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Lecture 3
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Affine space examples

. Linear space over itself, i,e. A=V, V=V, o(Z,§) =§— %

. If A is a matrix and b lies in its column space, the set of

solutions of the equation AZ = b is an affine space over
the subspace of solutions of Ax = 0.
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Free VVectors

Let us find a “natural” description of the geometrical space
around us and its geometrical objects (points, lines, ...) with
the formal mathematical object — the linear space.

To do so, we need to rely on our intuition and experience with
real objects around us. We will take a few intuitive facts as
granted and call them axioms. Then, using the formal rules
of mathematical logic, we shall construct the connection to a
suitable linear space.

Such a connection will allow us to use linear space and in par-
ticular coordinates to derive new facts about our geometrical

Space.
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Points and oriented line segments

P ...points of the 3D space P x P ...pairs of points
are oriented line segments
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Ruler

We know that:

1. There is a unique line passing through every two distinct
points.

2. Rulers are lines with an origin and a scale. The scale is

“linear” | i.e. it ‘‘corresponds’ to real numbers R. Different
rulers may have different units.

2o | | [=al [ [ 1ol [ [1=s[ T1T o1 [ T[T 11+to | ] ]sio] [ ] [+

R
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Length of line segment

Definition: length of line segment

O0:PxP —R

Property 1:
1. 6(A,B) =6(B,A)

2ol [ [|-e[ [ ol [ Il T T QI T1 15 ][] Isfol [] Jssel [ ] |+

N
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Multiplication of a line segment by a real number

Definition :

o:Rx (P xP)— (P xP) 2ol [ [ s [ [ ol [ 1=l T TTQIT 115 ][] lsfol [] Issel [ ] |se

ao (A, B) — (A,C) such that /

a>0: ad(A,B)=460A0)
a=0: C=A
a<0: —ad(A,B)=46(A,0C)

2o [ [ sl [ [ ol [ Il ITo T TT 1ol [ ] Isjol [ ] Isdel [ ] |+

Mgy
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Translation relation

Definition: translation relation

— C P2 x P2

d
(A, B) «— (C,D) g (A, B) can be translated to (C, D)
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Translation relation is equivalence

Theorem: < is equivalence relation

B
1. <« is reflexive: (A,B) <« (A, B)
. 'zero” translation
A
B
2. <« IS symmetric:
(A,B) < (C,D) = (C,D) <~ (A,B)
... translations work both ways A

3. < iIs transitive:

B Dy
(A,B) — (C,D) and (C,D) < (E,F) /—/\ . F
4 A c /
\ E

(A,B) < (E,F)
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Translation commutes with scalar multiplication

(A,E) =ao(A,B) and (C,F) = ao(C,D) and (A,B) «— (C, D)

Y
ao(A,B)=(A4,E) « (C,F)=ao(C,D)
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Adding line segments

A B
O

Definition:

#:P? x P2 — P?

(A, B)#(C,D) — (A, E)
such that

(B,E) « (C,D)

... 1s well defined since there is only one such FE.
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Is (R, P2, #,0) linear space?
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Axioms of linear space

Axioms: of linear space (R, V,#,0)

. Yu,v € V. u#H#v = v#H#u

. Yu,v,w € V. u#E(v#w) = (u#v) #w
YueVdoeV: u#Fo=u

NVueV veV:u#v=o

. VueV:iand 1eR: lou=u

. VYa,beR and Vu € V: (ab)#u =ao (bou)
Va,beRandVueV: (a+b)ou= (aou)##(bou)
. Va€eR and Vu,v € V: ao (u#v) = (aou)#(a o v)

0 N o 00 B~ W N B
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Axiom 1 does not hold
# P2 x P2 — P?
Axioms: of linear space (R, P2, #,0)

1. V(A, B),(C,D) € P2: (A, B)#(C,D) = (C,D)#(A, B)

B
(A, B)#(C,D) — (A, E)
such that

(A, E) # (C, F)

C (C,F)
(C,D)#(A,B) — (C, F)

such that
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Interesting property of #

# P2 x P2 — P?

(A, E)

(A, E) <

(A, B)#(C, D) — (A, E)

such that
(C, F)
(C,F)

(C,D)#(A,B) — (C, F)

such that
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Equivalence classes of line segments

P2 ... oriented line segments

V ...set of

equivalence classes in P2

v = {§ € P2|V(4,B),(C,D) € & (A,B) — (C,D)}
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Operations for V and R

Addition in V: :VxV -V

Multiplication of V by R: ©0:RxV —V
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Addition in V

Addition: @:V xV =V

UPUv— W

Take (A,B) € 4 and (C,D) € ¥ and set & to the element of V
such that (A, B)#(C,D) — (A, E) € .

pajdla@cmp.felk.cvut.cz-



Addition in V makes sense

w=udv. Take (A,B) € 4 and (C,D) € ¥ and set @ to the
element of V such that (A, B)#(C,D) — (A, E) € 0.

