Intersection of two circles in plane

Given centers A = [AX,Ay], B=[Bx,By] and radiuses ra, rb. Intersections are C=[Cx,Cy], r is
distance of A and B

$Assunptions = ({ra, rb, r, Ax, Ay, Bx, By} € Real s);

A= {AX, Ay},
B = {Bx, By},

m Distanceof A and Bisr
Sgrt [(AX -Bx) "2+ (Ay -By) 2]

(A -Bx)2 + (Ay - By)?

Analysis of singular cases

m |[dentical circles (infinite number of solutions)
Ax == Bx AN Ay ==By Ara == rb;

m Concentric nonidentical circles (no intersection)
AX == BX/\Ay::By/\ra # I’b,

m One circle inside of the other (no intersection)
r < Abs[ra-rbi;

m Circles too far to intersect (no intersection)
ra+rb < r;

m Circles touching, one inside the other (one intersection)
r == Abs[ra-rb];

m Circles touching, one outside the other (one intersection)

r == ra+rhb;

Alternative analysis of singular cases

m |dentical circles (infinite number of solutions)
r=0Ara == rb;

= No intersection
ra+rb<r \/r < Abs[ra-rb];

m Circles touching, one intersection
r == Abs[ra-rb] Vr ==ra+rb;
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Analysis of regular case (two intersections)

= Substitution
condr = (AX-Bx)"2+ (Ay -By)"2 » r"2;

= Analytic equations of circles

expl = (&X-AX)"2+ (Cy-Ay)"2 -ra”z,
exp2 = (Cx-Bx)"2+ (Cy-By)"2 -rb"2;
eql = expl ==
eq2 = exp2 =0

(—AX+Q()2+ (-Ay+Q/)2—ra2 =0
(-Bx +Cx)2+ (-By +Oy)2-rb% =0
= Using Solve
sol C2 = Sol ve[{eqg2, eql}, {Cx, Cy}] /. condr // Full Sinplify /. condr
1
{{O(e
2 ((Ax-Bx)2+ (Ay - By)?)

(Ax3 ~AXZ BX +

Bx (Bx2+(Ay—By)2+raz—rb2)+Ax(—Bx2+(Ay—By)Z—ra2+rb2)—\/(—(Ay—By)2
(((Ax—Bx)2+(Ay—By)Z—raz)z—Z((Ax—Bx)2+(Ay—By)2+ra2)rb2+rb4))),
We(Ay4—2Ay3By+2AyBy (By? +ra?-rb®) -By? ((AXx -Bx)?+By? +ra®-rb®) +
Ay2((Ax—Bx)z—ra2+rb2)Jfo\/(—(Ay—By)z(((AX—BX)2 (Ay—By)z—raZ)z—
2 ((Ax -Bx)%+ (Ay -By)? +ra?) rb? «rb*)) - Bx ./ (- (Ay - By)?
(((Axfo)2+(Anyy)zfra2)272((Axfo) + (Ay - By)? +ra)rb2+rb4)))/
1

2 ((Ax-Bx)2+ (Ay -By)?) (Ay -By) )}, {Cx
(2 : ) >} { %2((Ax—Bx)2+(Ay—By)2>

(Ax3—szBx+Bx (Bx? + (Ay -By)2+ra? -rb?) +
Ax(—Bx2+(Ay—By)z—raZJfrb"')Jf\/(—(Ay—By)2
(((Axfo>2+(Anyy)Zfraz)zfz((Axfo)2+(Anyy)2+ra2)rb2+rb4))),
Qje(Ay4—2Ay3By+2AyBy (By? +ra? -rb®) -By? ((AXx -Bx)?+By? +ra®-rb®) +
Ay? ((Ax-Bx)?-ra®+rb?) Ax\/ (Ay - By)?
(((Ax -Bx)?+ (Ay - By)? 7ra2) -2 (A -Bx)2+ (Ay -By)?+ra?) rb? +rb*)) +
Bx\/ (Ay - By)? (((Axfo)2+(Anyy)zfraz)zfz((Axfo)2+(Anyy)2+ra2)rb2+
rb4)))/ (2 ((Ax-Bx)2 + (Ay -By)?) (Ay—By))}}

Alternatively

m Using substitution on the way, one can easily do it manually on the paper
eq3 = expl-exp2 =0 //Sinmplify

Ax? + Ay?2 +2BXx Cx + 2By Cy +rb? == Bx? + By? + 2 AX Cx + 2 Ay Cy +ra?
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m Solving for Cx
sol Cxeg3 = Sol ve[eq3, Cx]

