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SVD
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Linear mapping

A:R?2 - R2 ... a linear mapping

fi = 0:0.01:2%pi;

x = [cos(fi); sin(fi)]; '
= randn(2,2);
y = Axx; ol
>> A
ok
A =

0.5

0.7942  -0.4284
1.2336 0.2478
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Observation: a linear mapping maps circles to ellipses or to line
segments
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Ellipse is a squashed circle

05

-0EE

AsetY isanellipse & Y is a conic and VZ on an unit circle
34X > 0 such that Az ison Y
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Theorem: A regular linear mapping maps circles to ellipses

Proof:
A:R" — R™ ... a regular linear mapping
x'x = 1 X On a unit “circle”
y = Ax X IS mapped to y
l=x'x = (A'y) (A ly)
1 = y'(a~"'a by ... aconic

Let us show that the above conic is an ellipse.

Take z on the unitcircle. Thenz!' (A=A ) z=(A"12)"(aA712) =
|A=1z]|2 > O since ||z|]| = 1 and for a regular A, A7 lx = 0= x = 0.

Therefore ||A—1z|| > 0 and solves 1 = A—Ta—1
1A=z > A 12] ¢ Jrer
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S V D — Singular Value Decomposition

For every matrix A € R™M*" exist matrices

Ue RMxm pe RMX" ¥ e R"™ such that

U'uU=IandV'v=1

D =diag([o11,-..,0nn]), 011 > ... > onn > 0
A=UDV'
\U< 7 VT
m A — m U m D n
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S V D — interpretation for regular 2 x 2 matrices

vi(=vh) D v v—1ly
3 EE— B; EE— Zﬁf — Z,@ — yﬁ
change of basis "squashing”  change of basis rotation
along

coordinate axes

A=vupvl = (uv1) v p v
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S V D — interpretation in general

A=uDvVv!'

oy
A — U D&

A=vupvl = (@v1 v D v
AN
vl 0 vV |0 cf& vl o
A = U D N
vl w T o\ vl
vl v D vl
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SV D — Low rank approximation

Let A"™X™ pbe a real matrix of rank r.

We are looking for a real matrix A™*™ of rank k£ < r that best
approximates A in the sense that the largest difference between
the matrices understood as linear mappings is minimized, i.e.

A = arg min max |[|[Ay—Byl|| = arg min |A—B]|
B € [RmXn y c R™ N , B e [RmXn
_ — v o ——
rankB=k [lyl=1 | otor norm rankB =k matrix norm

Interestingly, it is easy to find matrix A using SVD of A.
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SV D — Low rank approximation

Theorem:

Let A = UDV' be the singular value decomposition or a real

matrix A™*"_ Then,

A, = arg min |A — B
B eRan
rankB = k

IS obtained as

A =UDL V'

where

A=UDV', D=diag([o11,...,0nn])

D, = diag([o11,---,0%,0,0,...])
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SV D — Proof of the low rank approximation

Lemma: R™X™ and R'R =1, then |[RA| = ||A|
Proof:
1
IRAl = max |RAx[|= max (x'A'R'RAX)2
x € R” x € R”
]| =1 [x[| =1
1
=  max (x'ATAx)2 = ||A|
X € Rn
x| =1

Lemma: R™" and R'R = I, then ||AR|| = ||A||

Proof:

|AR[[ = max [||JARx[|= max [Ay| = [|A]
xeR y eR
Ix[| =1 lyll=1

since {y |y =Rx,x e R", ||x|| =1} = {x|x € R", ||x|| = 1}
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SV D — Proof of the low rank approximation

Lemma: [[A — Agl| = op41 k41

Proof:
.
|A—Agl] = ||U(D —Dg)V || = [[D — Dyl
- en]i]%%x ((o11 —011)%22 4+ ... + (opr — o)z + Jg+1,k+1$ﬁ+1 +...)
X
[x]] =1
= max (027 + ...+ 02} + o1 4t 1%hqr + - -+ 07,,25)
x € R”
[x]] =1
< enl&%x Optiit1 @i+ ...t toi + .o+ 20)F = okt
X
[x]] =1
Since [[(D — D)V ' Vi1 k41l = or+1x+1 We conclude that [[A — Al =
Ok41,k41

(S Lo
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SV D — Proof of the low rank approximation

Proof of the theorem: By contradiction. If K = n, then A, = A.
Assume that there is a matrix B with rank B =k < rank A such
that [[A —B|| <|[|A —Agl| = op11 kt1-

The null space N of B has dimension n—k > 0, and thus there
is x € N such that ||x|| = 1. For every x € N, Bx = 0. Take
x € N such that ||x|| = 1.

assumption

Then [Ax]|=[(A-B)x[|[</|[(A=-B)|| <  Opt1k+1
VxER: [A—B= max [(A—B)y| > [I(&—B)x]
yeR,|ly|/=1
For every x € M = span(vy,...,Vi41), such that ||x|| =1
v{ e M vi\ k+1
[Ax| = [D [ : |x[[= Y =D | : | D> awvill =
V;Lr x = Y01 av; V,,I i=1
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SV D — Proof of the low rank approximation

/a_1\

ID |ag41] |l
O

)

2 2 2 2 \i
(1101 + .-+ 041 k+1%%+1)2

'V

2 2 2 2 \i
(0k41k+101+ -+ 041 k+10541)2

1
= opr1ptr1(af+...+ a%_H)? = Of41 k41

: 1
since 1 = [|x|| = (af + ... +af )2

M NN # {0}, since dim M = k+ 1, dim N = n — k and
k+14+n—k=n-+1>n, and therefore there is a unit vector
X € M NN such that [|Ax|| < op41 41 and [[AX|| > op41 k41,
which is absurd. Therefore, there is no such B.
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