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Abstract. Optimal labeling problems are NP-hard in many practically
important cases. Sufficient conditions for optimal label detection in every
pixel are formulated. Knowing the values of the optimal labeling in some
pixels, as a result of applying the proposed algorithm, allows to decrease
the complexity of the original problem essentially.

1 Introduction

Labeling problems play a significant role in computer vision. In the present
paper labeling problems are formulated as (max,+) problems. A subconvex
subclass of (max,+) problems is introduced. Many image recognition problems
lead to (max,+) problems. For instance, energy minimization, image segmenta-
tion by texture features, three-dimensional object reconstruction on the basis of
stereoimages, noisy image restoration and other.

For the first time the (max,+) problem was formulated in the paper [8]
in 1976. In the papers [8] and [11] an algorithm based on the substitution of
the (max,+) problem by an auxiliary linear programming problem is proposed.
The algorithm takes the decision itself whether the solution of the auxiliary
linear programming problem leads to the solution of the (max,+) problem or
not. Thus, the algorithm returns either the solution of (max,+) problem or the
answer ”no answer”. In [9] and [10] a subclass of the solvable (max,+) problems
is determined and it is shown that for this subclass the algorithm proposed in
[8,11] always finds the solution (the answer ”no answer” never appears). These
problems belong to the subconvex subclass of (max,+) problems.

A new branch of algorithms for solving (max,+) problems was formed in
works [3,4,6]. These algorithms are based on a reduction of the initial problem
to a min-cut problem. At that the class of solvable (max,+) problems was not
expanded: only a subset of subconvex (max,+) problems is solvable by proposed
algorithms.

Thus, a rather well investigated subclass of the (max,+) problems that can
be solved in polynomial time arises. Namely, a subset of subconvex (max,+)
problems. At the same time there are practically significant subclasses of the
(max,+) problems that are known to be NP-hard. Therefore, a number of in-
vestigations were devoted to a searching for approximative algorithms [5,2,7,1].



However, the exact solution of the problem in some separately taken pixels is of
interest as well.

This paper presents sufficient conditions for making decision about the op-
timal labeling in each pixel individually. At that the special label ”no label” is
allowed. The proposed algorithm is applied for a NP-hard subclasses of (max,+)
problems namely the Potts model. It can be also generalized to arbitrary (max,+)
problems.

2 The basic definitions

Basic definitions are introduced in this section. Later we operate with such no-
tions as a vision field, a pixel, a labeling, a label set, a structure of the
vision field, an order of the structure and neighboring pixels. After the
definition of a labeling quality the (max,+) problem is formulated in general
form as the problem of searching for the labeling with an optimal quality.

Let a vision field T be an arbitrary finite set. The elements of the vi-
sion field are called pixels. One of the most frequently encountered exam-
ples of a vision field is a rectangular area of a two-dimensional integer lattice
{(i, j) |0 ≤ i < I, 0 ≤ j < J}. Let a labeling of the vision field T be a function
kT : T → {1, 2, . . . , l}. The set {1, 2, . . . , l} is called a label set and denoted by
the symbol L. A restriction of this function on a subset τ ⊆ T of the vision field
is denoted by kτ (kτ : τ → L), and the value of the function kT in the pixel t
is denoted by kt. Let a structure of the vision field T be a set = ⊆ 2T of
subsets of the vision field T . Note that = does not necessarily contain all subsets
of the vision field. Let the order of the structure be a maximum cardinality
of the elements of the structure =, i.e. max

τ∈=
|τ |. Usually but not necessarily the

order of the structure is two. Pixels t and t′ are called neighboring accord-
ing to the structure = if there exists a subset τ ∈ = that contains both pixels
{t, t′} ⊆ τ . Let us denote the set of all labelings of the part τ of the vision field
by Lτ = {kτ |kτ : τ → L}. A function gτ : Lτ → R is given for every subset
τ ∈ = of the structure. This function assigns a real number to every labeling
kτ : τ → L. Let the quality of the labeling kT : T → L be the number

Q(kT ) =
∑

τ∈=
gτ (kτ ). (1)

The (max,+) problem consists in maximization of the quality function Q()
and determination of the appropriate labeling k∗T = arg max

kT

Q(kT ).

3 A known polynomially solvable subclass of (max,+)
problems

Let us suppose that the label set L is a completely ordered set: 1 < 2 < · · · < l. A
partial ordering can be defined on the set of label pairs (l, l′) ∈ L×L. Namely, for



every two label pairs (r, r′) and (l, l′) their maximum (r, r′)∨(l, l′) = (r∨l, r′∨l′)
and minimum (r, r′) ∧ (l, l′) = (r ∧ l, r′ ∧ l′) are defined in a natural way. In the
same way a partial ordering can be defined on the set of all labelings. For each
pair of labelings kT and k′T we denote by kT

∨
k′T their maximum and by kT

∧
k′T

their minimum.
A function Q : LT → R is called subconvex if the following condition is

fulfilled for arbitrary labelings kT and k′T :

Q(kT ) + Q(k′T ) ≤ Q(kT

∨
k′T ) + Q(kT

∧
k′T ). (2)

We call a (max,+) problem subconvex if its quality function is subconvex.
An equivalent definition of subconvex function Q : LT → R is based on the

notion of discrete derivation: ∀kT : T → L, kt < l:

Q′t(k1, . . . , kt, . . . , kn) = Q(k1, . . . , kt + 1, . . . , kn)−Q(k1, . . . , kt, . . . , kn).