Ax2 + Ay2 - Bx2-By2-2Ay Cy +2By Oy -ra? +rb?
{{oc- )
2 (AX - Bx)

m |nserting Cx into eql (note division by (Ax-Bx), this should not be zero)

eq4 = eql /. sol Cxeq3[[1]1]

-AX +

AX2 + Ay2 -Bx2 -By2 -2AyCy +2By Oy —ra? +rb?)?
(-Ay +Cy)2 -ra?+ ] =0

2 (AX - Bx)

m Solving for Cy (notedivision by r)
sol Cy = Solve[eq4, Cy] // FullSinplify

1
HQ/ ” 2 ((A-Bx)2+ (Ay - By)?)

2 (Ay +By) + (Ay -By) (Ay?-By? -ra?+rb?) 7\/(7(Axfo)2
(((Ax-Bx)%+ (Ay—By)Z—ra2>2—2 ((Ax -Bx)%+ (Ay -By)? +ra?) rb2+rb4>))},
1
{Cy% 2 ((A-Bx)2+ (Ay - By)?) (
(Ay -By) (Ay?-By?-ra?+rb?) +\/(7(Axfo)2

(((Ax-Bx)%+ (Ay—By)Z—ra2>2—2 ((Ax -Bx)%+ (Ay -By)? +ra?) rb2+rb4>))}}

(Ax2 (Ay + By) -2 AX Bx (Ay + By) +

2 (Ay +By) -2 Ax Bx (Ay +By) +Bx? (Ay +By) +

sol Cy /. condr // FullSinplify

1
{{Q/%—Z (Ax2 (Ay +By) -2 AX Bx (Ay + By) +Bx? (Ay + By) + (Ay - By) (Ay?-By?-ra?+rb?) -
2r

N-(r—ra-rb) (r+ra-rb) (r —ra+rb) (r +ra+rb) Abs[Axfo])},

1
{QH— (Ax2 (Ay +By) -2 AXBx (Ay +By) + Bx® (Ay +By) + (Ay -By) (Ay>-By?-raZ«rb?) +
2r2

N-(r-ra-rb) (r+ra-rb) (r -ra+rb) (r +ra+rb) Abs[Ax—Bx])H

= Finaly solving Cx
sol Cx = Solve[eq3, Cx] /. solCy // Full Sinplify
{{{ocs (At -2 A Bx + 2 A Bx (Bx? +ra? - 1b?) -
Bx?2 (Bx2+(Anyy>2+ra27rb2)+Ax2((Anyy)zfraZHbz)+AyJ(f(Axfo)2
(( (A - Bx)2+(Ay—By)2—ra2)2—2((Ax—Bx>2+(Ay—By)2+ra2>rb2+rb4))—
By / (- (Ax -Bx)2 (((Ax -Bx)?+ (Ay -By)? -ra?)? -2 ((Ax - Bx)? + (Ay - By)? +ra?)
rb2 b)) ) /(2 (A= Bx) (A -Bx)2+ (Ay -BY)?) )},
[{ocs (At -2 A B+ 2 Ax Bx (Bx? +1a? - 1b?) - Bx? (Bx2+ (Ay -By)? +ra® - rb?) «
Ax? ((Ay -By)?-ra®+rb?) Ay\/ (AX - BX)
(((Ax-Bx)%+ (Ay -By)2 7ra2) -2 (A -Bx)%+ (Ay -By)?+ra?) rb? +rb*)) +
By / (- (A -Bx)2 (((Ax -Bx)2+ (Ay -By)? -ra?)? -2 ((Ax -Bx)2 + (Ay -By)? +ra?)
rb2+rb4)))/ (2 (A -Bx) ((Ax-Bx)%+ (Ay-By)Z))}}}
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solCx /. (AX-Bx)2+ (Ay-By)*"2->r~2 //FullSinplify
1

{{{&a—z(m3—NZBx+Bx (Bx? + (Ay -By)2+ra? -rb?) + Ax (-Bx?+ (Ay -By)? -ra?+rb?) +
2r

1/Sign[AX -Bx] (Ay -By) V- (r -ra-rb) (r +ra-rb) (r —-ra+rb) (r +ra+rb) )}}

1
{{O( %72(AX3—AX2 Bx + Bx (Bx®+ (Ay -By)?+ra®-rb®) + Ax (-Bx®+ (Ay -By)? -ra®+rb?) +
2r

1/Sign[AX-Bx](-Ay +By) /- (r —ra-rb) (r +ra-rb) (r —-ra+rb) (r +ra+rb) )}}}

Another alternative solution, this time solves all cases correctly
without manual analysis
sol C3 = Reduce[{eq2, eql}, {Cx, Cy}]

Ax2 -Bx2 -ra?+rb?

