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In this talk

• Feel free to
• Ask questions directly through 

voice chat (if you can unmute 
yourself).
• Type your questions in the 

chat window.

• This talk is allocated 1.5 
hours---we may have a short 
break (5-10 minutes) halfway 
through.
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Outline

• What is and isn’t fundamentally achievable
• Global algorithms
• Deterministic outlier removal
• Deterministic refinement
• Evaluation
• RANSAC in 2040---Quantum RANSAC?
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Robust Fitting in Computer Vision:

Easy of Hard?

Tat-Jun Chin, Zhipeng Cai, Frank Neumann

The University of Adelaide

Abstract. Robust model fitting plays a vital role in computer vision,
and research into algorithms for robust fitting continues to be active. Ar-
guably the most popular paradigm for robust fitting in computer vision
is consensus maximisation, which strives to find the model parameters
that maximise the number of inliers. Despite the significant develop-
ments in algorithms for consensus maximisation, there has been a lack
of fundamental analysis of the problem in the computer vision literature.
In particular, whether consensus maximisation is “tractable” remains a
question that has not been rigorously dealt with, thus making it di�cult
to assess and compare the performance of proposed algorithms, relative
to what is theoretically achievable. To shed light on these issues, we
present several computational hardness results for consensus maximisa-
tion. Our results underline the fundamental intractability of the problem,
and resolve several ambiguities existing in the literature.

Keywords: Robust fitting, consensus maximisation, inlier set maximi-
sation, computational hardness.

1 Introduction

Robustly fitting a geometric model onto noisy and outlier-contaminated data is
a necessary capability in computer vision [1], due to the imperfectness of data
acquisition systems and preprocessing algorithms (e.g., edge detection, keypoint
detection and matching). Without robustness against outliers, the estimated
geometric model will be biased, leading to failure in the overall pipeline.

In computer vision, robust fitting is typically performed under the framework
of inlier set maximisation, a.k.a. consensus maximisation [2], where one seeks the
model with the most number of inliers. For concreteness, say we wish to estimate
the parameter vector x 2 Rd that defines the linear relationship a

T
x = b from

a set of outlier-contaminated measurements D = {(ai, bi)}Ni=1. The consensus
maximisation formulation for this problem is as follows.

Problem 1 (MAXCON). Given input data D = {(ai, bi)}Ni=1, where ai 2 Rd and
bi 2 R, and an inlier threshold ✏ 2 R+, find the x 2 Rd that maximises

 ✏(x | D) =
NX

i=1

I
�
|a

T
i x� bi|  ✏

�
, (1)

where I returns 1 if its input predicate is true, and 0 otherwise.

ar
X

iv
:1

80
2.

06
46

4v
1 

 [c
s.C

V
]  

18
 F

eb
 2

01
8

Consensus maximisation

• Simple case to facilitate analysis (most vision problems do not have a
“dependent” variable like       above).

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

T.-J. Chin and D. Suter. The maximum consensus problem: recent algorithmic advances. Synthesis Lectures on Computer 
Vision (Eds. Gerard Medioni and Sven Dickinson). Morgan & Claypool Publishers, San Rafael, CA, U.S.A., Feb 2017.
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Running example: 1D problem

✏

(ai, bi)

ax = b

a

b |aix� bi|
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Running example: 1D problem
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Low consensus  ✏(x | D)
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RANSAC

a

b

Assuming an inlier 
rate of       and 
dimensionality of     , 
if we draw

samples, with 
probability       we 
will get at least one
minimal subset that 
contains only inliers.

2.2. RANSAC 21

of techniques in the vision literature. Such methods rely on randomisation and the e�ciency
of model instantiation on small data subsets to quickly find solutions. The rest of the chapter
is devoted to deterministic methods—all of these methods employ some form of convex
optimisation as core routines. A moderately large part of the chapter discusses Chebyshev
approximation and its generalisation to LP-type problems. Apart from enabling an outlier
removal heuristic, some of the core concepts of LP-type problems provide foundations for
some of the topics in Chapter 3.

2.2 RANSAC

RANSAC [Fischler and Bolles, 1981] is one of the most widely used techniques for maximum
consensus. The method is simple: generate a number of model hypotheses by randomly
sampling minimal subsets of the data D and fitting the model onto each minimal subset.
For each model hypothesis, evaluate its consensus; the hypothesis with the largest consensus
is then returned as the result x̂. The core idea is that if a su�cient number of minimal
subsets are sampled, there would be at least one that contains all inliers, and the associated
hypothesis x̂ would represent a good estimate of the underlying model.

In the context of problem (1.8), the data takes the form D = {(ai, bi)}N

i=1. A minimal
subset M is defined as a subset of D that provides the minimum required number of
constraints to fully estimate x. For a d-dimensional x, d measurements are thus su�cient.
Without loss of generality, let M be {(ai, bi)}d

i=1. To estimate x from M, the least squares
technique is invoked: the following minimal linear system is first constructed

AM =

2

64
a

T
1
...

a
T

d

3

75 , bM =

2

64
b1
...
bd

3

75 , (2.6)

then take x = A
�1
MbM (for numerical stability, the Singular Value Decomposition or SVD

is preferable over a direct matrix inversion [Björck, 1996, Chapter 1]). Since M contains
only d measurements, the least squares fitting error on M is zero.

To determine the number of hypotheses to generate, let ⌘ be the proportion of inliers
in D. If M is sampled randomly from D, then the probability that M contains all inliers is
⌘

d; conversely, the probability that M contains at least one outlier is (1 � ⌘
d). If T minimal

subsets M are sampled, the probability that none of them contains all inliers is thus

(1 � ⌘
d)T

. (2.7)

To determine T such that, with confidence �, at least one of the T minimal subsets contain
only inliers, equate 1 � � = (1 � ⌘

d)T and solve for

T =

⇠
log(1 � �)

log(1 � ⌘d)

⇡
. (2.8)

⌘
d

�
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Adversarial case for RANSAC

a

b

✏
Desired solution
(max consensus)
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Adversarial case for RANSAC

a

b

✏

✏

Mathematical Programming Approaches, RANSAC in 2020.by T.-J. Chin



Fundamental limitations

Maxcon is NP-hard
Þ Cannot be solved in polynomial time.
Þ In experiments, should also examine how often worst-case results happen.

Maxcon is W[1]-hard in dimension
Þ Cannot remove d from the exponent, i.e.,            . 
Þ Exact solvers are practical for (very) low-dimensions only.

Maxcon is APX-hard
Þ There are no polynomial time approximation algorithms.
(RANSAC is not an approximation algorithm---no error bounds)

Nf(d)

Mathematical Programming Approaches, RANSAC in 2020.by T.-J. Chin

T.-J. Chin, Z. Cai and F. Neumann. Robust fitting in computer vision: 
easy or hard? European Conference on Computer Vision (ECCV) 2018.



Minimally trimmed squares (MTS)
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|O
⇤
| =

There are no quasi-polynomial-time algorithm that can find      with 

for any factor           .
|O|  �|O⇤

|

� > 1

O

min
M,O⇢D

|O|

s.t.
X

d/2O

r(d | M)2  ✏

Vasileios Touzmas, Pasquale Antonante, and Luca Carlone. Outlier-robust spatial 
perception: hardness, general-purpose algorithms, and guarantees. In IROS 2019. 



M-estimators

• Given data                               , estimate vector              :                       D = {(ai, bi)}Ni=1 x 2 Rd

min
x2Rd

NX

i=1

⇢(|aTi x� bi|)

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.



Robust loss function

⇢(r) =

(
✏2

6 (1� [1� ( r✏ )
2]3) if |r|  ✏

✏2

6 otherwise,

Tukey’s biweight:
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Robust loss function
⇢(r) =

(
0 if |r|  ✏

1 otherwise;

Outlier counting:

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.



Robust loss function

“Hard redescenders” (non-convex)
by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

http://www-sop.inria.fr/odyssee/software/old_robotvis/Tutorial-Estim/node24.html

http://www-sop.inria.fr/odyssee/software/old_robotvis/Tutorial-Estim/node24.html


“B…but, RANSAC works well”

• RANSAC and variants work well (usually); it’s 
when they don’t work that’s the issue.

• RANSAC aims to find an all-inlier minimal
subset, with the assumption that the ALL all-
inlier minimal subsets will give high 
consensus.
• Degeneracy (see Ondra’s talk) and adversarial 

cases will cause problems.
• Even if there is no degeneracy, the assumption 

does not hold.

• When RANSAC does not return a model with 
high consensus, you don’t know if it is
because there are no high-consensus models 
to be found, or if you are unlucky.

• By all means, use RANSAC, but that doesn’t 
mean that the science should stop.

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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Sampling Minimal Subsets with Large Spans for Robust Estimation

Quoc Huy Tran · Tat-Jun Chin · Wojciech Chojnacki · David Suter

Received: date / Accepted: date

Abstract When sampling minimal subsets for robust pa-
rameter estimation, it is commonly known that obtaining an
all-inlier minimal subset is not sufficient; the points therein
should also have a large spatial extent. This paper investi-
gates a theoretical basis behind this principle, based on a lit-
tle known result which expresses the least squares regression
as a weighted linear combination of all possible minimal
subset estimates. It turns out that the weight of a minimal
subset estimate is directly related to the span of the associ-
ated points. We then derive an analogous result for total least

squares which, unlike ordinary least squares, corrects for er-
rors in both dependent and independent variables. We estab-
lish the relevance of our result to computer vision by relat-
ing total least squares to geometric estimation techniques.
As practical contributions, we elaborate why naive distance-
based sampling fails as a strategy to maximise the span of
all-inlier minimal subsets produced. In addition we propose
a novel method which, unlike previous methods, can con-
sciously target all-inlier minimal subsets with large spans.

Keywords Least squares · total least squares · minimal
subsets · robust fitting · hypothesis sampling

1 Introduction

One of the earliest recorded usage of minimal subsets in
statistical estimation occurred in 1755, when Boscovich at-
tempted to determine the meridian arc near Rome from five
measurements [34]. He solved for the two unknowns of the
arc using all ten possible pairings of the data. Two of the
pairs were ignored for yielding what Boscovich considered

The Australian Centre for Visual Technologies, and
School of Computer Science, The University of Adelaide,
North Terrace, SA 5005, Australia.
Tel.: +61-8-8313-5586. Fax: +61-8-8313-4366
E-mail: {huy,tjchin,wojtek,dsuter}@cs.adelaide.edu.au

to be unusual outcomes, and the remaining estimates were
simply averaged for his final result. Boscovich’s work pre-
dated Gauss’s paper on least squares (published 1809), but
did not gain traction due to a lack of analytical basis.

Presently however, the usage of minimal subsets has be-
come an integral part of robust parameter estimation, espe-
cially in computer vision for the estimation of multiple view
geometry from noisy images [16]. This stems from the fact
that many robust criteria (e.g., least median squares [32],
maximum consensus [8]) do not have closed form solutions.
Also, many geometric models of interest (e.g., fundamental
matrix) have a large number of parameters, thus sampling
and testing model hypotheses from minimal subsets is often
the only way to obtain good solutions in reasonable time.

Intuitively, drawing an all-inlier minimal subset is not
sufficient to guarantee a reasonably good model hypothesis;
the inliers therein should also have a large span. To illus-
trate this notion, consider the problem of line fitting on the
2D data in Fig. 1, where the data has been generated with-
out outliers for simplicity. Two particular choices of (all-
inlier) minimal subsets are highlighted; clearly Set A yields
a better estimate than Set B, as can be verified by a suitable
goodness-of-fit function (e.g., [8,32]). It is also apparent that
the points in Set A are separated by a larger distance.
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Set B

Set A

Fig. 1 Line fitting on 2D data. Two particular minimal subset estimates
of the line are highlighted.

