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1 Notations

x, y - pixel coordinates
I(x, y) - pixel value (intensity)

∇I(x, y) - image gradient, ∇I(x, y) =
(

∂ I(x,y)
∂ x , ∂ I(x,y)

∂ y

)>
N (x0, y0, r) - neighbourhood of a pixel (x0, y0)

N (x0, y0, r) =
{
(x, y) ∈ R2 | ‖ (x, y)− (x0, y0) ‖ ≤ r

}
(∆x,∆y) - elementary shift, (∆x,∆y) ∈ R2 − {(0, 0)}

Dε - set of all shifts of size ε, ε > 0

Dε =
{
(∆x0,∆y0) ∈ R2 | ‖ (∆x0,∆y0) ‖ = ε, ε > 0

}
2 Basic Principle

Assume we have an image patch N0, N0 = N (x0, y0, r). We want to
express the minimum of square pixel difference between an image patch
N0 and a shifted image patch N (x0 + ∆x, y0 + ∆y, r) over all directions
(∆x,∆y) ∈ Dε:

f (N0) = min
(∆x,∆y)∈Dε

∑
(x,y)∈N0

(I (x, y)− I (x + ∆x, y + ∆y))2 (1)

1. Let us approximate I (x + ∆x, y + ∆y) by the first two terms of Taylor
expansion :

I (x + ∆x, y + ∆y) ≈ I (x, y) +∇I (x, y)>
[

∆x
∆y

]
(2)

2. Substituting the approximation into (1) we receive:
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f (N0) ≈ min
(∆x,∆y)∈Dε

∑
(x,y)∈N0

[
∆x,∆y

]
∇I (x, y)∇I (x, y)>

[
∆x
∆y

]

= min
(∆x,∆y)∈Dε

[
∆x,∆y

] ∑
(x,y)∈N0

∇I (x, y)∇I (x, y)>

 [
∆x
∆y

]

= min
(∆x,∆y)∈Dε

[
∆x,∆y

]
A

[
∆x
∆y

]
,

where A is a symmetric positive semi-definite 2× 2 matrix:

A =
∑

(x,y)∈N0

∇I (x, y)∇I (x, y)> (3)

=
∑

(x,y)∈N0

[
∂ I(x,y)

∂ x , ∂ I(x,y)
∂ y

] [
∂ I(x,y)

∂ x
∂ I(x,y)

∂ y

]
(4)

3. Since A is a symmetric matrix

min
(∆x,∆y)∈Dε

[
∆x,∆y

]
A

[
∆x
∆y

]
= ‖ (∆x,∆y) ‖2λmin , (5)

where λmin is the minimal eigenvalue of A (see [GVL89], or [Kra00], or
other linear algebra textbook).

4. Hence, we have derived that the minimal difference f (N0) is propor-
tional (approximately) to the minimal eigenvalue of A:

f (N0) ≈ ‖ (∆x,∆y) ‖2λmin = ε2λmin (6)

3 Relation between image patch N0 and matrix A
properties

3.1 Intensity I (x, y) is close to a constant function on N0

If intensity I (x, y) is close to a constant function on N0 (Figure 1(a)) then
image gradients ∇I (x, y) , (x, y) ∈ N0, are close to zero vector, A is close
to a zero matrix and thus both eigen-values λ1 and λ2 goes to 0.

3.2 Image gradients ∇I (x, y) have the same direction on N0

If all gradients ∇I (x, y) are of the same direction on N0, then matrix A is
a singular matrix, λmin = 0.

This happen for example when N0 lies on an intensity edge (Figure 1(b)).
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(a) (b)

Figure 1: Example of an image patch with a constant intensity function (a),
and with an intensity edge (b).

(a) (b) (c)

Figure 2: Three examples of an image patch with gradients of different
directions.

3.3 There are gradients of different directions on N0

If N0 contains gradients of different directions (Figure 2), then A is a full
rank matrix, λmin > 0.

4 Implementation

4.1 Image gradients

Evaluation of gradients is sensitive to noise in input data. Therefore before
computing the gradients we usually smooth the image by some low pass
filter. Typical example is image convolution by a Gaussian

Is = I ∗G ,

where

G(x, y) =
1

2πσxσy
e

x2

2σ2
x

+ y2

2σ2
y

This smoothes the image and reduces the level of noise (removing high fre-
quencies, see [ŠHB93]).

3



Image gradient ∇I (x, y) can be evaluated e.g. as

∇I (x, y) =
[

Is (x + 1, y)− Is (x− 1, y)
Is (x, y + 1)− Is (x, y − 1)

]
.

Strong image smoothing reduces the size of gradients and vice-versa.
The level of image smoothing (standard deviation σx, σy in this case) is
called a derivative scale in this context.

4.2 Matrix A

In Section 2 we have posed

A =
∑

(x,y)∈N0

∇I (x, y)∇I (x, y)> . (7)

Small N0 increases the probability that A will be close to a singular
matrix, i.e. that λmin → 0. In other words, that there will exist a direction
(∆x,∆y) causing a neglecting difference (1).

Large N0 increases the probability that all directions (∆x,∆y) will cause
a significant difference (1), i.e. that A will be a full rank matrix.

Summation members in (7) are usually weighted to enforce gradients
belonging to the center of N0, e.g. using a 2D Gaussian:

A =
∑

(x,y)∈N0

GσI (x− x0, y − y0)∇I (x, y)∇I (x, y)> .

The size of the neighborhood N0 (or standard deviation σI) is called the
integration scale.

4.3 Response function

From previous paragraphs follows that we are looking for places in the image
where matrix A is a full rank matrix. Therefore we need a function which
will effectively measure/estimate rank deficiency of matrix A. Let us called
such a function a response function.

4.3.1 Harris response function:

R. Harris proposed in [HS88] the following form of response function :

R = detA− κ trace2A , (8)

where κ = 0.04, (Figure 3).

Since
detA = λ1λ2 = A(1, 1)A(2, 2)−A(1, 2)2
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Figure 3: Harris response function.

and
traceA = λ1 + λ2 = A(1, 1) + A(2, 2) ,

value of R can be computed directly from A without requiring evaluating
eigen values λ1, λ2.

Here are some limit cases:

λmax → 0 ∧ λmin → 0 ⇒ R → 0
λmin → 0 ⇒ R → −4κλ2

max
λmin → λmax ⇒ R → (1− 4κ)λ2

max = maxR

4.3.2 Other examples of response functions:

a) Harralick [HS93]:
λ1λ2

λ1 + λ2

b) (
λ1 − λ2

λ1 + λ2

)2

5 Algorithm overview

1. Smooth an image, e.g. by convolving the image with Gaussian Gσx,σy .

2. For each pixel compute image gradient ∇I(x, y).
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3. For each pixel and a given size of N0 (or the integrative scale σI),
compute 2× 2 matrix A.

4. For each pixel evaluate response function R(x, y).

5. Choose the interest point as local maximums of function R(x, y), (e.g.
by non-maximum suppression algorithm).

6 Remarks

Derivative scale: It is obvious that image smoothing reduce the size of
image gradients and consequently the number detected interest points (and
vice versa).

Integrative scale: As was mentioned, too small integrative scale increases
probability of rank deficiency of A. Larger integrative scale increases prob-
ability of full rank A. However it also smoothes response function R(x, y)
(over image coordinates) and too large integrative scale can suppress num-
ber of local maximums of R(x, y) (i.e. number of detected interest points,
see the following figure).
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