Ay = By &&AX - Bx # 0 &&CX =

2 (Ax - Bx)

(c,y Byf\/fo2+ZBxO(—O<2+rb2 \|Cy::By+\/fo2+ZBxC>(7C>(2+rb2 )] | |

[AX2+Ay22AxBx+Bx22AyBy+By2¢O&&

(o< (4Ax3+4AxAy2—4szBx+4AyZBx—4AxBx2+4Bx3—8AxAyBy—
8AyBxBy +4AxBy? + 4Bx By? -4 Axra®+4Bxra? +4 Axrb?-4Bxrb? -
\/((—4Ax3—4AxAy2+4szBx—4Aysz+4AxBx2—4Bx3+8AxAyBy+8AyBxBy—
4AxBy2—4BxBy2+4Axra2—4Bxra2—4Axrb2+4erb2)27
4 (4 Ax? +4 Ay? - 8 AX Bx + 4 Bx? - 8 Ay By + 4 By?)
(Ax* +2 AX® Ay? + Ay* - 2 AX? Bx® + 2 Ay? Bx? + Bx* - 4 Ax®> Ay By - 4 Ay®
By - 4 Ay Bx? By + 2 Ax? By? + 6 Ay2 By? + 2 Bx? By? - 4 Ay By® + By* - 2
Ax°raZ-2Ay?ra?+2Bx?’ra’?+4AyByra?-2By?ra?+ra*+2 Ax?
rb2—2Ay2rb2—ZBx2rb2+4AyByrb2—ZBy2rb2—2ra2rb2+rb4)))/
(2 (4 AX* +4 Ay? -8 Ax Bx + 4 Bx* -8 Ay By + 4 By?) ) ||
Cx == (4Ax3+4AxAy274AXZBx+4Ay2Bx74AxBx2+4Bx378AxAyByf
8 Ay BxBy + 4 AxBy2 + 4Bx By? -4 Axra?+4Bxra?+4 Axrb?>-4Bxrb?+
\/((74Ax374AxAy2+4szBx74Aysz+4AxBx274Bx3+8AxAyBy+8AyBxByf
4AxBy? -4BxBy?+4Axra’-4Bxra’ -4Axrb? + 4Bxrb?)? -
4 (4 Ax? +4 Ay? - 8 Ax Bx + 4 Bx? - 8 Ay By + 4 By?)
(AX* +2 Ax? Ay? + Ay? - 2 AX® Bx? + 2 Ay? Bx? + Bx* - 4 Ax* Ay By - 4 Ay®
By - 4 Ay Bx? By + 2 Ax? By? + 6 Ay? By? + 2 Bx? By? - 4 Ay By® + By* - 2
Ax?ra?-2Ay?ra?+2Bx?ra?+4AyByra?-2By?ra+ra* +2 Ax?
rb272Ay2rb27ZBx2rb2+4AyByrb2728y2rb272ra2rb2+rb4)))/

(2 (4Ax2+4Ay2—8AxBx+4Bx2—8AyBy+4By2>))&&Ay—Byth&&

Ax2+Ay2szByZZAxCX+ZBxQ<ra2+rb2]
Il
2 (Ay -By)



[Q/ By -~/ -Bx?+2Bx X - OX? ||

Q/::By+\/—Bx2+ZBx0<—Q<2 )) |l

[rb-—O&&ra——O&&(Ax ~Bx -/ -Ay2+2Ay By -By? ||

AX = Bx + [ ~Ay? + 2 Ay By - By? )&&Ay—
By #+ 0&&

o AX Bx - Bx2 + Ay By - By2 - Ax Cx + Bx Cx

Ay - By

[
[(Ax = Bx -~/ Ay?+2AyBy By? ||

AX = Bx + ] ~Ay? + 2 Ay By - By? )&&

(AX -Bx) (ra?-rb?) + 08&&

X ==

(4AxBxra®-4Bx*ra’-ra*+4 Ay?rb” - 4 AXBxrb® +
4Bx?rb? -8 Ay Byrb?+4By?rb?+2ra’rb”-rb*) /

(4 (A -Bx) (ra?-rb?)) & Ay - By # 0 &&

o 2AxBx-2Bx2+2Ay By -2By?2 -2 Ax Cx + 2 Bx Cx -ra? + rb?