The function Q : LT → R is subconvex if and only if its second derivative
Q′t

′
t′(kT ) ≥ 0 is not negative for every two neighboring pixels t and t′ (t 6= t′)

and an arbitrary labeling kT : T → L (kt < l, kt′ < l).
All solvable (max,+) problems known so far are subconvex. It is already

proved that a subconvex (max,+) problem is solvable in polynomial time if it
fulfills one of the following conditions:

1. The order of the vision field structure is two [8,11,9,10,1,3,4].
Then the quality function (1) takes the following form

Q(kT ) =
∑

{t}∈=
qt(kt) +

∑

{t,t′}∈=
gt,t′(kt, kt′). (3)

Verification of the subconvexity condition comes down to the verification of
the subconvexity of every function gt,t′ independently: ∀r, r′ ∈ L \ {l}:

gt,t′(r + 1, r′ + 1) + gt,t′(r, r′) ≥ gt,t′(r + 1, r′) + gt,t′(r, r′ + 1).

2. The order of the structure is three and the number of labels is two [6].

The question of polynomial solvability for an arbitrary subconvex (max,+)
problem remains open.

From the subconvexity condition (2) it follows that if k∗T and k∗∗T are solutions
of a subconvex (max,+) problem then k∗T

∨
k∗∗T and k∗T

∧
k∗∗T are also solutions of

the same problem. Hence, one can define the highest and the lowest optimal
labelings in the following way:

^

kT =
∨

k∗T =arg max
kT

Q(kT )

k∗T ,
_

kT =
∧

k∗T =arg max
kT

Q(kT )

k∗T .

It can be shown that computational complexity of searching for the lowest as
well as the highest optimal labelings is the same as for an arbitrary optimal
labeling.

The following lemma describes a property of the subconvex (max,+) prob-
lems.



Lemma 1. Let
_

kT =
∧

k∗T =arg max
kT

Q(kT )

k∗T be the lowest optimal labeling for some

subconvex problem and kT be an arbitrary labeling satisfying the condition:

kT

∧ _

kT 6=
_

kT (4)

Then the quality of the labeling kT is strictly less than the quality of the maximum

of the labelings kT and
_

kT :

Q(kT ) < Q(kT

∨ _

kT ).

Proof. Let us rewrite the inequality (2) for labelings kT and
_

kT

Q(kT ) + Q(
_

kT ) ≤ Q(kT

∧ _

kT ) + Q(kT

∨ _

kT ) (5)

The condition (4) together with the definition of the lowest optimal labeling
leads to the inequality:

Q(kT

∧ _

kT ) < Q(
_

kT ). (6)

We obtain the statement of the lemma by adding the inequalities (5) and (6).

4 The main result

We consider (max,+) problems with a structure of order two. In this case the
quality function has the form (3), at that the functions qt are arbitrary and

the functions gt,t′(r, r′) =
{

Ct,t′ ≥ 0, r = r′,
0, r 6= r′. This problem is not subconvex for

more than two labels. Moreover, it is NP-hard (see [1]).
Let us build an auxiliary subconvex (max,+) problem for the given (max,+)

problem. The exact solution of this auxiliary problem gives the optimal labels
for the initial problem in some pixels.

This auxiliary problem is constructed in the following way:

1. The vision field T , the structure = and the label set L are the same as in
the initial problem.

2. Let us fix an arbitrary label s ∈ L.
3. Let us completely order labels in each pixel in the following way. The label

s becomes the highest. Independently in each pixel one of the rest labels lst
whose quality qt(lst ) is maximal (lst = arg max

l∈L\{s}
qt(l)) becomes the lowest.

4. The quality function of the auxiliary problem is

Qs(kT ) =
∑

{t}∈=
qt(kt) +

∑

{t,t′}∈=
gs

t,t′(kt, kt′),



where

gs
t,t′(r, r

′) =





Ct,t′ , r = s, r′ = s,
Ct,t′ , r 6= s, r′ 6= s,

0, otherwise.
(7)

The constructed auxiliary problem is subconvex and its lowest solution
_

ks
T can

be found in polynomial time.

Theorem 1. An arbitrary solution of the initial problem k∗T = arg max
kT

Q(kT )

satisfies the following condition: k∗T
∧ _

ks
T =

_

ks
T .

In other words the lowest optimal labeling for the initial problem in each pixel
is not lower than the label in the corresponding pixel of the auxiliary problem

solution (∀t ∈ T : k∗t ∧
_

ks
t =

_

ks
t ). The theorem allows to reduce the number of

labels in each pixel. It is necessary to examine only those labels l ∈ L in the pixel

t that lie not lower than the label
_

ks
T : Lt = {l ∈ L : l

∧ _

ks
t =

_

ks
t }. In particular,

the set of remaining labels Lt can consist only of the highest label
_

ks
t = s. In

this case the value of any optimal labeling of the initial problem in the pixel t
equals s.

