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Let us have two vectors &, y with coordinates w.r.t. basis 3
- T
rg = [:131 o 333]

. T

s = |y1 vz y3]

Then the “matrix multiplication” of Zg, yg yields the following formula

Tglis = @1y1+22y2+ v3Y3
Let us investigate the behavior of this formula when changing the basis

—

w.r.t. which we write coordinates of vectors ¥, v.

Let matrix A € R3*3 transforms the coordinates when passing from the
basis 3 to basis 3’

fﬁr = Afﬁ
Yo = AYs
then
Tols = Tph AJs

We see that in general &5 A'Ays # @, s since, for instance, when

O ON
ON O
N OO
(NeN
O =
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then

2 0 0| (2 0 O] |1
Typys = TgA'Agz=[1 0 0] [0 2 0| |0 2 O |1| =4
0 02| |0 0 2|]0
1
# 1=[1 0 0] (1) = T3 U

However, we also see that for all matrices A such that ATA =1 we get
Ty s =Ty A Al = Ty Js
Interestingly, when we assume that
TgA'Afy =Tz 93  for all vectors &g, 7z € R®
then ATA = I must be true! See the next argument.

Since we assume that the above equation holds true for all vectors in R3, we
can choose some particular vectors for which it holds true. Let us choose
all vectors with exactly one non-zero coordinate equal 1 and construct all
equations with them. For instance, when taking

1 0
Fo=|0| gp=]1
0 0
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we then get

0 0
(1 0 Oo]A"A|1|=[1 0 O] |1]| =0
0 0

which means that (A"4)1> element of matrix A'A is equal to 0. We see that
by choosing all possible combinations of vectors with only one nonzero
element, which is equal to 1, we can “pick” all elements of ATA and make
them equal to elements of identity matrix I. It is also clear that the above
argument works for any dimension, not only for three-dimensional vectors.

The above observation shows the importance of the role which play or-
thonormal matrices ATA = I. We see that

Ty A'Ays = &y g5 for all vectors &g, 43 ER* < A'A=1

Now, let us derive the geometrical meaning of the formula

Zyfs = wiyr+aoyr+-o 4 Toyn
in the three-dimensional space.
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Let us start with two vectors
fﬁ — [:U
yg =

w.r.t. an orthonormal basis.
such that

with coordinates

.
1z T3]

(v v s

choose a new orhonormal basis 5’

. T
go = [vi v» O]
and evaluate the formula
=] —
-k 7141 — v = cos L(Z, §)
(#3800 (0s): R WE+ R R+ B

thanks to the Pythagoras theorem:
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Since bases 3, 3’ are orthonormal, we conclude that

"5 Y8 = il = cos L(&,7)
@ T @ g):  (Tos)(Ghds): Y
glp/*\Yp Yp Lot ) \YglUp

We see that in an orthonormal basis 3 the formula

Tyus = (T58s)2(§57s)z COS £(&, )
allows to measure the angle between vectors r and y.
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Let us next look at the behaviour of the formula for the vector product
under a change of the basis.

Let us have two vectors %, y with coordinates w.r.t. basis 3
. T
58/3 = [:131 4 iip) 5133}

L T

s = |y1 v2 y3]

and vector zz constructed by using the vector product formula

1 T2 I3 L2 Y3z — T3Y2 L2Y3z — L3Y2
Zs = ||lyr w2 ys||=1]i j k] |—wiyzstasy| = |—z1yz+ a3yt
v 7k T1Y2 — T2Y1 T1Y2 — T2Y1

Let matrix A € R3*3 transforms the coordinates when passing from the
basis 8 to basis 3

Afﬁ

T g
Yo = AYs
we shall now construct vector wg in using the vector product formula on
coordinates in 8’ and investigate its relationship to

25’ —_— Agg
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Let us introduce

and construct

Wy

L1Yp —T2Y1

AT |7 33293—55392-‘
T —21Y3 + x3Y1
| |{ ﬂilyz—ﬂfzle
A—T

e

A-TA-1
T

A—TA-L

—Z/
AT

s = [z i k]T
5 AT C &)
i ||=| [ || =] %
_g—l—_ | §>—|— ] _§TA—T
T2 Y3z — T3 Y2
A" | —z1yzs +a3yr ‘AT‘

A7)
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Hence we conclude

q ATA

N TE
This again shows the importance of orthonormal matrices since when
AMA=T1& A|l=1 = W = %2@ = (AA ) (Al 25 = Z5
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Internally Calibrated Camera

We say that a camera is internally calibrated if the camera coordinate
system is constructed by using an orhogonal basis 6. In such a case, we
can measure the angle betwen projection rays generated by vectors &, y by

the formula

=1 —
Ls Ys

(T3 )2 (Y Us)>

Cos L (&, 7)) =

In general, the camera basis 3, derived from the image basis and the
projection center, is often not orthogonal. Then, we need to use