Not all “all-inlier” minimal subsets give a good fit

Quoc-Huy Tran, Tat-Jun Chin, Wojciech Chojnacki, David 
Suter: Sampling Minimal Subsets with Large Spans for Robust 
Estimation. Int. J. Comput. Vis. 106(1): 93-112 (2014)



Why should we care about
theoretical hardness?
• We want to

• Classify algorithms.
• Predict performance in general settings

• e.g., Dr XXX claims that his/her algorithm can do this; is that 
probable according to the theory?

• What aspects of the algorithm  should our experiments test? 
(outlier rate, inlier noise, number of outliers, dimensionality, 
distribution of inliers, distribution of outliers, etc. etc.)

• For future work
• What kind of new algorithms to develop?
• Where should we devote our efforts?

• Should we just use RANSAC variants but carefully preprocess
or postprocess?

• Is deep learning the way to go for robust fitting? There is 
increasing evidence that they don’t generalise well. Should 
we care about the tables with bold numbers? 

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.



Back to fundamental limitations: what does 
the theory allow us we do?

Heuristic or randomised 
algorithms

(e.g., RANSAC and 
variants)

Globally optimal 
algorithms

Very fast (usually) Very slow

No guarantees Optimal

Random behaviour Deterministic

What is in the 
middle here?

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.



Outline

• What is and isn’t fundamentally achievable
• Global algorithms
• Deterministic outlier removal
• Deterministic refinement
• Evaluation
• RANSAC in 2040---Quantum RANSAC?
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Branch and bound (BnB)

• Recursively test and prune the 
search space.
• Given a region in the search space, 

bound the objective value and 
compare with the best solution so 
far – discard whole region or 
subdivide and test further.
• Two key issues:

• How to parametrise and subdivide 
the search domain;

• How to bound the objective value.
• Note: does not have sub-

exponential bound in general.

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.



Applications of globally optimal methods

• 3DOF and 6DOF point cloud 
registration.
• Correspondence-based
• Correspondence-free

• Epipolar geometry estimation.
• Perspective-N-point (PnP) problem.
• LiDAR-camera registration.
• Conformal registration.
• Contrast maximisation for event-

based motion estimation.
• Many others.

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

Not necessarily consensus maximisation.

Tends to be more ”bespoke” for the 
particular problem (i.e., special cases).

Typically slower than approximate
methods. Speeding up requires creativity
---can’t just dump data on GPU!

Still a fruitful research direction (in my 
opinion).



Some “exotic” applications of global methods

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

D. Liu, A. Parra and T.-J. Chin. Globally Optimal Contrast 
Maximisation for Event-based Motion Estimation. CVPR 2020.

H. M. Le, T.-J. Chin and D. Suter. Conformal surface 
alignment with optimal Mobius search. CVPR 2016.

Conformal surface alignment Contrast maximisation
(event-based motion estimation)



Subset (basis) search methods

• Enumeration • Tree search

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

Level 0

Level 1

Level 2

Level 3
Level 4

f(B)

�(B)

�

Feasible

Level 0

Level 1

Level 2

Level 3
Level 4

f(B)

�(B)

�

Feasible
Tat-Jun Chin, Pulak Purkait, Anders P. Eriksson, David Suter: 
Efficient globally optimal consensus maximisation with tree 
search. CVPR 2015: 2413-2421.

Olof Enqvist, Erik Ask, Fredrik Kahl, Kalle Åström: Tractable Algorithms for 
Robust Model Estimation. Int. J. Comput. Vis. 112(1): 115-129 (2015).



Positive result

• The tree search method has runtime

Maxcon is FPT in the number of outliers and dimension.

• Useful to exploit problem structure/additional knowledge to speed up algorithm 
or derive sub-exponential bound in runtime.

O((o+ 1)d+1poly(N, d))

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.



Ĩ

I⇤

D Ĩ * I⇤

|Ĩ|  |I⇤|
In general

Suboptimal algorithm

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.



I⇤

D

D0

I⇤ ✓ D0

|D0|  D
Preprocessing algorithm

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

Svarm, L., Enqvist, O., Oskarsson, M., Kahl, F.: Accurate localization and pose 
estimation for large 3d models. CVPR 2014.

Álvaro Parra Bustos, Tat-Jun Chin: Guaranteed Outlier Removal for Point Cloud 
Registration with Correspondences. TPAMI 40(12): 2868-2882 (2018)

Tat-Jun Chin, Yang Heng Kee, Anders P. Eriksson, Frank Neumann: Guaranteed 
Outlier Removal with Mixed Integer Linear Programs. CVPR 2016: 5858-5866



Preprocessing method (GORE) for point cloud 
registration 2

(a) Input correspon-
dence set H.

(b) Reduced correspon-
dence set H0 by GORE.

(c) RANSAC’s alignment
on H

0.

Fig. 1. Illustrating the concept of GORE for robust point cloud registration (1). In the above diagrams, green indicates true inliers I
⇤ and red indicates

true outliers H \ I
⇤. In this instance, the input H contains N = 2000 correspondences with outlier rate ⌘ = 0.98. In 4.62 seconds, GORE reduced

the input to a smaller correspondence set H0 of size 60 with ⌘ = 0.28. Using ⇢ = 0.99 in the stopping criterion (2), executing RANSAC on H
0

terminated in 0.005 seconds. Executing RANSAC on the original input H, however, required 132 seconds to converge.

[14], [15] employ branch-and-bound (BnB) [16] to systemati-
cally search the parameter space (SO(3) for rotation, SE(3)
for rigid transformation) to deterministically optimize their
respective objective function. Another class of global al-
gorithms [17], [18], [19] leverage the fact that the optimal
solution to a robust objective function can be obtained as
the solution of the same problem on a d-subset of the N

input correspondences H. For example, for 6 DoF rigid
registration (1), d is equal to 6. To find ⌦⇤, the methods [17],
[18], [19] enumerate all

�
N

d

�
subsets of H and solve (1) on

each d-subset analytically (note that this approach differs
from “standard” RANSAC which solves for ⌦ via least
squares on sampled minimal subsets of size m).

A general weakness of global algorithms is their high
computational cost, especially on data with large sizes N

and high outlier contamination rates. Theoretically, the run-
time of BnB increases exponentially with the input size. The
significant cost of BnB is also exacerbated by large outlier
ratios, since outliers tend to increase local optima. As we
will show in Sec. 5, runtimes in excess of several hours can
be consumed by BnB when invoked on real correspondence
sets of moderate size (N = 1000). In the second group
of global algorithms [17], [18], [19], the number of unique
subsets to test is impracticably large for practical input sizes,
e.g., for N = 1000 there are � 100 Trillion 6-subsets. Thus,
such methods are feasible only on very small instances.

1.1 Our contributions
We propose a novel guaranteed outlier removal (GORE) tech-
nique for robust point cloud registration (1). Specifically,
our method is able to efficiently reduce H to a subset
H0 of point matches, in a way that any correspondence
(xi,yi) discarded by reducing H to H0 is a true outlier, i.e.,
any (xi,yi) that is removed does not belong to I⇤. More
formally, our method ensures that

I⇤ ✓ H0 ✓ H. (3)

Note that this fundamentally differs from the objective of
RANSAC, which is to return a suboptimal consensus set Ĩ .
See Fig. 1 for an illustration of the concept of GORE.

Based on computationally simple geometric consistency
checks, our GORE technique is deterministic and efficient,
e.g., the result in Fig. 1 was produced in 4.62 seconds.
Though GORE may not remove all true outliers, i.e., H0 may

not be a consensus set, it is able to aggressively reduce the
population of true outliers1. On real data, almost 90% of
the true outliers can be eliminated (see results in Table 1 for
mining and remote sensing datasets). We pose our technique
as an efficient preprocessor to robust point cloud registration,
in that GORE reduces the amount of data and the ratio of
outliers in the input H, without removing true inliers.

The output H0 can be used in the following ways:
• Since the ratio of outliers is much lower in H0, ap-

proximate maximum consensus algorithms such as
RANSAC, whose runtime increases exponentially with
outlier rate, can also benefit. Practically, preprocessing
with GORE enables RANSAC to return good solutions
in more reasonable times.

• Due to condition (3), the globally optimal solution
⌦⇤ is preserved in H0. Thus, one can conduct further
optimization on H0 to find ⌦⇤. By applying GORE to
drastically reduce the amount of data and outlier ratio,
the total runtime can be reduced significantly (by more
than an order of magnitude on real data).

Comprehensive experimental evaluation is provided in
Sec. 5 to demonstrate the above claims2.

As a by-product, a sub-optimal solution ⌦̃ is also re-
turned by GORE. We empirically show that this sub-optimal
transformation represents an approximate solution of com-
parable quality to the result of RANSAC. However, contrary
to RANSAC, our method is deterministic.

Previous work. This work is an extension of our previ-
ous conference paper [20] which proposed GORE for 3 DoF
rotational registration. Here, we propose a novel broader
GORE algorithm for 6 DoF Euclidean registration, which
significantly increases the practical usefulness of GORE.

1.2 Related work: preprocessing for robust estimation
A priori reducing the data size before conducting opti-
mization is an age-old idea in computer science. In the
context of robust estimation problems such as (1), one could
first execute RANSAC with a large ⇠ to remove hopefully

1. Note that removing all true outliers amounts to solving the
original maximum consensus problem (1), which is intractable. Thus,
except in trivial instances, GORE does not generally remove all true
outliers.

2. Matlab implementation is available as supplementary material.

4.62 seconds

2000 correspondences, 98% outliers 60 correspondences, 28% outliers

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

Álvaro Parra Bustos, Tat-Jun Chin: Guaranteed Outlier Removal for Point 
Cloud Registration with Correspondences. TPAMI 40(12): 2868-2882 (2018)



Certifiably optimal 
relaxations
- Relax the robust objective function and 

solve using convex solvers (e.g, SDP).

- Check for strong duality to certify 
optimality of the result.

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.



Commercial product based on globally 
optimal robust fitting

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

https://www.maptek.com/video/i-site-studio-6-automated-registration/

https://www.maptek.com/video/i-site-studio-6-automated-registration/


Outline

• What is and isn’t fundamentally achievable
• Global algorithms
• Deterministic outlier removal
• Deterministic refinement
• Evaluation
• RANSAC in 2040---Quantum RANSAC?
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Outline

• What is and isn’t fundamentally achievable
• Global algorithms
• Deterministic outlier removal
• L-infinity method
• L1 method
• K-slack method

• Deterministic refinement
• Evaluation
• RANSAC in 2040---Quantum RANSAC?
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Chebyshev problem

• Given data                               , find

4 Chin et al.

2 NP-hardness

The decision version of MAXCON is as follows.

Problem 2 (MAXCON-D). Given data D = {(ai, bi)}Ni=1, an inlier threshold
✏ 2 R+, and a number  2 N+, does there exist x 2 Rd such that  ✏(x | D) �  ?

Another well-known robust fitting paradigm is least median squares (LMS),
where we seek the vector x that minimises the median of the residuals

min
x2Rd

med
�
|a

T
1 x� b1|, . . . , |a
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of the data points D in Rd+1. A slab in Rd+1 is defined by a normal vector x

and width w as

hw(x) =

⇢
(a, b) 2 Rd+1

���� |a
T
x� b| 

1

2
w

�
. (5)

Problem (4) thus seeks the thinnest slab that contains k of the points. The
decision version of (4) is as follows.

Problem 3 (k-SLAB). Given data D = {(ai, bi)}Ni=1, an integer k where 1  k 

N , and a number w0
2 R+, does there exist x 2 Rd such that k of the members

of D are contained in a slab hw(x) of width at most w0?

k-SLAB has been proven to be NP-complete in [12].

Theorem 1. MAXCON-D is NP-complete.