The algorithm based on the theorem consists in execution of the following
three steps for every label s ∈ L:

1. Construction of the auxiliary problem for the label s;
2. Searching for the lowest solution

_

ks
T of the auxiliary problem;

3. If
_

ks
t = s then k∗t = s.

Proof. We will conduct the proof of the theorem in the following way: we con-

struct for any labeling kT , such that kT

∧ _

ks
T 6=

_

ks
T a labeling with better quality.

Namely, Q(kT

∨ _

ks
T ) > Q(kT ).

Let us consider an arbitrary labeling kT , satisfying the condition kT

∧ _

ks
T 6=

_

ks
T .

It follows from the lemma 1 that

0 < Qs(kT

∨ _

ks
T )−Qs(kT ). (8)

If
_

ks
t 6= s then

_

ks
t = lst . Otherwise one can construct a new labeling with the

same quality, which is lower than
_

ks
T . Therefore, the lowest labeling

_

ks
T of the

auxiliary problem can take only two values in every pixel:
_

ks
t ∈ {s, lst}.

The following inequality follows from formula (7) and aforesaid:

gs
t,t′(kt ∨

_

ks
t , kt′ ∨

_

ks
t′)− gs

t,t′(kt, kt′) ≤ gt,t′(kt ∨
_

ks
t , kt′ ∨

_

ks
t′)− gt,t′(kt, kt′) (9)

Using inequalities (8) and (9) we obtain:

0 < Qs(kT

∨ _

ks
T )−Qs(kT ) =



=
∑

t∈T

qt(kt∨
_

ks
t ) +

∑

{t,t′}∈=
gs

t,t′(kt∨
_

ks
t , kt′∨

_

ks
t′)−


∑

t∈T

qt(kt) +
∑

{t,t′}∈=
gs

t,t′(kt, kt′)


=

=
∑

t∈T

(
qt(kt∨

_

ks
t )− qt(kt∨

_

ks
t )
)
+

∑

{t,t′}∈=

(
gs

t,t′(kt∨
_

ks
t , kt′∨

_

ks
t′)− gs

t,t′(kt, kt′)
)
≤

≤
∑

t∈T

(
qt(kt∨

_

ks
t )− qt(kt∨

_

ks
t )
)
+

∑

{t,t′}∈=

(
gt,t′(kt∨

_

ks
t , kt′∨

_

ks
t′)− gt,t′(kt, kt′)

)
=

= Q(kT

∨ _

ks
T )−Q(kT ).

Thus, Q(kT ) < Q(kT

∨ _

ks
T ) which was to be proved.

5 Experimental verification of the algorithm

The following three experiments demonstrate our approach for segmentation and
stereoreconstruction problems. In all cases the vision field is a rectangular area
of the integer-valued lattice T = {(i, j)|0 ≤ i < I, 0 ≤ j < J}.

(a) Ground truth (b) Generated artificial
image

(c) 98.8% of the opti-
mal labeling was found

Fig. 1. Segmentation of the artificial image

The structure is = = {{(i, j), (i + 1, j)} ⊂ T, {(i, j), (i, j + 1)} ⊂ T}. The
quality function has the form (3) with the functions

gt,t′(r, r′) =
{

C ≥ 0 r = r′,
0 r 6= r′.

This problem is NP-hard if the number of labels is greater than two (see [1]).



The first two examples (see fig. 1 and 2) demonstrate applicability of the
algorithm for texture segmentation. In the first example an image with three
textures was generated using a Markov Random Field model (fig. 1(b)). Due to
this fact the real segmentation (fig. 1(a)) is known. The second example (fig.
2) demonstrates texture segmentation of a real image (fig. 2(a)). The number
qt(k) defines a probability that pixel t belongs to the k-th (k ∈ {1, 2, 3}) texture.
Figures 1(c) and 2(b) present the results of the optimal labeling search. Black
color is used to mark those pixels where answer ”no label” was obtained.

(a) Initial image (b) 98.4% of the optimal label-
ing was found

Fig. 2. Segmentation of the airphoto

The third example (see fig. 3) demonstrates the problem of 3D reconstruction
by stereoimagepairs (fig. 3(a,b)). The qualities qt(k) are found in some reasonable
way for all pixels t and 20 possible disparities (k ∈ {1, ..., 20}). Then the 3D
reconstruction problem is formulated as a (max,+) problem. The part of the
optimal labeling found by our approach is shown in the figure 3(c). Again black
color is used to mark those pixels where answer ”no label” was obtained.

Of course, the quality of reconstruction can be improved using a more thor-
ough choice of the numbers qt(k), however, it is not a goal of our research.

6 Conclusion

We have shown in this paper that the exact solution can be found at least
partially even for NP-hard (max,+) problems. Experimental results show the
possibility to restore the optimal labeling for almost all pixels.



(a) Left picture (b) Right picture (c) 93.6% of the op-
timal labeling was
found

Fig. 3. Reconstruction of three-dimensional scene by the pair of stereoimages
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