Pendulum on the spring in 3D.
Dynamic simulation model.
The position of the hanging is externally controled

m The externally controled hanging position has coordinates {xp, yp, zp}
The spring has length at rest |0 and spring constant K
The pendulum mass is m

m Theparametrization uses Cardan like parametrization with first rotation around x axis by angle @ and
then rotation around new z axis by the angle B.
This parametrization is used to avoid singularity in vertical position of the pendulum.
In fact this parametrization has another singularity when pendulum isin y axisdirection.

= |ndependent variables
na= vars = {l [t], a[t], B[t]1};
= Bounding equations

X =1[t]Cos[B[t]] Cos[a[t]] +Xp[t];
y = [t]1Sin[B[t]] +yplt];
z=-1 [t]Cos[B[t]]Sin[a[t]] +zp[t];
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m First and second derivatives of bounding equations

ns= D[x, t] // Traditional Form
D[y, t] // Traditi onal Form
D[z, t] // Traditional Form
D[x, {t, 2}] // Expand // Tradi ti onal Form
Dy, {t, 2}] // Expand // Traditi onal Form
D[z, {t, 2}] // Expand // Tradi tional Form
Out[5])//TraditionalForm
I"(t) cos(a(t)) cos(B(1) — (1) &’ (1) sina(t)) cos(B(1) — I() cos(a(1)) B’ (1) sin(B(D) + xp'(t)
Out[6])//TraditionalForm=
I"(t) sin(B) + 1(H) B'(H) cos(B(1)) + yp' (D)
Out[7]//TraditionalForm=
I"(t) sin(a(t) (—cos(A(1))) — 1) @’ (1) cos(a(t)) cos(B(D)) + (1) sin(a(t)) B'(1) SIN(BL)) + zp' ()
Out[8]//TraditionalForm
1”(t) cos(a(t)) cos(B(1)) — 21"(t) &’ (V) sin(e(t)) cos(B(1) —
21"(t) cos(a(t)) B’ (1) SiN(BM) — 1(1) &” () sin(a(1)) cos(B(1)) + 21(1) &’ (1) sina(t)) B'(H) SIN(B(V) +
1(t) @’ (t)? (—costa(t))) cos(B() — (1) costa(t)) B (1) SIN(B(H)) — I(t) cose(t)) B'(t)? cos(B()) + Xp” ()
Out[9])//TraditionalForm
1”0 Sin(B()) + 21" (H) B'(t) cos(BD)) + (1) B” (1) cos(Bh)) — I(1) B' (D SIN(BD)) + yp” (1)
Out[10]//TraditionalForm=
—1” () sin(a(t)) cos(B(t)) - 21"(t) &’(t) cos(a(t)) cos(B(1)) +
21" sin(a(t) B0 sin(BM) — 1(t) & (1) cos(a(1) cos(B(1)) + 21(1) o’ (1) cos(a(t) B'(1) Sin(B(D) +
I(t) @’ (t)? sin(a(t)) cos(B(b) + 1(t) sin(a(t)) B” (1) SIN(B(H)) + (V) sin(e()) B'(H? cosB)) + zp” (1)

= Force components

ne7= Fx[t] : = Force[t] Cos[B[t]] Cos[a[t]]
Fy[t]:=Force[t] Sin[B[t]]
Fz[t]:=Force[t] Cos[B[t]] Sin[a[t]]
Force[t] :=K (I [t]1-10)

= Newton equations

na71= eql = mD[x, {t, 2}] + Fx[t];
eq2 = mD[y, {t, 2}] +Fy[t];
eq3 mD[z, {t, 2}] +G-Fz[t];
eq = {eql, eq2, eq3};