Tg = KZs
and evaluate
fEK_TK_lgB :T:'Ew gjg

(TR TR 1) (0K TR gp)e  (ZwEp)2(Fiwip):

cos L (%, y) =

with

w=K g1

Once we have matrix w, we can recover matrix K from it.
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Assuming

k11 ki ki3
K = 0 koo ko3
0 0 1
we get
. i L _kl2 kl2 k"23_k13 k22 ]
k]_]_ ]{12 ,IC]_3 kll klleQ k’11 k’zz kzg mi1 mi12 m13
1 _
K = O koo koz| =10 ,%22 % = | O mo mo3
0 0 1 0] O 1
_ 0 0 1
-1 — Mo Mo Moz —MM13 Moo 7]
mi1 mi11Moo 11 Moo M3
Moo Mmoo
e, 0 1 |
w = K 'kt
2
011 O12 013 mll m™maii1Mmi2 mi111M13
- 2 2
012 022 023 | = |mMi1M12 mi, + ms, mM12 M13 + M2 M23
013 023 033 M117M13 12 M13 + M22 M23 m33 + ms; + 1

which can be solved for K- up to the sign of the rows of K1 as follows.
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{011 012 013} [ m3, mi1M12 M11M13 W
_ > >
012 022 023 = |M11M12 mi, + m5, mM121M13 + Mmoo m23
{013 023 033J {mll mi13 M1z m13 + mozmo3 m2; + m3; + 1 J
provides equations
2 _
011 = M7y M11 = 814/011
012 = M11M12 mi12 = 012/(s14/011) = s1012/+/011
013 = M11M13 m13 = 013/(s1v/011) = s1013/+/011

2 > . > >
020 = Mis +m3, Mmoo = So \/022 — Mis = 82 \/022 — 015/011

A

023 = M12M13 + Moo Mo3 mo3z = s2 (023 — 012 013/011)/\/022 — 0% /011

_ 2 2
= 35 (011 023 — 012 013)/\/011022 — 011 075

for s1 = =1 and s, = £1.

Hence
[ S1 /011 S1 012/1/011 S1 013/\/011 171
K = 0] 8o \/022 — 0%2/011 So (023 — 012 013/011)/\/022 — 0%2/011
0 0 1 |
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Camera calibration from vanishing points

k1

We will now show how to calibrate the camera by fining the matrix w = K TK!
from at least three vanishing points in general position.

Let us have two pairs of parallel lines in space, such that they are also
orthogonal, i.e. let k1 be parallel with {1 and k> be parallel with [, and at
the same time let k1 be orthogonal to k> and [1 be otrthogonal to I».

This, for instance, happens when lines k1, o, ko, Il form a rectangle but they
also may be arranged in the three-dimensional space as non-intersecting.

197

pajdla@cmp.felk.cvut.cz



We will now show how to calibrate the camera by fining the matrix w = K- TK1
from at least three vanishing points in general position.

Let us have two pairs of parallel lines in space, such that they are also
orthogonal, i.e. let k1 be parallel with {1 and k» be parallel with [, and at
the same time let k1 be orthogonal to k> and [; be otrthogonal to [».

This, for instance, happens when lines k1,12, k>, form a rectangle but they
also may be arranged in the three-dimensional space as non-intersecting.

Let lines k1,11, k2, l2 be represented by the corresponding vetors ki, l14, kg, l23
in the camera coordinates system with (in general non-orthogonal) basis

S.
Parallel lines k1 and {1, resp. k> and [y, generate vanishing points
Tig = kigxlig
Tog = kag X lag
Vector 71 is a direction vector of the line through C, which is parallel with
line [1. Vector v> is a direction vector of the line through C, which is

parallel with line [». Lines |1 and [» are perpendicular. Threfore, vector o3
IS perpendicular to vector v-.
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The perpendicularity of ;7 to 7o is, in the camera orthogonal basis §,
modeled by

U5 Tos = 0
We therefore get

TigK 'K Mg = 0
Uigwlag = O

which is a linear homogeneous equation on w.

There are 6 unknowns in w and hence we need 5 pairs of perpendicular van-
ishing points spaning R3 to recover the one-dimensional space of matrices
w.

Often, when working with digital cameras, we can assume that pixels are
square and hence the canonical choice of coordinates in the image plane,
i.e. setting the corners of a pixel to (0,0)", (1,0)", (0,1)", (1,1)', gives
an orthogonal basis in the image coordinate system and consequently, the
camera coordinate system basis 8 has the first two vectors orthogonal.
This leads to a more special K matrix, which is then as

ki1 O ki3
K= 1| O ki1 ko3
O 0 1
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The corresponding

1 1 0 —k13
W= o 0 1 —ko3
11 | —k1s —koz ki + ki3 + k3

then provides equation

Tigwiog = O
[1 0 01-‘ [021
(v11 vi2 wvz] |0 1 0| |um| = O
Lol 02 O3J vay,
ke
[v23 w11 + 21013 w23 V12 + V22 V13 V2313 {02 = V21011 1 V22012
03

Now, we need only 3 pairs of perpendicular vanishing points, e.g. to observe
3 rectangles not all in one plane to compute o1, 02,03 and then

kiz = —o1
ko = —o2

_ 2 2
ki1 = \/03 — ki3 — k33
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