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Jméno:

1. (10b) Bayesovské rozhodovani.
Uvazujme problém bayesovské klasifikace do dvou tfid oznacenych 1 a 2. Ptiznaky (méfeni)
x € R jsou jednodimenzionalni a vime, zZe:

e apriorni pravdépodobnosti jsou p1 = =, p2 = 7%,
e podminéné pravdépodobnosti jsou
I —sh@-m)? 1 — L (e—ma)?
x|l) = e , xr|2) = e 272 , 1
plalt) = —— plal2) = 0
kde 01 =09 =1, m; = —2 a my = 2.

Uvazte ztratovou funkci W (k, d) definovanou tabulkou:

kde d je rozhodnuti (decision).

(a) (3b) Definujte bayesovské riziko R(q).

(b) (7b) Najdeéte strategii g(x), kterd pro vyse uvedené zadéni vsech veli¢in minimalizuje
bayesovské riziko R(q). Strategie g(x) pro kazdé x rozhodne o klasifikaci do jedné ze tiid
{1, 2}.

Zapiste vyslednou strategii v prehledné matematické formé.

2. (14b) Odhad parametru.
Hustota pravdépodobnosti p(x) na intervalu = € [0, 0] je pomoci parametru ¢ > 0 a o > 0
definovana takto:

ac®

pa) = S5 poweleod,

p@) = 0 prozeloe),

(a) (3b) Napiste, jaké podminky musi obecnd funkce f(z) splhovat, aby byla hustotou
pravdépodobnosti, a ovéite, ze p(z) je spliuje.

Méjme trénovaci data X = {x1, 29, ..., Tk }.

(b) (2b) Pro tato trénovaci data napiste vzorec pro vérohodnost (likelihood).

(c) (6b) Predpokladejme, ze parametr ¢ je dany (tedy je znam) a plati, ze ¢ < z}, pro vSechna
k=1,2,..., K. Odvodte vztah pro vypocet parametru o pro tato data metodou maximaln{
vérohodnosti (ML).

(d) (3b) Necht navic nen{ zndm ani parametr c¢. Napiste a zduvodnéte, jak tento parametr
pomoci maximalizace vérohodnosti najdeme.



3. (10b) K-means.

(a) (2b) Vysvétlete algoritmus K-means.
(b) (4b) Dokazte, ze K-means po koneéném poctu kroku dokonverguje do lokalniho minima.

(c) (4b) Uvazme inicializaci K-means pomoci K-means++. Na obrazku nize jsou zakresleny
¢tyri body v roviné spolu se svymi souradnicemi. Z téchto bodu vybirdme celkem dva
centroidy. Predpokladejme, ze bod A uz byl vybran jako prvni centroid. Napiste, ktery bod
bude nejpravdépodobnéji vybran jako druhy centroid, a vy¢islete tuto pravdépodobnost.

A@® ®C
(0,0) (3,0
B@® @D
(0,1) (3,1)

4. (6b) Adaboost.
Popiste vyhody a nevyhody metody Adaboost (jak pro uceni, tak pro klasifikaci).
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1. (10p) Bayes.
Consider the problem of classification to two classes. The classes are denoted 1 and 2. The
feature space (measurement) is one-dimensional, x € R. There is the following setting:

e prior probabilities are p; = 1=, p2 = 7%,
e conditional probabilities are
I —sh@-m)? 1 — L (e—ma)?
x|l) = e , xr|2) = e 272 , 2
plalt) = —— plal2) = )
where 01 =09 =1, my = —2, and my = 2.

Consider the following cost matrix W (k, d):

[d=1]d=2
k=1 0 ed
k=2 e? 0

where k is the class index as above and d is decision.

(a) (3p) Define the Bayes risk R(q).

(b) (7p) Find the optimal strategy ¢(x), which (under the settings as described) minimizes the
Bayes risk R(q).
Write down the strategy in a clear, mathematically concise form.

2. (14p) Parameter estimation.
Probability density p(z) on an interval x € [0, 00| is defined as:

ac®

p(r) = 71 PO € [e,00],

pr) = 0 prozel0,e),
where ¢ > 0 and o > 0 are parameters.

(a) (3p) Write down the constraints on a general function f(x) which are necessary for the
function to be a probability density. Prove that the above p(z) is consistent with these
constraints.

Let us have the training set X = {1, xs, ..., Tk }.

(b) (2p) Write down the term for likelihood for these data.

(c) (6p) Assume that parameter c is given (thus, known) and that ¢ < zy for all k = 1,2, ..., K.
Derive the formula for computing parameter a using the Maximum Likelihood (ML) me-

thod.

(d) (3p) Let the setting is as in the previous point, but in addition, parameter c is also unknown.
Explain how to find also ¢ using Maximum Likelihood.



3. (10p) K-means.

(a) (2p) Give the description of the K-means algorithm.
(b) (4p) Prove that K-means takes only a finite number of steps to converge to a local minimum.

(c) (4p) Assume that K-means++ is used for K-means initialization. The picture below shows
four points along with their coordinates. Our aim is to select two centroids from these
points. Assume that point A has been already selected and it serves as the 1st centroid.
Describe which of the remaining three points will be selected as the 2nd centroid with the
highest probability. Compute the probability of selecting that point as the 2nd centroid.

A@® ®C
(0,0) (3,0)
B@® ®D
(0,1) (3,1)

4. (6p) Adaboost.

Discuss advantages and disadvantages of Adaboost (both for training and for classification).