Proof. Let D, k and w0 define an instance of k-SLAB. This can be reduced to
an instance of MAXCON by simply reusing the same D, and setting ✏ = 1

2w
0

and  = k. If the answer to k-SLAB is positive, then there is an x such that k
points from D lie within vertical distance of 1

2w
0 from the hyperplane defined

by x, hence  ✏(x | D) must be at least  and the answer to MAXCON-D is also
positive. Conversely, if the answer to MAXCON-D is positive, then there is an
x such that  points have vertical distance of less than ✏ to x, hence a slab that
is centred at x of width at most w0 can enclose k of the points, and the answer
to k-SLAB is also positive. ⇤

The NP-completeness of MAXCON-D implies the NP-hardness of the opti-
misation version MAXCON. See Sec. 1.1 for the implications of NP-hardness.
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Figure 2.10: `1 approximation of the maximum consensus homography obtained by solv-

ing (2.45). With inlier threshold ✏ = 3 pixels, the SOCP solution has a consensus of 3.

potential of other `p-norms (p = 2, 3, . . . ), but this quickly leads to the realisation that
increasing p simply raises the “non-robustness” of the estimate (e.g., p = 2 is just least
squares. See also Section 2.3 on interpreting `1 as an M-estimator).

Nonetheless, the `1-norm—which is “maximally non-robust” since it e↵ectively “fits
the outliers”—turns out to be quite useful. In essence, this portrays the chicken-and-egg
nature of robust fitting: if we knew the outliers we could easily solve the fitting, conversely
if we knew the fit we could easily find the outliers. This section explores the fundamental
characteristics of `1 minimisation (which leads to so-called Chebyshev approximation) and
its usage for approximate maximum consensus.

Given data D = {(ai, bi)}N

i=1, the Chebyshev approximation technique for the linear
model b = a
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x obtains x as the solution to the minimax problem
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where k · k1 denotes the `1 norm. For a vector v of length N ,

kvk1 = max(|v1|, . . . , |vN |). (2.48)

For this reason, the minimax problem (2.46) is also called the `1 minimisation problem.
In the rest of this book, we may use the terms Chebyshev estimate, minimax estimate and
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(d) Final result.

Figure 2.13: Demonstration of outlier removal with `1 minimisation (Algorithm 4) on a line

fitting problem. Since d = 2 for line fitting, at most three points are removed at each iteration.

Bisection

Rewriting (2.58) using a single slack variable yields

minimise
x2Rd,s2R

s

subject to
kAix + bik2

↵T

i
x + �i

 s,

↵T

i
x + �i > 0,

i = 1, . . . , N,

s � 0.

(2.59)

T.-J. Chin and D. Suter. The maximum consensus problem: recent algorithmic 
advances. Morgan & Claypool Publishers, San Rafael, CA, U.S.A., Feb 2017.
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Figure 2.16: (a) A quasiconvex function r(x) with the real line R as its domain. The s-sublevel

set Lr
s

is plotted as a red line segment on the x-axis. For any s � 0, Lr
s

is a convex set, i.e., a

contiguous line segment. Note that this function is not convex. (b) A non-quasiconvex function

for comparison; in this function, not all Lr
s

for s � 0 are convex.

2.5 LP-TYPE PROBLEMS

This slightly lengthier section explores consensus maximisation under the framework of
LP-type problems. The motivation for including this relatively abstract topic is two-fold:

• LP-type problems are a generalisation of the Chebyshev approximation problem. As
we will see later in Section 2.5.3, the LP-type framework allows further theoretical
analysis of the outlier removal technique in Section 2.4.2.

• LP-type problems provide a unifying framework and convenient terminology to discuss
a class of “tractable” exact algorithms in Chapter 3.

We begin by defining LP-type problems and describing their common properties.

2.5.1 DEFINITION AND PROPERTIES

LP-type problems were first defined by Matoušek et al. [1996] as a generalisation of linear
programming problems. In abstract terms, an LP-type problem (S, f) consists of a set of
constraints S, each involving d variables ✓, and an objective function f that maps subsets
of S to R+ [ {0}. Further, f satisfies the following properties:

Property 2.10 (Monotonicity) For every two sets P ✓ Q ✓ S, the inequalities f(P) 
f(Q)  f(S) can be established.

Quasiconvex Not quasiconvex

https://www.youtube.com/watch?v=XANb1KUs5NU T.-J. Chin and D. Suter. The maximum consensus problem: recent algorithmic 
advances. Morgan & Claypool Publishers, San Rafael, CA, U.S.A., Feb 2017.

https://www.youtube.com/watch%3Fv=XANb1KUs5NU


Figure 3. Two images from the dinosaur sequence, and the resulting reconstruction.

Figure 4. Two images from the house sequence, and the resulting reconstruction.

Figure 5. Two images from the church sequence, and the resulting reconstruction.
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Problems with quasiconvex residuals

Triangulation

Reprojection error:

Homography fitting

Transfer error:
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2. Preliminaries

Henceforth, we will refer to a data point pi via its index
i. Thus, the overall set of data D is equivalent to {1, . . . , N}

and subsets thereof are C ✓ D = {1, . . . , N}.
We restrict ourselves to residuals ri(x) that are quasi-

convex [15] (note that this restriction does not reduce the
hardness of maximum consensus [7]). Formally, if the set

{x 2 Rd
| ri(x)  ↵} (3)

is convex for all ↵ � 0, then ri(x) is quasiconvex. It will
be useful to consider the minimax problem

g(C) = min
x2Rd

max
i2C

ri(x), (4)

where g(C) is the minimised maximum residual for the
points in the subset C. If ri(x) is quasiconvex then (4) is
tractable in general [11], and g(C) is monotonic, viz.,

B ✓ C ✓ D =) g(B)  g(C)  g(D). (5)

Chin et al. [8, 7] exploited the above properties to develop
a fixed parameter tractable algorithm for maximum consen-
sus, which scales exponentially with the number of outliers.

A subset I ✓ D is a consensus set if there exists x 2 Rd

such that ri(x)  ✏ for all i 2 I. Intuitively, I contains
points that can be fitted within error ✏. In other words

g(I)  ✏ (6)

if I is a consensus set. The set of all consensus sets is thus

F = {I ✓ D | g(I)  ✏} . (7)

The consensus maximisation problem can be restated as

I
⇤ = argmax

I2F
|I|, (8)

where I
⇤ is the maximum consensus set. The maximum

consensus estimate x
⇤ is a “witness” of I⇤, i.e., ri(x⇤)  ✏

for all i 2 I
⇤, and |I

⇤
| =  (x⇤).

3. Influence as an outlying measure

Define the binary vector

z = [z1, . . . , zN ] 2 {0, 1}N (9)

whose role is to select subsets of D, where zi = 1 implies
that pi is selected and zi = 0 means otherwise. Define zC
as the binary vector which is all zero except at the positions
where i 2 C. A special case is

ei = z{i}, (10)

i.e., the binary vector with all elements zero except the i-th
one. Next, define

Cz = {i 2 D | zi = 1}, (11)

i.e., the set of indices where the binary variables are 1 in z.
Define feasibility test f : {0, 1}N 7! {0, 1} where

f(z) =

(
0 if g(Cz)  ✏;

1 otherwise.
(12)

Intuitively, z is feasible (f(z) evaluates to 0) if z selects a
consensus set of D. The influence of a point pi is

↵i = Pr [f(z� ei) 6= f(z)]

=
1

2N
��{z 2 {0, 1}N | f(z� ei) 6= f(z)}

�� .
(13)

In words, ↵i is the probability of changing the feasibility
of a subset z by inserting/removing pi into/from z. Note
that (13) considers all 2N unique instantiations of z.

The utility of ↵i as a measure of outlyingness was pro-
posed in [22], as we further illustrate with examples below.
Computing ↵i will be discussed from Sec. 4 onwards.

Note that a basic requirement for ↵i to be useful is that
an appropriate ✏ can be input by the user. The prevalent us-
age of the consensus formulation (2) in computer vision [9]
indicates that this is usually not a practical obstacle.

3.1. Examples

Line fitting The model M is a line parametrised by x 2

R2, and each pi has the form

pi = (ai, bi) (14)

The residual function evaluates the “vertical” distance

ri(x) = |[ai, 1]x� bi| (15)

from the line to pi. The associated minimax problem (4) is a
linear program [6], hence g(C) can be evaluated efficiently.

Fig. 1(a) plots a data instance D with N = 100 points,
while Fig. 1(b) plots the sorted normalised influences of the
points. A clear dichotomy between inliers and outliers can
be observed in the influence.

Multiple view triangulation Given observations D of a
3D scene point M in N calibrated cameras, we wish to
estimate the coordinates x 2 R3 of M. The i-th camera
matrix is Pi 2 R3⇥4, and each data point pi has the form

pi = [ui, vi]
T
. (16)

The residual function is the reprojection error

ri(x) =

����pi �
P

1:2
i x̃

P
3
i x̃

����
2

, (17)

2

where x̃ = [xT
, 1]T , and P

1:2
i and P

3
i are respectively the

first-two rows and third row of Pi. The reprojection error is
quasiconvex in the region P

3
i x̃ > 0 [15], and the associated

minimax problem (4) can be solved using generalised linear
programming [11] or specialised routines such as bisection
with SOCP feasibility tests; see [15] for more details.

Fig. 1(c) shows a triangulation instance D with N = 34
image observations of the same scene point, while Fig. 1(d)
plots the sorted normalised influences of the data. Again, a
clear dichotomy between inliers and outliers can be seen.

Homography estimation Given a set of feature matches
D across two images, we wish to estimate the homogra-
phy M that aligns the feature matches. The homography
is parametrised by a homogeneous 3 ⇥ 3 matrix H which
is “dehomogenised” by fixing one element (specifically, the
bottom right element) to a constant of 1, following [15]. The
remaining elements thus form the parameter vector x 2 R8.
Each data point pi contains matching image coordinates

pi = (ui,vi). (18)

The residual function is the transfer error

ri(x) =
k(H1:2

� viH3)ũik2

H3ũi
. (19)

where ũi = [uT
i , 1]

T , and H
1:2
i and H

3
i are respectively

the first-two rows and third row of Hi. The transfer error
is quasiconvex in the region H

3
ũi > 0 [15], which usually

fits the case in real data; see [15] for more details. As in the
case of triangulation, the associated minimax problem (4)
for the transfer error can be solved efficiently.

Fig. 1(e) shows a homography estimation instance D

with N = 20 feature correspondences, while Fig. 1(f) plots
the sorted normalised influences of the data. Again, a clear
dichotomy between inliers and outliers can be observed.

3.2. Robust fitting based on influence

As noted in [22] and depicted above, the influence has a
“natural ability” to separate inliers and outliers; specifically,
outliers tend to have higher influences than inliers. A basic
robust fitting algorithm can be designed as follows:

1. Compute influence {↵i}
N
i=1 for D with a given ✏.

2. Fit M (e.g., using least squares) onto the subset of D
whose ↵i  �, where � is a predetermined threshold.

See Fig. 1 and Fig. 3 for results of this simple algorithm.
A more sophisticated usage of the influences could be to
devise inlier probabilities based on influences and supply
them to algorithms such as PROSAC [10] or USAC [20].

In the rest of this paper (Sec. 4 onwards), we will mainly
concern with computing the influences {↵i}

N
i=1 as this is a

major bottleneck in the robust fitting algorithm above. Note
also that the algorithm assumes only a single structure in the

data—for more details on the behaviour of the influences
under multiple structure data, see [22].

4. Classical algorithm

The naive method to compute influence ↵i by enumerat-
ing z is infeasible (although the enumeration technique was
done in Fig. 1, the instances there are low-dimensional d or
small in size N ). A more practical solution is to sample a
subset Z ⇢ {0, 1}N and approximate the influence as

↵̂i =
1

|Z|
|{z 2 Z | f(z� ei) 6= f(z)}| . (20)

Further simplification can be obtained by appealing to
the existence of bases in the minimax problem (4) with qua-
siconvex residuals [11]. Specifically, B ✓ D is a basis if

g(A) < g(B) 8A ⇢ B. (21)

Also, each C ✓ D contains a basis B ✓ C such that

g(C) = g(B), (22)

and, more importantly,

g(C [ {i}) = g(B [ {i}). (23)

Amenta et al. [3] proved that the size of a basis (called the
combinatorial dimension k) is at most 2d+1. For the exam-
ples in Sec. 3.1 with residuals that are continuously shrink-
ing, k = d+1. Small bases (usually k ⌧ N ) enable quasi-
convex problems to be solved efficiently [3, 18, 11]. In fact,
some of the algorithms compute g(C) by finding its basis B.