[l
2 (Ay -By)
[(ra: -rb||ra=rb) &&
Ay::
By && AX ==
Bx &&

(c,y Byf\/fo2+ZBxO<70<2+rb2 Il

q/:By+\/—Bx2+ZBxO(—Q(2+rb2 )&&rbio)

sol C3 /. condr // Full Sinplify
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Ax2 - Bx2 —ra? +rb?

Ay = By & AX # Bx && CX ==
2 Ax - 2 Bx

(Q/+\/7(BX—O(}2+I’b2 By|\By+\/7(Bx7C>()2+rb2 0/]] [

AX + Bx ::20<+((Axfo) (ra-rh) (ra+rb>+\/(7(Anyy)2

|

(((Ax-Bx)?+ (Ay—By)z—ra2)2—2 ((Ax-Bx)%+ (Ay -By)? +ra?) rb2+rb4)))/
((Ax -Bx)?+ (Ay -By)?) | | A +Bx + (\/(—(Ay—By)Z

(((Ax-Bx)?+ (Anyy)zfraz)zfz ((Ax-Bx)2+ (Ay -By)? +ra?) rb2+rb4)))/
(AX -Bx) (ra-rbh) (ra+rb)}

((Ax-Bx)%+ (Ay -By)?) =2Cx+
(Ax - Bx)? + (Ay - By)?

Ax2 + Ay2 -Bx2 -By2 -2 AX Cx +2Bx Cx -ra? +rb?
Ay # By & Cy == |\(rb:0&&
2 Ay - 2By
ra=-08&&
Ay == By &&
AX == Bx &&

om0 oy —my 1By /- B0 ~ oy |

[(ra+rb::0|\ra::rb>&&Ay = By && Ax == Bx &&

(Q/+\/—(BX—O(>2+rb2 By|\By+\/—(Bx—O()2+rb2 c,y] &&
rb¢0]

m [t is given to the reader to analyze all cases, what they mean geometrically.

Resulting human readable formula

m The above results could be after manual analysis rewritten as a sum of two parts. One
key used is that we do not care, which solution is the first one and which is the second
one until both of them are correct. This allows to ignore the signature of (Ax-Bx) or (Ay-
By) and simplify the formulas.

m Coordi nates of the point ontheintersectionof |ines ABand C, C, (poi nt P)

CxHumanPartl = ((AX+Bx) r”*2 + (Ax-Bx) (rbr2-ran2))/2/r"2
CyHumanPartl = ((Ay +By) r”*2 + (Ay -By) (rbr2-ran2))/2/r"2

(AX +Bx) 2+ (A -Bx) (-ra?+rb?)

2r?2

(Ay +By) r2+ (Ay -By) (-ra2+rb?)

2r?2
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m Vect or PC,

CxHumanPart 2
CyHurmanPart 2

((Ay -By) Sgrt [4ra”2rb"2-(r*"2-ra”*"2-rb”2)721)/2/r"2
((AX -Bx) Sgrt[4ra”2rb"2- (r*"2-ra”"2-rb”"2)721)/72/r"2

(Ay - By) J4ra2rb2 (rzfrazfrbz)2

2r2

(AX - Bx) \/4ra2rb2 (rzfraz—rbz)2

2r?2
m Combining it into a result
CxHumanl = CxHumanPartl - CxHumanPart2 // Traditional Form
CxHuman2 = CxHumanPartl + CxHumanPart2 // Traditi onal Form

CyHumanl = CyHumanPartl + CyHunmanPart2 // Traditi onal Form
CyHuman2 = CyHumanPart1l - CyHumanPart?2 // Traditi onal Form

r2 (Ax + Bx) + (Ax — Bx) (rb®> —ra®)  (Ay — By) \/4 ra2 rh? — (r2 — ra — rb?)?
2r2 2r2

2 (AX+ BX) + (AX — BX) (07 — 1) (Ay — By) | 4ra 17 — (12 — raf — b?)?
—+
2r2 2r2

(AX — Bx) \/4ra2 b2 — (r2 —ra — rb??  r2(Ay + By) + (Ay — By) (rb? — ra?)
+
2r2 2r2

r2(Ay + By) + (Ay — By) (tb? - r&?)  (Ax — Bx)\/4ra2 rh? — (r2 — ra — rb?)?
212 - 2r2
m Verification
({eql, eq2} /. {Cx -» CxHunmanl, Cy - CyHunanl} // Full Sinplify) /. condr

{True, True}