m L eft sidesof Newtonov equationsin readable for mat

n17si= eql // Expand // Traditi onal Form
eq2 // Expand // Tradi ti onal Form
eq3 // Expand // Tradi ti onal Form
Out[175]//TraditionalForm=
K I(t) cos(a(t)) cos(B(1)) — K 10 cos(a(t)) cos(A(t)) + m1”(t) cos(a (1)) cos(B(1)) — 2ml’(t) &'(t) sin(a (1)) cos(B(1)) —
2ml’(t) cos(a(t) B'(t) sin(A(1)) — mI(t) & (t) sin(e(1)) cos(B()) + 2mI (1) o’ (1) sina(t)) B'(t) SIN(A()) -
ml(t) o’ (t)” cos(e(t)) cos(B(t)) — mI(t) cos(e(t)) B”(t) SIN(B(t) — mI(t) costa(t)) B (H)? cos(B(t) + mxp”(t)
Out[176]//TraditionalForm=
K I(t) sin(B(t)) — K 10sin(B(t)) + ml”(t) sin(B(t)) +
2ml’(t) B'(t) cos(B() + mI(t) B” (1) cos(B(H) — mI(t) B'(H)* Sin(B() + myp”(t)
Out[177]/[TraditionalForm=
G - KI(t) sin(a(t)) cos(B(1)) + K 10sin(a(t)) cos(B(t)) — mI” (1) sin(a(t)) cos(B(t)) — 2ml’(t) a’(t) cos(a(t)) cos(B(1) +
2ml’(t) sin(a(b) B'(t) SiN(B(®) — mi(t) & (1) cos(a(t)) cos(BD) + 2mi(t) &’ (t) cos(a(t) B (1) SIN(B(L) +
ml(®) &’ (1) sin(@(®) cos(B(t)) + ml(t) sin((®) B” (1) SINA(L) + mI® sin(@®) (1) cos(B(t) + mzp” ()
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= Newton equations could be rewritten into the form A w =b and numerically solved: w =
Alb
m Vector of second derivatives of independent variablesw
nisel= W = D[vars, {t, 2}]
oufissl= {17 [t ], o [t], B[]}

= Matrix A (using M apAt)

nie7= A = (Coefficient [eq, #] &/@w)T;
A // Tradi tional Form
Out[188]//TraditionalForm
mcos(e(t)) cos(B(t)) —mcos(B()) I(t) sin(a(t)) —meos(a(t) I(t) Sin(B(1))
msin(3(t)) 0 mcos(B() 1(t)
—mcos(B(1) sin(a(t)) —meos(e(t) cos(BM) 1)  mI() sin(a(t)) sin(BY)

m Vector of right sidesb

naso= b= A. w-eq//Sinplify;
b // Expand // Tradi tional Form
Out[190]//TraditionalForm=
{~K I(t) cos(e(t)) cos(B(t)) + K 10 cos(e(t)) cos(B(t)) + 2mI’(t) @’ (t) sin(e(t)) cos(B(t)) + 2mI’(t) cos(e(t)) B'(t) SIN(B(L) —
2ml(t) o’ (1) sina(t)) B'(t) SIN(B() + M (1) o’ (1) cos(a(t)) cos(B(1)) + mi(t) cos(e(t)) B'(H)? cos(B(t)) — mxp”(t),
—K It sin(B(t)) + K 10sin(B(t)) — 2ml’(t) B'(t) cos(B(1)) + ml(t) B/ (H? sin(B(t) — myp” (),
-G + K I(t) sin(a(t)) cos(B(t)) — K 10 sin(a(t)) cos(B(1)) + 2ml’(t) &' (t) cos(a(t)) cos(B(t)) —
2ml’ () sin(e(t) B'(1) SiN(B1) — 2ml(1) &’ (1) cos(a(t)) B/ (1) Sin(BY) —
mi(t) o’ (1) sin(a(t)) cos(B(t)) — mI(t) sin(a(t) B'(H)? cos(B(t)) — mzp” (1)}
= We could makeinversion of such a simple system symbolically but standard procedurewould beto
makeinversion numerically in Matlab.

npo1= Al = I nverse[A] // Full Sinplify;
Al // Traditional Form

Out[192]//TraditionalForm=
cos(a(t) cos(B(1)  sin(B() cos(A(t)) sin(a(t)

m m m

sec(B(t)) sin(a(t) 0 cos(a(t)) sec(B(t))
- ml(t) - mi)

cos(@(t) sin(Bt)  cos(Bt)  sin(a(t) sin(()
N mi() mi() mi(t)

nosi= Al.b // Full Sinplify // Traditional Form

Ou193yTradiionalForm=
{r—i (sin(a(t) cos(B(t) (G + mzp” (1) +

1t (—K + me’ ()% cosZ(B(®) + mB'(?) + K 10 — meosia(t) cos(B(t) xp” (t) — msin(B(t) yp (),
ﬁa) (sec(B(H) (cost@(t) (G + mzp” (1) + 2ml(t) &’ () /(1) Sin(B(t)) + msin(a(t) xp” (1) — 2ml'H) &’ (1),