It is thus sufficient to sample Z from the set of all k-
subsets of D. Algorithm 1 summarises the influence com-
putation method for the quasiconvex case.

4.1. Analysis

For N data points and a total of M samples, the algo-
rithm requires O(NM) calls of f , i.e., O(NM) instances
of minimax (4) of size proportional to only k and d each.

How does the estimate ↵̂i deviate from the true influence
↵i? To answer this question, note that since Z are random
samples of {0, 1}N , the X [1]

i , . . . , X
[M ]
i calculated in Algo-

rithm 1 (Steps 5 and 7) are effectively i.i.d. samples of

Xi ⇠ Bernoulli(↵i); (24)

cf. (13) and (20). Further, the estimate ↵̂i is the empirical
mean of the M Bernoulli samples

↵̂i =
1

M

MX

m=1

X
[m]
i . (25)

4



Chebyshev with quasiconvex residuals

• The maximum of a set of quasiconvex
residuals is still quasiconvex.
• Hence, the corresponding Chebyshev 

problem

can be solved efficiently, e.g.,
• Bisection with convex feasibility tests.
• Sequential quadratic programming.
• Generalised simplex method.
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Figure 2.17: A set of quasiconvex functions (in blue) and their point-wise maximum (in red),

which is also quasiconvex. Observe that the s-sublevel set for all s � 0 is a convex set.

Property 2.11 (Locality) For every two sets P ✓ Q ✓ S and for every c 2 S, if f(P) =
f(Q) = f(Q [ {c}), then we can establish that f(P [ {c}) = f(Q).

Define also ✓(S) as the variables ✓ that extremise f(S) for constraints S. The goal of
an LP-type problem is to “calculate” f(S). In practice, this involves finding ✓(S).

Interpreting linear programming as an LP-type problem, S is a set of half-spaces,
and f(S) is the minimum objective value of a linear function of the variables within the
intersection of S. The following example describes another classical LP-type problem.

Example 2.12 (Minimum enclosing circle) In MEC we wish to find the smallest
circle that encloses a given set of points {pi}N

i=1 on the plane. Formally, MEC can be
expressed as

min
x2R2

max
i

kx � pik2, (2.64)

where x is the centre of the circle. Figure 2.18(a) shows the MEC on a set of points.
Interpreting MEC as an LP-type problem, set S as {pi}N

i=1 and f(S) as the radius of
the smallest circle that encloses S. Further, ✓(S) gives the centre x

⇤ of the MEC on S.

2. Preliminaries

Henceforth, we will refer to a data point pi via its index
i. Thus, the overall set of data D is equivalent to {1, . . . , N}

and subsets thereof are C ✓ D = {1, . . . , N}.
We restrict ourselves to residuals ri(x) that are quasi-

convex [15] (note that this restriction does not reduce the
hardness of maximum consensus [7]). Formally, if the set

{x 2 Rd
| ri(x)  ↵} (3)

is convex for all ↵ � 0, then ri(x) is quasiconvex. It will
be useful to consider the minimax problem

g(C) = min
x2Rd

max
i2C

ri(x), (4)

where g(C) is the minimised maximum residual for the
points in the subset C. If ri(x) is quasiconvex then (4) is
tractable in general [11], and g(C) is monotonic, viz.,

B ✓ C ✓ D =) g(B)  g(C)  g(D). (5)

Chin et al. [8, 7] exploited the above properties to develop
a fixed parameter tractable algorithm for maximum consen-
sus, which scales exponentially with the number of outliers.

A subset I ✓ D is a consensus set if there exists x 2 Rd

such that ri(x)  ✏ for all i 2 I. Intuitively, I contains
points that can be fitted within error ✏. In other words

g(I)  ✏ (6)

if I is a consensus set. The set of all consensus sets is thus

F = {I ✓ D | g(I)  ✏} . (7)

The consensus maximisation problem can be restated as

I
⇤ = argmax

I2F
|I|, (8)

where I
⇤ is the maximum consensus set. The maximum

consensus estimate x
⇤ is a “witness” of I⇤, i.e., ri(x⇤)  ✏

for all i 2 I
⇤, and |I

⇤
| =  (x⇤).

3. Influence as an outlying measure

Define the binary vector

z = [z1, . . . , zN ] 2 {0, 1}N (9)

whose role is to select subsets of D, where zi = 1 implies
that pi is selected and zi = 0 means otherwise. Define zC
as the binary vector which is all zero except at the positions
where i 2 C. A special case is

ei = z{i}, (10)

i.e., the binary vector with all elements zero except the i-th
one. Next, define

Cz = {i 2 D | zi = 1}, (11)

i.e., the set of indices where the binary variables are 1 in z.
Define feasibility test f : {0, 1}N 7! {0, 1} where

f(z) =

(
0 if g(Cz)  ✏;

1 otherwise.
(12)

Intuitively, z is feasible (f(z) evaluates to 0) if z selects a
consensus set of D. The influence of a point pi is

↵i = Pr [f(z� ei) 6= f(z)]

=
1

2N
��{z 2 {0, 1}N | f(z� ei) 6= f(z)}

�� .
(13)

In words, ↵i is the probability of changing the feasibility
of a subset z by inserting/removing pi into/from z. Note
that (13) considers all 2N unique instantiations of z.

The utility of ↵i as a measure of outlyingness was pro-
posed in [22], as we further illustrate with examples below.
Computing ↵i will be discussed from Sec. 4 onwards.

Note that a basic requirement for ↵i to be useful is that
an appropriate ✏ can be input by the user. The prevalent us-
age of the consensus formulation (2) in computer vision [9]
indicates that this is usually not a practical obstacle.

3.1. Examples

Line fitting The model M is a line parametrised by x 2

R2, and each pi has the form

pi = (ai, bi) (14)

The residual function evaluates the “vertical” distance

ri(x) = |[ai, 1]x� bi| (15)

from the line to pi. The associated minimax problem (4) is a
linear program [6], hence g(C) can be evaluated efficiently.

Fig. 1(a) plots a data instance D with N = 100 points,
while Fig. 1(b) plots the sorted normalised influences of the
points. A clear dichotomy between inliers and outliers can
be observed in the influence.

Multiple view triangulation Given observations D of a
3D scene point M in N calibrated cameras, we wish to
estimate the coordinates x 2 R3 of M. The i-th camera
matrix is Pi 2 R3⇥4, and each data point pi has the form

pi = [ui, vi]
T
. (16)

The residual function is the reprojection error

ri(x) =

����pi �
P

1:2
i x̃

P
3
i x̃

����
2

, (17)

2
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Recursive outlier removal – circle fitting
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Figure 2.24: (a) If there are outliers, the centre estimate of a point set obtained by solving

MEC is severely biased, i.e., the centre of the MEC no longer provides a good estimate of

centrality. One must thus estimate the centre robustly via (2.68). The maximum consensus circle

for ✏ = 0.3 is also shown in the figure, where the consensus (i.e., number of points enclosed by

the circle) is 51. The centre of maximum consensus circle gives a better centre estimate. (b)

The estimated MECs across the iterations of Algorithm 7 are shown using dotted lines. The

algorithm converges to an approximate maximum consensus circle with consensus value of 47.

Algorithm 7 Outlier removal for approximate maximum consensus on LP-type problems.

Require: LP-type problem (S, f) and inlier threshold ✏.
1: while true do

2: K Support set of (S, f).
3: if f(K) > ✏ then

4: S  S \ K.
5: else

6: Break.
7: end if

8: end while

9: return ✓(S).

Figure 2.24(b) illustrates the application of Algorithm 7 to perform robust MEC
(note the close analogy to robust line fitting in Figure 2.13). Figure 2.25 shows the oper-
ation of Algorithm 7 for robust triangulation with maximum consensus. In triangulation,
outliers occur frequently in practice since the observations can be associated wrongly due

T.-J. Chin and D. Suter. The maximum consensus problem: recent algorithmic 
advances. Morgan & Claypool Publishers, San Rafael, CA, U.S.A., Feb 2017.
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to incorrect feature matching. Lastly, the example in Figure 2.15 for robust homography
fitting using `1 outlier removal is also a special case of the application of Algorithm 7.

Figure 2.25: Robust triangulation by conducting outlier removal with Algorithm 7 using an

inlier threshold of 0.1 “pixels” on the image line (see Figure 2.21). The input is a set of 30

outlier-contaminated observations of a scene point from 30 di↵erent views. The support set at

each iteration is shown as shaded cameras, and the algorithm converged in 6 iterations.

It is clear from the examples that, in the course of converging to an approximate
maximum consensus solution, the algorithm also inadvertently removes inliers, thus leading
to a suboptimal maximum consensus solution. Therefore, an important question is whether

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020. T.-J. Chin and D. Suter. The maximum consensus problem: recent algorithmic 
advances. Morgan & Claypool Publishers, San Rafael, CA, U.S.A., Feb 2017.
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Recursive outlier removal
RANSAC

(d) Final result.

Figure 2.14: Applying the `1 minimisation technique for outlier removal (Algorithm 4) on a

line fitting problem with unbalanced data, i.e., the structure of interest does not lie centrally in

the spatial extent of the data. In such a data, the `1 technique tends to remove a significant

amount of inliers before finding a consensus set. Thus, the maximum consensus solution found

is far from ideal. Contrast this to the RANSAC solution, which is much more acceptable.

Applying the thresholding argument (2.43) on the non-negative slack s, the above problem
can expressed equivalently as

minimise
x2Rd,s2R

s

subject to kAix + bik2  s(↵T

i
x + �i),

i = 1, . . . , N,

s � 0.

(2.60)

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.



Outline

• What is and isn’t fundamentally achievable
• Global algorithms
• Deterministic outlier removal
• L-infinity method
• L1 method
• K-slack method

• Deterministic refinement
• Evaluation
• RANSAC in 2040---Quantum RANSAC?

Mathematical Programming Approaches, RANSAC in 2020.by T.-J. Chin



Chebyshev problem

• Given data                               , find

4 Chin et al.

2 NP-hardness

The decision version of MAXCON is as follows.

Problem 2 (MAXCON-D). Given data D = {(ai, bi)}Ni=1, an inlier threshold
✏ 2 R+, and a number  2 N+, does there exist x 2 Rd such that  ✏(x | D) �  ?

Another well-known robust fitting paradigm is least median squares (LMS),
where we seek the vector x that minimises the median of the residuals

min
x2Rd

med
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
. (3)

LMS can be generalised by minimising the k-th largest residual instead

min
x2Rd

kos
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
, (4)

where function kos returns its k-th largest input value.
Geometrically, LMS seeks the slab of the smallest width that contains half

of the data points D in Rd+1. A slab in Rd+1 is defined by a normal vector x

and width w as

hw(x) =

⇢
(a, b) 2 Rd+1

���� |a
T
x� b| 

1

2
w

�
. (5)

Problem (4) thus seeks the thinnest slab that contains k of the points. The
decision version of (4) is as follows.

Problem 3 (k-SLAB). Given data D = {(ai, bi)}Ni=1, an integer k where 1  k 

N , and a number w0
2 R+, does there exist x 2 Rd such that k of the members

of D are contained in a slab hw(x) of width at most w0?

k-SLAB has been proven to be NP-complete in [12].

Theorem 1. MAXCON-D is NP-complete.