We need to show that

—

the results obtained for different representatives in « and in v
are in the same equivalence class .

Let Then
(A,B),(A,B") e » (A, B) — (A, B)
(Ca D)a (Cfa D,) €U > (C, D) — (O,, D,) ]

(A,B)#(C,D) € w
(A,B)#(C,D) = (B,E) — (B,E) < (C,D)
(A’, B’)#(O’, D/) — (B’,E’) — (B’,E,) PN (C,, D/)—
E(B,E) — (B",E") +—
(A", BhY#(C', D" € w

#:P2x P2 — P2 (A, B)#(C,D) — (A, E) such that (B, E) < (C, D)
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Operations for V and R

Addition in V: :VxV -V

Multiplication of V by R: ©0:RxV —V
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Scalar multiplication in V

Scalar
multiplication: ©:RxV —V

a®Ou—vU

Take (A,B) € 4
ao(A,B) €.

and set ¥ to the element of V such that

pajdla@cmp.felk.cvut.cz-



Affine space - scalar multiplication in V =P/~

Take (A,B) € 4 and set ¢ to the element of V such that
ao(A,B) €.

We need to show that

the results obtained for different representatives of « are in
the same equivalence class v

Let Then

a € R

(A,B),(A",B") eu » (A, B) « (A",B)
ao(A,B)€ev ao(A,B) < ao (A", B

ao(A",B")ecuv <

(A,FE) =a0(A,B) and (C, F) ao(C,D) and (A, B) < (C, D)

< |

ao(A,B)=(A,F) <« (C,F)=ao(C,D)

99
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P:VxV -V

Axiom 1 holds

Axioms: of linear space (R,V,®,®)

1. Vi, 7e V. udprv=7du

B

(A, E)

(A, E) < (C, F)

E

ceu cv € w
(A,B)#(C,D) — (A, E)
such that A

(B, E) < (C,D)

(C, F)

v
€Ev Eu cw
(C,D)#(A,B) — (C, F)

such that
(D,F) < (A, B)

pajdla@cmp.felk.cvut.cz-



Space of free vectors V

Similarly, one can verify that axioms 2—8 hold, and thus

(R? V? @7 ®)

IS a linear space

often called ‘“the space of free vectors’.

101
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The affine space with over the correponding space of free vectors V

Affine space A= (P,V,p)

P ...set of points

V ...linear space of equivalence classes in P2, i.e. P2/ <

¢ ...function ¢o(A,B) — 4 €V such that (A,B) € 4

1. VP,QePIATEV :p(P,Q) =17
2.VPeP VeV 3QeP:o(PQ)=17 (Y(P,7) — Q)

3. VP,Q,REP: p(P,Q)+ ¢(Q,R) —p(P,R) =0

Y(P,7) — Q such that (P,Q) € v

Ya B Coordinates of (A, B) in (0O, X), (0,Y)
/f{;’v = coordinates of ¥ in the basis Z, 7,
7| A where (A,B) € ¥, (0,X) € Z and
_ (0,Y) €.
O = > X pajdla@cmp.felk.cvut.cz
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Camera center

3P € R34, rank P = 3, so that V (u,v) & (z,vy,2z) Ja € R:

xr
U
alv| =p |? ...ax:P{X]:A[H—C] {X]
1 Z 1 1
1

SR

rankA =3
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Camera Internal Calibration
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Camera rotation

Modet promitom’
Xe J* — xef’

Zﬁrm-'\'nh'
“lx;a‘ - Xa-\ - cr

“T’A-'xn
“A-‘x’n = x;-" Cr
X Yg = A (x', -Ca,)

/
7

“san (11249 (7)

3xY
€ R
P « matice Mo\j

T - ortonormalu. bole

"RH’H

5. -
N 3’ d—"’(s f: ;1? ﬁ,—vubeﬂ-a' rektor
61 — ky by Ky X ’6\_, §—=>n
g 63 Xa‘:— KK‘- =10 ka kps § -
—— K O 0 ky Ko = kx'r
5:(T, 7, %) /X X = Rxp ¥
Ky, = (kal—kac)\1) f, R-R=E
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a.l ao

Camera rotation

A=ZKR such that R'TR =1

= KR
. T
Pﬁn k12 k13-‘ [1'1-‘ fih
= O koo kos I; r{ro
{ 0 O k‘33J LT3J I‘TI‘3
roTo
T
= kiir{ +kiory + kizrg 23
— koory + kozTs
— k33 I'g
— k%g I‘grg, —= k%\g —
= koo k33 I'—2|—I'3 + kos k33 I';:,rr3 = ko3 k33 —
= ki13kas —
2 >
k3o + k23 —
k12 koo 4+ k13 k23 -
— k%l + k%z + k’%?, —

| 1
O O O +

k23
k13

koo

k11

—K—R=K1A
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