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Decomposition to elemantary motions

and rename matrices to make it shorter

M » M,
_ Oaslar2as3a74as5
1 ,
M!S MM > M1 M;>
M = MO print prl  parint a2 ppint pr3  pgint pgd pgint pro  ppint
int 1 int *72 int *°3 int 4 int =75 it 6

!

M = My1 M12 Moy Moo M3y Mzo Mgy Mao Mgy Mgz Mey Me2
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Inversion of D-H motion matrix preserves “linearity”

cosf; —sinf;Ccosu; sinf;sino; a; COS6; Ci —SiPi S;q; Q; C;
Mi_l . sin 6, CO0SH;CoSa; — COSO;sSin oy a; Sin 6; . S; CipPi —Ciq; Q;S;
1 _ 0 Sin oy COS ¢ d; _ 0 Q; D; d;
0 0 0 1 0 0 0 1
. J
e
linear in
Ci, 54
cosf;, —sing; O O 1 0 0 a;
sin ; cosfd; O O 0O cosa; —singa; O
T 0 O 1 d; 0 Sin o COS ¢ 0
0 O 0 1 0 0 O 1
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inv(M: 1)

Inversion of D-H motion matrix preserves “linearity”

1 0 0 a;
inv O cosa; —sSing; O
O sing; cosa; O
O 0 0O 1
1 0 0 —a;
O COS«o; Sino; 0
0O —sina; COSoy 0
0 0 0 1
COs ¢; sin g;
—sSing;Cosa;  COSH; COS
sing;sina; —COsO;sinq;
0 0
C; s; O —a;
—8ipi  CiPi @ —di G
$iqi —Ciq Ppi —dip;
0 O O 1
_ J
Y
linear in
Ci, 54

inv

COS 0;
— Sin 6;

0
sin o;
COS ¢
0

COS 6;
sin 6;
0
0

sin 6;
COS 6;

OO0

—a;
—d; sin ¢
—d; COS ¢y

1

— Sin 6;
COS 0;

0

o OO

~r&o00o
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Separate unknowns as much as possible

products of 6 unknowns

.
-~ N

M = Ml (Cl7 Sl) M2(627 82) M3(C3, 83) M4(C47 84) M5(C57 85) M6(C67 86)

M5t (ca,82) My *(c1,81) M Mg *(ce,86) = Ma(cs, s3) Ma(ca, sa) Ms(cs, s5)

g NG J
Y Y
product of 3 unknowns product of 3 unknowns
— _
——

algebraic equations of degree 3
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3-2-1 mechanism — the most common & simpler

M = MqMyMzMzMs Mg

[ cos 4
sin 61

[ cos 6,
sin 6o

[ cos b3
Sin 63

[ cos b,
Sinfy

[ cos s
sin 95

[ cos g
Sin g
0

0

0 —sinfy ajcosby
O cosf1 aysinfy
-1 0 di
0 0 1

—sinfy 0 apcoséo
cosfy 0 apsing,
01 0
OO0 1

O —sinf3 agzCcosé3
O cosf3 azsinés

-1 0] 0
0 0 1
0 sinfs O |
O —cosfs4 O
1 0 day
0] 0O 1|
0 —sinfgs O
0O «cosfs O
-1 00
0 01
—sinfgg 0 O
cosfg O O
0 1 dg
O 0 1
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