Proof. Let D, k and w0 define an instance of k-SLAB. This can be reduced to
an instance of MAXCON by simply reusing the same D, and setting ✏ = 1

2w
0

and  = k. If the answer to k-SLAB is positive, then there is an x such that k
points from D lie within vertical distance of 1

2w
0 from the hyperplane defined

by x, hence  ✏(x | D) must be at least  and the answer to MAXCON-D is also
positive. Conversely, if the answer to MAXCON-D is positive, then there is an
x such that  points have vertical distance of less than ✏ to x, hence a slab that
is centred at x of width at most w0 can enclose k of the points, and the answer
to k-SLAB is also positive. ⇤

The NP-completeness of MAXCON-D implies the NP-hardness of the opti-
misation version MAXCON. See Sec. 1.1 for the implications of NP-hardness.
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Figure 2.10: `1 approximation of the maximum consensus homography obtained by solv-

ing (2.45). With inlier threshold ✏ = 3 pixels, the SOCP solution has a consensus of 3.

potential of other `p-norms (p = 2, 3, . . . ), but this quickly leads to the realisation that
increasing p simply raises the “non-robustness” of the estimate (e.g., p = 2 is just least
squares. See also Section 2.3 on interpreting `1 as an M-estimator).

Nonetheless, the `1-norm—which is “maximally non-robust” since it e↵ectively “fits
the outliers”—turns out to be quite useful. In essence, this portrays the chicken-and-egg
nature of robust fitting: if we knew the outliers we could easily solve the fitting, conversely
if we knew the fit we could easily find the outliers. This section explores the fundamental
characteristics of `1 minimisation (which leads to so-called Chebyshev approximation) and
its usage for approximate maximum consensus.

Given data D = {(ai, bi)}N

i=1, the Chebyshev approximation technique for the linear
model b = a

T
x obtains x as the solution to the minimax problem

x̂ = argmin
x2Rd

max
i

��aT

i
x � bi

�� . (2.46)

The above problem can be re-expressed in matrix form as

x̂ = argmin
x2Rd

���b � b̂

���
1

s.t. Ax = b̂, (2.47)

where k · k1 denotes the `1 norm. For a vector v of length N ,

kvk1 = max(|v1|, . . . , |vN |). (2.48)

For this reason, the minimax problem (2.46) is also called the `1 minimisation problem.
In the rest of this book, we may use the terms Chebyshev estimate, minimax estimate and

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

Linear program

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1



Chebyshev problem

• Given data                               , find

4 Chin et al.

2 NP-hardness

The decision version of MAXCON is as follows.

Problem 2 (MAXCON-D). Given data D = {(ai, bi)}Ni=1, an inlier threshold
✏ 2 R+, and a number  2 N+, does there exist x 2 Rd such that  ✏(x | D) �  ?

Another well-known robust fitting paradigm is least median squares (LMS),
where we seek the vector x that minimises the median of the residuals

min
x2Rd

med
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
. (3)

LMS can be generalised by minimising the k-th largest residual instead

min
x2Rd

kos
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
, (4)

where function kos returns its k-th largest input value.
Geometrically, LMS seeks the slab of the smallest width that contains half

of the data points D in Rd+1. A slab in Rd+1 is defined by a normal vector x

and width w as

hw(x) =

⇢
(a, b) 2 Rd+1

���� |a
T
x� b| 

1

2
w

�
. (5)

Problem (4) thus seeks the thinnest slab that contains k of the points. The
decision version of (4) is as follows.

Problem 3 (k-SLAB). Given data D = {(ai, bi)}Ni=1, an integer k where 1  k 

N , and a number w0
2 R+, does there exist x 2 Rd such that k of the members

of D are contained in a slab hw(x) of width at most w0?

k-SLAB has been proven to be NP-complete in [12].

Theorem 1. MAXCON-D is NP-complete.

Proof. Let D, k and w0 define an instance of k-SLAB. This can be reduced to
an instance of MAXCON by simply reusing the same D, and setting ✏ = 1

2w
0

and  = k. If the answer to k-SLAB is positive, then there is an x such that k
points from D lie within vertical distance of 1

2w
0 from the hyperplane defined

by x, hence  ✏(x | D) must be at least  and the answer to MAXCON-D is also
positive. Conversely, if the answer to MAXCON-D is positive, then there is an
x such that  points have vertical distance of less than ✏ to x, hence a slab that
is centred at x of width at most w0 can enclose k of the points, and the answer
to k-SLAB is also positive. ⇤

The NP-completeness of MAXCON-D implies the NP-hardness of the opti-
misation version MAXCON. See Sec. 1.1 for the implications of NP-hardness.

38 2. APPROXIMATE ALGORITHMS

Figure 2.10: `1 approximation of the maximum consensus homography obtained by solv-

ing (2.45). With inlier threshold ✏ = 3 pixels, the SOCP solution has a consensus of 3.

potential of other `p-norms (p = 2, 3, . . . ), but this quickly leads to the realisation that
increasing p simply raises the “non-robustness” of the estimate (e.g., p = 2 is just least
squares. See also Section 2.3 on interpreting `1 as an M-estimator).

Nonetheless, the `1-norm—which is “maximally non-robust” since it e↵ectively “fits
the outliers”—turns out to be quite useful. In essence, this portrays the chicken-and-egg
nature of robust fitting: if we knew the outliers we could easily solve the fitting, conversely
if we knew the fit we could easily find the outliers. This section explores the fundamental
characteristics of `1 minimisation (which leads to so-called Chebyshev approximation) and
its usage for approximate maximum consensus.

Given data D = {(ai, bi)}N

i=1, the Chebyshev approximation technique for the linear
model b = a

T
x obtains x as the solution to the minimax problem

x̂ = argmin
x2Rd

max
i

��aT

i
x � bi

�� . (2.46)

The above problem can be re-expressed in matrix form as

x̂ = argmin
x2Rd

���b � b̂

���
1

s.t. Ax = b̂, (2.47)

where k · k1 denotes the `1 norm. For a vector v of length N ,

kvk1 = max(|v1|, . . . , |vN |). (2.48)

For this reason, the minimax problem (2.46) is also called the `1 minimisation problem.
In the rest of this book, we may use the terms Chebyshev estimate, minimax estimate and
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Introduce multiple slacks and sum them up

• Given data                               , find

4 Chin et al.

2 NP-hardness

The decision version of MAXCON is as follows.

Problem 2 (MAXCON-D). Given data D = {(ai, bi)}Ni=1, an inlier threshold
✏ 2 R+, and a number  2 N+, does there exist x 2 Rd such that  ✏(x | D) �  ?

Another well-known robust fitting paradigm is least median squares (LMS),
where we seek the vector x that minimises the median of the residuals

min
x2Rd

med
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
. (3)

LMS can be generalised by minimising the k-th largest residual instead

min
x2Rd

kos
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
, (4)

where function kos returns its k-th largest input value.
Geometrically, LMS seeks the slab of the smallest width that contains half

of the data points D in Rd+1. A slab in Rd+1 is defined by a normal vector x

and width w as

hw(x) =

⇢
(a, b) 2 Rd+1

���� |a
T
x� b| 

1

2
w

�
. (5)

Problem (4) thus seeks the thinnest slab that contains k of the points. The
decision version of (4) is as follows.

Problem 3 (k-SLAB). Given data D = {(ai, bi)}Ni=1, an integer k where 1  k 

N , and a number w0
2 R+, does there exist x 2 Rd such that k of the members

of D are contained in a slab hw(x) of width at most w0?

k-SLAB has been proven to be NP-complete in [12].

Theorem 1. MAXCON-D is NP-complete.

Proof. Let D, k and w0 define an instance of k-SLAB. This can be reduced to
an instance of MAXCON by simply reusing the same D, and setting ✏ = 1

2w
0

and  = k. If the answer to k-SLAB is positive, then there is an x such that k
points from D lie within vertical distance of 1

2w
0 from the hyperplane defined

by x, hence  ✏(x | D) must be at least  and the answer to MAXCON-D is also
positive. Conversely, if the answer to MAXCON-D is positive, then there is an
x such that  points have vertical distance of less than ✏ to x, hence a slab that
is centred at x of width at most w0 can enclose k of the points, and the answer
to k-SLAB is also positive. ⇤

The NP-completeness of MAXCON-D implies the NP-hardness of the opti-
misation version MAXCON. See Sec. 1.1 for the implications of NP-hardness.

x̂ = arg min
x2Rd

s

subject to |aTi x� bi|  si, 8i

X

i

si
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2 NP-hardness

The decision version of MAXCON is as follows.

Problem 2 (MAXCON-D). Given data D = {(ai, bi)}Ni=1, an inlier threshold
✏ 2 R+, and a number  2 N+, does there exist x 2 Rd such that  ✏(x | D) �  ?

Another well-known robust fitting paradigm is least median squares (LMS),
where we seek the vector x that minimises the median of the residuals

min
x2Rd

med
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
. (3)

LMS can be generalised by minimising the k-th largest residual instead

min
x2Rd

kos
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
, (4)

where function kos returns its k-th largest input value.
Geometrically, LMS seeks the slab of the smallest width that contains half

of the data points D in Rd+1. A slab in Rd+1 is defined by a normal vector x

and width w as

hw(x) =

⇢
(a, b) 2 Rd+1

���� |a
T
x� b| 

1

2
w

�
. (5)

Problem (4) thus seeks the thinnest slab that contains k of the points. The
decision version of (4) is as follows.

Problem 3 (k-SLAB). Given data D = {(ai, bi)}Ni=1, an integer k where 1  k 

N , and a number w0
2 R+, does there exist x 2 Rd such that k of the members

of D are contained in a slab hw(x) of width at most w0?

k-SLAB has been proven to be NP-complete in [12].

Theorem 1. MAXCON-D is NP-complete.

Proof. Let D, k and w0 define an instance of k-SLAB. This can be reduced to
an instance of MAXCON by simply reusing the same D, and setting ✏ = 1

2w
0

and  = k. If the answer to k-SLAB is positive, then there is an x such that k
points from D lie within vertical distance of 1

2w
0 from the hyperplane defined

by x, hence  ✏(x | D) must be at least  and the answer to MAXCON-D is also
positive. Conversely, if the answer to MAXCON-D is positive, then there is an
x such that  points have vertical distance of less than ✏ to x, hence a slab that
is centred at x of width at most w0 can enclose k of the points, and the answer
to k-SLAB is also positive. ⇤

The NP-completeness of MAXCON-D implies the NP-hardness of the opti-
misation version MAXCON. See Sec. 1.1 for the implications of NP-hardness.

x̂ = arg min
x2Rd

s

subject to |aTi x� bi|  si, 8i
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2 NP-hardness

The decision version of MAXCON is as follows.

Problem 2 (MAXCON-D). Given data D = {(ai, bi)}Ni=1, an inlier threshold
✏ 2 R+, and a number  2 N+, does there exist x 2 Rd such that  ✏(x | D) �  ?

Another well-known robust fitting paradigm is least median squares (LMS),
where we seek the vector x that minimises the median of the residuals

min
x2Rd

med
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
. (3)

LMS can be generalised by minimising the k-th largest residual instead

min
x2Rd

kos
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
, (4)

where function kos returns its k-th largest input value.
Geometrically, LMS seeks the slab of the smallest width that contains half

of the data points D in Rd+1. A slab in Rd+1 is defined by a normal vector x

and width w as

hw(x) =

⇢
(a, b) 2 Rd+1

���� |a
T
x� b| 

1

2
w

�
. (5)

Problem (4) thus seeks the thinnest slab that contains k of the points. The
decision version of (4) is as follows.

Problem 3 (k-SLAB). Given data D = {(ai, bi)}Ni=1, an integer k where 1  k 

N , and a number w0
2 R+, does there exist x 2 Rd such that k of the members

of D are contained in a slab hw(x) of width at most w0?

k-SLAB has been proven to be NP-complete in [12].

Theorem 1. MAXCON-D is NP-complete.

Proof. Let D, k and w0 define an instance of k-SLAB. This can be reduced to
an instance of MAXCON by simply reusing the same D, and setting ✏ = 1

2w
0

and  = k. If the answer to k-SLAB is positive, then there is an x such that k
points from D lie within vertical distance of 1

2w
0 from the hyperplane defined

by x, hence  ✏(x | D) must be at least  and the answer to MAXCON-D is also
positive. Conversely, if the answer to MAXCON-D is positive, then there is an
x such that  points have vertical distance of less than ✏ to x, hence a slab that
is centred at x of width at most w0 can enclose k of the points, and the answer
to k-SLAB is also positive. ⇤

The NP-completeness of MAXCON-D implies the NP-hardness of the opti-
misation version MAXCON. See Sec. 1.1 for the implications of NP-hardness.

x̂ = arg min
x2Rd

s
X

i

si

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

subject to |aTi x� bi|  ✏+ si, 8i

Solve the problem and remove the points with positive slacks.