1
—— (~sin(a()) SiN(B(1) (G + mzp”(t)) -
ml(t)

m(21') B0 + cos(B) (1) o (O (L) + yp" (D)) + mcosia(b) sin(BH) xp'' (1)}

m Preparations for solutions in Matlab

= Finally we convert a system of 3 partial diferencial second order equationsto the system of 6 partial
diferencial first order equation using subsitution e.g.
z1=|
2=«
z3=p
z4=|
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L=«
%6=4
which allowsto use function oded5 in Matlab to solve equations while knowing initial values w0 and

external input {xp[t], yp[t], zp[t]}
The equationswill be entered into ode45 as

= Final equationsfor ode45
nposi= eqfin = Flatten[{l ', a’, B', Al.b}] // Full Sinplify // Traditional Form
Out[194]//TraditionalForm=
1
{r,e. 8, —(Sn(a(t) costp®) (G + mzp" (V) +
I(t) (—K + ma’(t)? cos?(B(t)) + mB'(1)%) + K 10 — mcos(a(t)) cos(B(t) xp”(t) — msin(A(t) yp” (1)),
Sec(B(t)) (cos(a (1)) (G + mzp” (1)) + 2ml(t) o’ (1) B/ (t) SIN(B(L) + msin(a(t)) xp” (1) — 2ml’(t) &’ (t)
ml(t) '
—sina(t) siN(B(1)) (G + mzp”(t)) — M(21'(t) B'(t) + cos(B()) (I(t) &’ (t)? SiIN(B(1)) + yp” (1)) + Meos(a(t)) SiN(B(H)) xp” (1)
ml(t)

m Conversion to matlab notation

m http : // library.wolfram.com/infocenter/M athSour ce/577/
modify the path at the next line

n23i= Get [" ToMat | ab. m', Path -» "skol a/Math/. "]

m Possible name conver sions, the next expression says, how to namevariablesin Matlab.
One can easily modify the names according one' s choice.
Alsoispossibleto leavet asa parameter of thefunctionse.g. by rules{a -> alpha, ...},
which will result in " alpha(t)" .

nosi= cond = {I [t] » |, a[t] » al pha, B[t] - beta, | ' [t] »dl, a' [t] » dal pha, B’ [t] - dbeta,
Xp'' [t] > ddxp, yp'’' [t] - ddyp, zp'’' [t] - ddzp};

m ToMatlab looks similar but leave unwanted hidden characters’\'.
PrintM atlab wor ks smoothly when you want copy - paste theresult into a Matlab.

nzogr= Print Matlab[A /. cond]
PrintMatl ab[b /. cond]

[m xcos (al pha). xcos (beta), (-1). =l . xm xcos (bet a). «si n (al pha),
(-1). «l . +m «cos (al pha). «si n(beta); m «sin(beta), 0,.+m xcos ( ...
beta); (-1). +m xcos (beta). «si n(al pha), (-1). x|l . xm xcos (al pha) ...
. »cos (beta), . m «sin(al pha). «si n(beta)];

[ (-1). xddxp. sm:K. =] 0. xcos (al pha). xcos (beta) +2. «dl . «+m = ( ...
dal pha. «cos (beta). «si n(al pha) +dbet a. xcos (al pha). *sin(beta))+ ...
| . = (dal pha. 2. xm xcos (al pha). xcos (beta)+ ((-1). «K+dbeta. 2. » ...
m). xcos (al pha). xcos (beta) + (-2). «dal pha. «dbet a. «m «si n(al pha) ...
.«sin(beta)), (-1). »ddyp. »m+ (-2). «dbet a. «dl . «m xcos (beta) +K. = ...
10. xsin(beta)+(-1). «l . » (K¢ (-1). xdbeta. *2. «m). xsi n(beta), (-1) ...
. %Gt (-1). »ddzp. «xm+ (-1). «K. «1 0. xcos (beta). «si n(al pha) +l . «(( ...
-1). xdal pha. *2. xm xcos (bet a). ssi n(al pha) + (K+ (-1). «xdbeta. 2. x ...
m). «cos (beta). «si n(al pha) + (-2). «dal pha. «dbet a. xm «cos (al pha) ...
. xSin(beta))+2. «dl . xm « (dal pha. xcos (al pha). xcos (beta)+(-1). ...
dbet a. xsi n(al pha). «sin(beta))];