Linear program

Carl Olsson, Anders P. Eriksson, Richard I. Hartley: Outlier removal using duality. CVPR 2010.

Y. Seo, H. Lee, and S. W. Lee. Outlier removal by convex optimization for l-infinity approaches. 
In PSIVT ’09: Pacific Rim Symposium on Advances in Image and Video Technology, 2009.
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Figure 2.5: `1 minimisation for approximate maximum consensus on a line fitting problem.

Panel (a) shows the `1 and RANSAC solutions on a data instance with 100 inliers and 10

outliers (⇡ 9% outliers). Both estimates are very similar. Panel (b) shows the values of the

slack variables s at the optimum of (2.28). Observe that the slack variables for the inliers have

generally much lower values than the slack variables for the outliers.

existing algorithms [Boyd and Vandenberghe, 2004]. Note that each constraint of the form��aT

i
x � bi

��  ✏ + si can be implemented using the two linear constraints

a
T

i
x � bi  ✏ + si,

�(aT

i
x � bi)  ✏ + si,

(2.30)

where si “connects” the two constraints relating to the same datum (ai, bi).
Figure 2.5 illustrates an application of the `1 approximate technique on a line fitting

problem. On a data instance with approximately 9% outliers, the `1 solution is close to
the “desired result” and the RANSAC estimate. Figure 2.6 shows the result on a data
instance with a much higher level of outlier contamination (67%); on this instance, the
`1 method produces a biased estimate. This suggests that the `1 minimisation technique
for approximate maximum consensus should only be used on problem instances with low
outlier contamination levels.

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

T.-J. Chin and D. Suter. The maximum consensus problem: recent algorithmic 
advances. Morgan & Claypool Publishers, San Rafael, CA, U.S.A., Feb 2017.
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Figure 2.6: `1 minimisation for approximate maximum consensus on a line fitting problem.

Panel (a) shows the results on a data instance with 100 inliers and 200 outliers (⇡ 67% outliers).

Observe that the `1 estimate has been biased by the outliers. In contrast, the RANSAC solution

is still close to the desired result. In panel (b), a plot of the optimised slack variables s shows

that the inliers have non-negligible slack values.

Relation to least absolute deviations

In contrast to the LS method (2.15) which minimises the sum of squared errors, the least
absolute deviations (LAD) method minimises the sum of absolute errors

x̂ = arg min
x

NX

i=1

��aT

i
x � bi

�� . (2.31)

For this reason, the LAD method is also called the sum of infeasibilities method. The
optimisation problem can be re-expressed in matrix form as

x̂ = argmin
x2Rd

���b � b̂

���
1

s.t. Ax = b̂. (2.32)

Problem (2.31) can also be formulated and solved as an LP [Wagner, 1959]

minimise
x2Rd,s2RN

ksk1

subject to
��aT

i
x � bi

��  si,

si � 0,

i = 1, . . . , N.

(2.33)

Comparing (2.33) and (2.28), LAD and the `1 approximate method for maximum consensus
di↵er only in the allowance of the additional slack ✏ in the latter case.

T.-J. Chin and D. Suter. The maximum consensus problem: recent algorithmic 
advances. Morgan & Claypool Publishers, San Rafael, CA, U.S.A., Feb 2017.
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• Deterministic refinement
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• RANSAC in 2040---Quantum RANSAC?
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Avoid summing all the slacks

• Sum only the K-largest slacks:

• K is a hyperparameter;
• K = 1 è Chebyshev problem
• K = N è L1 formulation

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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2.6 THE K-SLACK METHOD
The `1 and `1 minimisation problems can be viewed as sitting at two extremes: the former
counts all N slack variables in the cost function, whereas the latter considers only the slack
variable with the largest value. These two settings overlook the fact that the size of the
outlier population is almost always between 1 and N .

One way to “moderate” the two settings is to consider the K-largest slack variables:

minimise
x2Rd,s2RN

max
⇡2{0,1}N

⇡T
s

subject to
��aT

i
x � bi

��  ✏ + si,

si � 0,

i = 1, . . . , N,

⇡T
1 = K.

(2.71)

The inner maximisation over the binary vector ⇡ with the constraint ⇡T
1 = K ensures

that only the K-largest slack variables are considered. We call (2.71) the K-slack method.
Here, K is a user-determined constant that attempts to strike a balance between

`1 and `1. Clearly if K = N , (2.71) becomes the `1 minimisation problem. On the other
extreme, if K = 1, then (2.71) reduces to

minimise
x2Rd,s2RN

max
i

si

subject to
��aT

i
x � bi

��  ✏ + si,

si � 0,

i = 1, . . . , N,

(2.72)

which is very similar to the Chebyshev approximation problem (2.49), except for the in-
troduction of an additional o↵set ✏ to the slack amount in each constraint. It can shown
that if the minimax value in (2.49) is greater than ✏, the optimised estimate of (2.72) will
in fact be the same as the Chebyshev estimate.

Before turning our attention towards solving (2.71), let us attempt to gain further
insight into the K-slack method. Let ŝ be the optimised slack variables in (2.71), and ŝ(K)

as the smallest entry amongst the K-largest values in ŝ. Define the potential outlier set as

O =
�
i 2 {1, . . . , N} | ŝi � ŝ(K)

 
. (2.73)

Figure 2.26 shows an application of the K-slack method for several K values on a line fitting
problem. Observe that for K = 1, exactly three points are in the active set, and as the K is
increased, the size of the active set naturally also increases. Although none of the resulting
estimates are close to the desired solution, note that for K = 15, however, which is close
to the number of outliers in the data, most of the points in the active set corresponds to
outliers. Contrast this to K = 38, where a significant number of inliers are included in the
active set. The ability to control the number of outliers in the active set will be useful to
construct an outlier removal scheme (Section 2.6.2).

Has an equivalent
linear programing
formulation

J. Yu, A. Eriksson, T.-J. Chin, and D. Suter.  An Adversarial Optimization 
Approach to Efficient Outlier Removal. ICCV 2011.
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(c) At iteration 6.
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(d) Final result (after 8 iterations).

Figure 2.27: Result of applying Algorithm 8 with K = 15 on the data in Figure 2.13 (the

same inlier threshold ✏ was used here). The circled points are the potential outlier set (2.73)

identified at each iteration. The K-slack outlier removal method converged in 8 iterations.

2.7 EXACT PENALTY METHOD

Given an approximate solution x̂ to the maximum consensus problem (2.3) obtained using
a fast heuristic such as those described earlier in this chapter, in many applications it is
usually of interest to refine x̂. By “refining”, we mean making a small local adjustment
�x to x̂, such that |I(x̂ + �x)| � |I(x̂)|. In the context of RANSAC, conducting local
refinement is precisely the objective of LO-RANSAC [Chum et al., 2003; Lebeda et al.,

• Solve the ”sum of K-largest slack” 
formulation.

• Remove the points with the K-largest 
slacks.

• Repeat until all slacks are zero.

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020. T.-J. Chin and D. Suter. The maximum consensus problem: recent algorithmic 
advances. Morgan & Claypool Publishers, San Rafael, CA, U.S.A., Feb 2017.

J. Yu, A. Eriksson, T.-J. Chin, and D. Suter.  An Adversarial Optimization 
Approach to Efficient Outlier Removal. ICCV 2011.



Effects of varying K
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K-slack approach

J. Yu, A. Eriksson, T.-J. Chin, and D. Suter.  An Adversarial Optimization 
Approach to Efficient Outlier Removal. ICCV 2011.
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Find the slab of thickness     that encloses the most number of points.

Robust Fitting in Computer Vision:

Easy of Hard?

Tat-Jun Chin, Zhipeng Cai, Frank Neumann

The University of Adelaide

Abstract. Robust model fitting plays a vital role in computer vision,
and research into algorithms for robust fitting continues to be active. Ar-
guably the most popular paradigm for robust fitting in computer vision
is consensus maximisation, which strives to find the model parameters
that maximise the number of inliers. Despite the significant develop-
ments in algorithms for consensus maximisation, there has been a lack
of fundamental analysis of the problem in the computer vision literature.
In particular, whether consensus maximisation is “tractable” remains a
question that has not been rigorously dealt with, thus making it di�cult
to assess and compare the performance of proposed algorithms, relative
to what is theoretically achievable. To shed light on these issues, we
present several computational hardness results for consensus maximisa-
tion. Our results underline the fundamental intractability of the problem,
and resolve several ambiguities existing in the literature.

Keywords: Robust fitting, consensus maximisation, inlier set maximi-
sation, computational hardness.

1 Introduction

Robustly fitting a geometric model onto noisy and outlier-contaminated data is
a necessary capability in computer vision [1], due to the imperfectness of data
acquisition systems and preprocessing algorithms (e.g., edge detection, keypoint
detection and matching). Without robustness against outliers, the estimated
geometric model will be biased, leading to failure in the overall pipeline.

In computer vision, robust fitting is typically performed under the framework
of inlier set maximisation, a.k.a. consensus maximisation [2], where one seeks the
model with the most number of inliers. For concreteness, say we wish to estimate
the parameter vector x 2 Rd that defines the linear relationship a

T
x = b from

a set of outlier-contaminated measurements D = {(ai, bi)}Ni=1. The consensus
maximisation formulation for this problem is as follows.

Problem 1 (MAXCON). Given input data D = {(ai, bi)}Ni=1, where ai 2 Rd and
bi 2 R, and an inlier threshold ✏ 2 R+, find the x 2 Rd that maximises

 ✏(x | D) =
NX

i=1

I
�
|a

T
i x� bi|  ✏

�
, (1)

where I returns 1 if its input predicate is true, and 0 otherwise.
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Objective function
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|aTi x� bi|  ✏
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Objective function

• Piece-wise constant function, no 
gradient.
• Local optimality is meaningless 

(every location within a constant 
patch looks the same).

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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Figure 1.6: Consensus function  (x) for a sample instance of robust point fitting, where

✏ = 0.1. The input points D are plotted as blue dots on the x-axis. The maximum value of the

function is indicated by the dashed line.

complex than the one in Figure 1.6, that the objective function is piecewise constant can be
discerned, where each “piece” corresponds to a 2D region in the plot with the same colour.
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(a) Input data. (b) Contour plot of  (x) in R2.

Figure 1.7: Panel (b) shows the coloured contour plot of consensus function  (x), x 2 R2, for

the sample instance of line fitting in panel (a), where ✏ = 0.2. Regions of the same colour in (a)

indicate locations in R2 with the same consensus.

Now, we define an exact or global solution to the maximum consensus problem as
a parameter vector x

⇤ such that  (x⇤) �  (x) for all other x 2 Rd. In Figure 1.6, x
⇤



The refinement problem

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

Cam 

Consensus

• Given the current solution      find a better solution    .    
• The domain for the better solution is non-convex.

x̃ x̂

Can be from RANSAC
or least squares

Zhipeng Cai, Tat-Jun Chin, Huu Le, David Suter: Deterministic 
Consensus Maximization with Biconvex Programming. ECCV 
(12) 2018: 699-714



Reformulation using complementarity 
constraints
• The constraint                       can be written as two linear constraints

• Given input data                                 the set of                          can be 
rewritten as

• The consensus maximisation problem can be rewritten as

where

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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2012] (see Section 2.2.1). However, since LO-RANSAC is also a randomised heuristic, there
is no guarantee that it is able to drive x̂ towards a better solution.

In this section, we describe a deterministic local refinement algorithm for maximum
consensus based on the penalty method [Nocedal and Wright, 2006, Chapter 17]. Though
it is more expensive than the algorithms presented earlier, it is able to deterministically
adjust x̂ to yield a better solution. This local algorithm is best placed as a postprocessor
for the “rough” initial solution obtained using the fast approximate heuristics.

2.7.1 PENALISED FORMULATION

The thresholding constraint |aT

i
x � bi|  ✏ can be implemented as two linear constraints

a
T

i
x � bi  ✏, �a

T

i
x + bi  ✏. (2.77)

Given input data D = {(ai, bi)}N

i=1, the set of N pairs of constraints of the form (2.77)
arising from D can be summarised as

⇤
T
x � �  0, (2.78)

where ⇤ 2 Rd⇥M and � 2 RM are defined as

⇤ =
⇥
a1, �a1, . . . ,aN , �aN

⇤
, (2.79)

� =
⇥
✏ + b1, ✏ � b1, . . . , ✏ + bN , ✏ � bN

⇤T
, (2.80)

and M = 2N . Accordingly, problem (2.3) can be equivalently expressed as

maximise
x2Rd

|J (x)| , (2.81)

with the “consensus set” now defined as

J (x) =
�
j 2 {1, . . . , M} | ↵T

j
x � �j  0

 
, (2.82)

where ↵j is the j-th column of ⇤, and �j is the j-th element of �. Note that although
problems (2.3) and (2.81) have the same maximiser x

⇤, the maximum objective values
obey the equation

|J (x⇤)| = N + |I(x⇤)| (2.83)

since for any x at least one of the constraints in (2.77) are satisfied.
In the rest of this section, we will regard (2.81) as our target problem. We may thus

call (↵j , �j), where j /2 J (x), an “outlier” w.r.t. model x.
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⇤, the maximum objective values
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In the rest of this section, we will regard (2.81) as our target problem. We may thus

call (↵j , �j), where j /2 J (x), an “outlier” w.r.t. model x.
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2 NP-hardness

The decision version of MAXCON is as follows.

Problem 2 (MAXCON-D). Given data D = {(ai, bi)}Ni=1, an inlier threshold
✏ 2 R+, and a number  2 N+, does there exist x 2 Rd such that  ✏(x | D) �  ?

Another well-known robust fitting paradigm is least median squares (LMS),
where we seek the vector x that minimises the median of the residuals

min
x2Rd

med
�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
. (3)

LMS can be generalised by minimising the k-th largest residual instead

min
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�
|a

T
1 x� b1|, . . . , |a

T
Nx� bN |

�
, (4)

where function kos returns its k-th largest input value.
Geometrically, LMS seeks the slab of the smallest width that contains half

of the data points D in Rd+1. A slab in Rd+1 is defined by a normal vector x

and width w as

hw(x) =

⇢
(a, b) 2 Rd+1

���� |a
T
x� b| 

1

2
w

�
. (5)

Problem (4) thus seeks the thinnest slab that contains k of the points. The
decision version of (4) is as follows.

Problem 3 (k-SLAB). Given data D = {(ai, bi)}Ni=1, an integer k where 1  k 

N , and a number w0
2 R+, does there exist x 2 Rd such that k of the members

of D are contained in a slab hw(x) of width at most w0?

k-SLAB has been proven to be NP-complete in [12].

Theorem 1. MAXCON-D is NP-complete.

Proof. Let D, k and w0 define an instance of k-SLAB. This can be reduced to
an instance of MAXCON by simply reusing the same D, and setting ✏ = 1

2w
0

and  = k. If the answer to k-SLAB is positive, then there is an x such that k
points from D lie within vertical distance of 1

2w
0 from the hyperplane defined

by x, hence  ✏(x | D) must be at least  and the answer to MAXCON-D is also
positive. Conversely, if the answer to MAXCON-D is positive, then there is an
x such that  points have vertical distance of less than ✏ to x, hence a slab that
is centred at x of width at most w0 can enclose k of the points, and the answer
to k-SLAB is also positive. ⇤

The NP-completeness of MAXCON-D implies the NP-hardness of the opti-
misation version MAXCON. See Sec. 1.1 for the implications of NP-hardness.
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2012] (see Section 2.2.1). However, since LO-RANSAC is also a randomised heuristic, there
is no guarantee that it is able to drive x̂ towards a better solution.

In this section, we describe a deterministic local refinement algorithm for maximum
consensus based on the penalty method [Nocedal and Wright, 2006, Chapter 17]. Though
it is more expensive than the algorithms presented earlier, it is able to deterministically
adjust x̂ to yield a better solution. This local algorithm is best placed as a postprocessor
for the “rough” initial solution obtained using the fast approximate heuristics.

2.7.1 PENALISED FORMULATION

The thresholding constraint |aT

i
x � bi|  ✏ can be implemented as two linear constraints

a
T

i
x � bi  ✏, �a

T

i
x + bi  ✏. (2.77)

Given input data D = {(ai, bi)}N

i=1, the set of N pairs of constraints of the form (2.77)
arising from D can be summarised as

⇤
T
x � �  0, (2.78)

where ⇤ 2 Rd⇥M and � 2 RM are defined as

⇤ =
⇥
a1, �a1, . . . ,aN , �aN

⇤
, (2.79)

� =
⇥
✏ + b1, ✏ � b1, . . . , ✏ + bN , ✏ � bN

⇤T
, (2.80)

and M = 2N . Accordingly, problem (2.3) can be equivalently expressed as

maximise
x2Rd

|J (x)| , (2.81)

with the “consensus set” now defined as

J (x) =
�
j 2 {1, . . . , M} | ↵T

j
x � �j  0

 
, (2.82)

where ↵j is the j-th column of ⇤, and �j is the j-th element of �. Note that although
problems (2.3) and (2.81) have the same maximiser x

⇤, the maximum objective values
obey the equation

|J (x⇤)| = N + |I(x⇤)| (2.83)

since for any x at least one of the constraints in (2.77) are satisfied.
In the rest of this section, we will regard (2.81) as our target problem. We may thus

call (↵j , �j), where j /2 J (x), an “outlier” w.r.t. model x.

2.7. EXACT PENALTY METHOD 65

2012] (see Section 2.2.1). However, since LO-RANSAC is also a randomised heuristic, there
is no guarantee that it is able to drive x̂ towards a better solution.

In this section, we describe a deterministic local refinement algorithm for maximum
consensus based on the penalty method [Nocedal and Wright, 2006, Chapter 17]. Though
it is more expensive than the algorithms presented earlier, it is able to deterministically
adjust x̂ to yield a better solution. This local algorithm is best placed as a postprocessor
for the “rough” initial solution obtained using the fast approximate heuristics.

2.7.1 PENALISED FORMULATION

The thresholding constraint |aT

i
x � bi|  ✏ can be implemented as two linear constraints

a
T

i
x � bi  ✏, �a

T

i
x + bi  ✏. (2.77)

Given input data D = {(ai, bi)}N

i=1, the set of N pairs of constraints of the form (2.77)
arising from D can be summarised as

⇤
T
x � �  0, (2.78)

where ⇤ 2 Rd⇥M and � 2 RM are defined as

⇤ =
⇥
a1, �a1, . . . ,aN , �aN

⇤
, (2.79)

� =
⇥
✏ + b1, ✏ � b1, . . . , ✏ + bN , ✏ � bN

⇤T
, (2.80)

and M = 2N . Accordingly, problem (2.3) can be equivalently expressed as

maximise
x2Rd

|J (x)| , (2.81)

with the “consensus set” now defined as

J (x) =
�
j 2 {1, . . . , M} | ↵T

j
x � �j  0

 
, (2.82)

where ↵j is the j-th column of ⇤, and �j is the j-th element of �. Note that although
problems (2.3) and (2.81) have the same maximiser x

⇤, the maximum objective values
obey the equation

|J (x⇤)| = N + |I(x⇤)| (2.83)

since for any x at least one of the constraints in (2.77) are satisfied.
In the rest of this section, we will regard (2.81) as our target problem. We may thus

call (↵j , �j), where j /2 J (x), an “outlier” w.r.t. model x.

2.7. EXACT PENALTY METHOD 65

2012] (see Section 2.2.1). However, since LO-RANSAC is also a randomised heuristic, there
is no guarantee that it is able to drive x̂ towards a better solution.

In this section, we describe a deterministic local refinement algorithm for maximum
consensus based on the penalty method [Nocedal and Wright, 2006, Chapter 17]. Though
it is more expensive than the algorithms presented earlier, it is able to deterministically
adjust x̂ to yield a better solution. This local algorithm is best placed as a postprocessor
for the “rough” initial solution obtained using the fast approximate heuristics.

2.7.1 PENALISED FORMULATION

The thresholding constraint |aT

i
x � bi|  ✏ can be implemented as two linear constraints

a
T

i
x � bi  ✏, �a

T

i
x + bi  ✏. (2.77)

Given input data D = {(ai, bi)}N

i=1, the set of N pairs of constraints of the form (2.77)
arising from D can be summarised as

⇤
T
x � �  0, (2.78)

where ⇤ 2 Rd⇥M and � 2 RM are defined as

⇤ =
⇥
a1, �a1, . . . ,aN , �aN

⇤
, (2.79)

� =
⇥
✏ + b1, ✏ � b1, . . . , ✏ + bN , ✏ � bN

⇤T
, (2.80)

and M = 2N . Accordingly, problem (2.3) can be equivalently expressed as

maximise
x2Rd

|J (x)| , (2.81)

with the “consensus set” now defined as

J (x) =
�
j 2 {1, . . . , M} | ↵T

j
x � �j  0

 
, (2.82)

where ↵j is the j-th column of ⇤, and �j is the j-th element of �. Note that although
problems (2.3) and (2.81) have the same maximiser x

⇤, the maximum objective values
obey the equation

|J (x⇤)| = N + |I(x⇤)| (2.83)

since for any x at least one of the constraints in (2.77) are satisfied.
In the rest of this section, we will regard (2.81) as our target problem. We may thus

call (↵j , �j), where j /2 J (x), an “outlier” w.r.t. model x.



Reformulation using complementarity 
constraints
• Introducing indicator variables                      and slack variables              , 

we can reformulate using complementarity constraints:

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

66 2. APPROXIMATE ALGORITHMS

Complementarity constraints

Introducing indicator variables u 2 {0, 1}M and slack variables s 2 RM , we reformu-
late (2.81) equivalently as an outlier count minimisation problem

min
u2{0,1}M , s2RM , x2Rd

X

j

uj (2.84a)

subject to sj � ↵T

j
x + �j � 0, (2.84b)

uj(sj � ↵T

j
x + �j) = 0, (2.84c)

sj(1 � uj) = 0, (2.84d)
sj � 0. (2.84e)

Intuitively, sj must be non-zero if the j-th datum is an outlier w.r.t. x; in this case, uj

must be set to 1 to satisfy (2.84d). In turn, (2.84c) forces the quantity (sj � ↵T

j
x + �i)

to be zero. Conversely, if the j-th datum is an inlier w.r.t. x, then sj is zero, uj is zero
and (sj � ↵T

j
x + �j) is non-zero. Observe, therefore, that (2.84c) and (2.84d) implement

complementarity between uj and (sj � ↵T

j
x + �j).

Note also that, due to the objective function and the condition (2.84d), the indicator
variables can be relaxed without impacting the optimum, leading to the equivalent problem

min
u,s2RM , x2Rd

X

j

uj (2.85a)

subject to sj � ↵T

j
x + �j � 0, (2.85b)

uj(sj � ↵T

j
x + �j) = 0, (2.85c)

sj(1 � uj) = 0, (2.85d)
1 � uj � 0, (2.85e)
sj , uj � 0. (2.85f)

This, however, does not make (2.85) tractable to solve exactly, since (2.85c) and (2.85d) are
bilinear constraints. By a further modification, (2.85) can be expressed using only positive
variables; this will slightly simplify the analysis of optimality and the construction of an
algorithm for the problem. Define

v =


x + �1

�

�
cj =

⇥
↵T

j
�↵T

j
1
⇤T

, (2.86)
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Figure 2.28: The results of RANSAC, least squares, and the deterministic local improvement

method (Algorithm 10) initialised with the former two methods. Observe that least squares was

heavily biased, but the refinement algorithm was able to recover from the bad initialisation.

2.8 EVALUATION

This section reports the evaluation results of some the algorithms described in this chapter,
as well as several other methods that are well-known in the literature, on common input
instances. It is not the intention of this section here to identify the “best” algorithm—such
an endeavour will require a significantly more comprehensive benchmark (e.g., involving
the usage of large-scale benchmark datasets and multiple target applications). The aim of
this section is to provide a rough indication of the relative performance and accuracy—the
reader should be mindful that the conclusions here may not generalise to other settings.

List of algorithms

The following is the list of algorithms included in the experiments:

• RANSAC: The confidence of ⇢ = 0.99 was used in the stopping criterion (see Algo-
rithm 3). On each data instance, RANSAC was executed 10 times and the average
consensus and runtime were reported.

• Locally Optimised RANSAC (LO-RANSAC) by Chum et al. [2003]: The maximum
number of iterations in the inner sampling of the best consensus set was set to 100.

• Improved LO-RANSAC by Lebeda et al. [2012]: Following the originators’ proposal,
the inner sampling for local refinement will only be executed if the new consensus size
is higher than a pre-defined threshold (set to 10% of the data size in the experiments).
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Figure 2.29: (a) Solution quality and (b) runtime of various maximum consensus algorithms

on 8-dimensional robust linear regression with balanced outliers.

squares initialisation on unbalanced outliers suggests that the deterministic local refinement
method is able to recover from bad initialisation (cf. Figure 2.28). Also, the fact that
the solution of RANSAC was consistently improved by the local refinement algorithms
demonstrates that it is usually possible to locally refine the RANSAC estimate.

The downside of deterministic local refinement, however, is its higher runtime com-
pared to the RANSAC variants. Nonetheless, as the percentage of corrupted data was
increased over 35%, the runtime of the RANSAC variants started to increase rapidly (re-
call that the number of samples increases exponentially with outlier rate—see Section 2.2),
to the extent that the RANSAC initialisation cost overwhelmed the deterministic local re-
finement cost. The variant of deterministic local refinement with least squares initialisation
maintained a discernibly lower rate of increase in runtime.
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(d) Final result.

Figure 2.13: Demonstration of outlier removal with `1 minimisation (Algorithm 4) on a line

fitting problem. Since d = 2 for line fitting, at most three points are removed at each iteration.

Bisection

Rewriting (2.58) using a single slack variable yields

minimise
x2Rd,s2R

s

subject to
kAix + bik2

↵T

i
x + �i

 s,

↵T

i
x + �i > 0,

i = 1, . . . , N,

s � 0.

(2.59)
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Figure 2.30: (a) Solution quality and (b) runtime of various maximum consensus algorithms

on 8-dimensional robust linear regression with unbalanced outliers.

Robust estimation of image warping functions

In this segment of the experiments, the approximate algorithms were evaluated on robust
estimation of image warping functions, specifically 2D homography and a�ne transforma-
tions, from outlier contaminated feature correspondences. Given two overlapping images,
the SIFT method [Lowe, 2004] (based on the implementation of Vedaldi and Fulkerson
[2010]) was used to automatically detect and match local features between the images.
The parameters in the SIFT routine were chosen such that ⇡ 500 correspondences were
extracted. The parameters of the warping function were then estimated via maximum con-
sensus using the transfer error as residual function and inlier threshold of 4 pixels.

For homography estimation, five image pairs from Oxford’s Visual Geometry Group
(VGG), namely University Library, Christ Church, Valbonne, Kapel and Paris’s Invalides,
were chosen for testing. For a�nity estimation, a di↵erent set of five image pairs from
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Recursive outlier removal
RANSAC

(d) Final result.

Figure 2.14: Applying the `1 minimisation technique for outlier removal (Algorithm 4) on a

line fitting problem with unbalanced data, i.e., the structure of interest does not lie centrally in

the spatial extent of the data. In such a data, the `1 technique tends to remove a significant

amount of inliers before finding a consensus set. Thus, the maximum consensus solution found

is far from ideal. Contrast this to the RANSAC solution, which is much more acceptable.

Applying the thresholding argument (2.43) on the non-negative slack s, the above problem
can expressed equivalently as

minimise
x2Rd,s2R

s

subject to kAix + bik2  s(↵T

i
x + �i),

i = 1, . . . , N,

s � 0.

(2.60)
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RANSAC methods were able to significantly increase the consensus of RANSAC. Generally
the randomised heuristics terminated in a matter of seconds. Although the `1 and `1
techniques were much faster, the quality of their estimate was on the whole lower.

Method RS PS GMLE LOR1 LOR2 `1 `1 DLocR

H
om

og
ra
p
h
y
es
ti
m
at
io
n University Library

N = 545
|I| 251 269 251 294 294 120 53 301

time (s) 0.73 0.62 0.69 1.90 1.89 3.10 2.49 12.76
Christ Church

N = 445
|I| 235 236 227 250 246 246 160 280

time (s) 0.47 0.47 0.43 1.33 1.61 1.23 2.44 10.37
Valbonne
N = 434

|I| 131 134 117 156 136 24 22 158
time (s) 3.17 2.39 5.76 3.04 5.80 1.36 1.27 17.20

Kapel
N = 449

|I| 163 167 130 167 168 28 161 170
time (s) 1.19 1.15 9.89 2.18 2.70 1.62 1.16 8.46

Invalides
N = 413

|I| 144 159 140 149 156 84 142 178
time (s) 1.36 0.90 1.60 2.17 2.94 1.04 0.71 10.20

A
�
n
it
y
es
ti
m
at
io
n

Bikes
N = 557

|I| 424 427 425 426 424 387 431 437
time (s) 6.09 6.09 5.79 6.28 11.8 1.77 1.77 15.26

Gra↵
N = 327

|I| 126 129 127 134 126 147 274 276
time (s) 3.51 3.35 3.14 4.07 6.61 0.99 0.23 5.94

Bark
N = 458

|I| 279 288 270 284 279 298 439 442
time (s) 4.89 4.93 4.68 5.11 9.54 1.31 0.19 10.19

Tree
N = 568

|I| 372 367 371 372 372 377 370 396
time (s) 5.70 6.01 5.73 6.93 11.50 4.81 0.81 15.96

Boat
N = 574

|I| 476 477 476 477 476 469 464 483
time (s) 6.32 6.29 6.02 7.18 12.32 4.12 1.02 14.86

Table 2.1: Quantitative results for robust estimation of image warping functions. Legend: |I|
= consensus at convergence, RS = RANSAC, PS = PROSAC, GMLE = Guided MLESAC,

LOR1 = LO-RANSAC, LOR2 = Improved LO-RANSAC, `1 = `1 minimisation (Section 2.3),

`1 = `1 outlier removal (Section 2.4.2), DLocR = deterministic local refinement algorithm

with RANSAC initialisation (Section 2.7.2). Time for DLocR inclusive of initialisation.

The converged solutions of deterministic local refinement (with RANSAC initialisa-
tion) were of superior quality relative to the estimates of the other algorithms. However,
the runtime of deterministic local refinement was higher than the others, though not by a
significant margin (note that the reported runtimes are inclusive of the RANSAC initiali-
sation step). Note that least squares initialisation was not invoked here, since finding least
squares estimates based on geometric distances is intractable in general. The results sup-
port the usage of Algorithm 10 in settings where slight additional runtime is a worthwhile
expense for deterministic convergence to a higher quality maximum consensus estimate.

2.9 BIBLIOGRAPHICAL REMARKS

A brief outline of the invention of RANSAC and its adoption into computer vision has been
given in Section 1.4. The LAD method for robust estimation in geometric applications was
first proposed by Seo et al. [2009], though they couched their technique as an extension of
the framework of `1 outlier removal, instead of a bona fide robust estimation approach.
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(a)

(b)

Figure 2.31: Result of applying the deterministic local refinement method (Algorithm 10) to

(a) homography fitting (N = 445 input correspondences) and (b) a�ne registration (N = 568

input correspondences). Green and red lines represent inliers and outliers based on the output

consensus set. For clarity, only 100 inliers/outliers are plotted above. In both cases, RANSAC

was applied as the initialiser. Algorithm 10 increased the consensus of the RANSAC solution

respectively from 235 to 280 and from 372 to 396.

VGG, namely, Bikes, Gra↵, Bark, Tree and Boat, were selected. Figure 2.31 shows sample
data for Christ Church and Trees, as well as the inlier/outlier dichotomisation based on the
consensus set returned by the deterministic local refinement method (Algorithm 10), with
initial ↵ = 10 and  = 1.5. The local refinement technique increased the consensus of the
initial solution respectively from 235 to 280 and from 372 to 396.

Table 2.1 lists the optimised consensus and runtime of the di↵erent methods. Amongst
the RANSAC variants, PROSAC and Guided MLESAC were able to speed up convergence
due to the usage of feature matching scores for guided sampling. PROSAC in fact returned
higher quality solutions than RANSAC in all instances. In some of the instances, the LO-

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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2. Preliminaries

Henceforth, we will refer to a data point pi via its index
i. Thus, the overall set of data D is equivalent to {1, . . . , N}

and subsets thereof are C ✓ D = {1, . . . , N}.
We restrict ourselves to residuals ri(x) that are quasi-

convex [15] (note that this restriction does not reduce the
hardness of maximum consensus [7]). Formally, if the set

{x 2 Rd
| ri(x)  ↵} (3)

is convex for all ↵ � 0, then ri(x) is quasiconvex. It will
be useful to consider the minimax problem

g(C) = min
x2Rd

max
i2C

ri(x), (4)

where g(C) is the minimised maximum residual for the
points in the subset C. If ri(x) is quasiconvex then (4) is
tractable in general [11], and g(C) is monotonic, viz.,

B ✓ C ✓ D =) g(B)  g(C)  g(D). (5)

Chin et al. [8, 7] exploited the above properties to develop
a fixed parameter tractable algorithm for maximum consen-
sus, which scales exponentially with the number of outliers.

A subset I ✓ D is a consensus set if there exists x 2 Rd

such that ri(x)  ✏ for all i 2 I. Intuitively, I contains
points that can be fitted within error ✏. In other words

g(I)  ✏ (6)

if I is a consensus set. The set of all consensus sets is thus

F = {I ✓ D | g(I)  ✏} . (7)

The consensus maximisation problem can be restated as

I
⇤ = argmax

I2F
|I|, (8)

where I
⇤ is the maximum consensus set. The maximum

consensus estimate x
⇤ is a “witness” of I⇤, i.e., ri(x⇤)  ✏

for all i 2 I
⇤, and |I

⇤
| =  (x⇤).

3. Influence as an outlying measure

Define the binary vector

z = [z1, . . . , zN ] 2 {0, 1}N (9)

whose role is to select subsets of D, where zi = 1 implies
that pi is selected and zi = 0 means otherwise. Define zC
as the binary vector which is all zero except at the positions
where i 2 C. A special case is

ei = z{i}, (10)

i.e., the binary vector with all elements zero except the i-th
one. Next, define

Cz = {i 2 D | zi = 1}, (11)

i.e., the set of indices where the binary variables are 1 in z.
Define feasibility test f : {0, 1}N 7! {0, 1} where

f(z) =

(
0 if g(Cz)  ✏;

1 otherwise.
(12)

Intuitively, z is feasible (f(z) evaluates to 0) if z selects a
consensus set of D. The influence of a point pi is

↵i = Pr [f(z� ei) 6= f(z)]

=
1

2N
��{z 2 {0, 1}N | f(z� ei) 6= f(z)}

�� .
(13)

In words, ↵i is the probability of changing the feasibility
of a subset z by inserting/removing pi into/from z. Note
that (13) considers all 2N unique instantiations of z.

The utility of ↵i as a measure of outlyingness was pro-
posed in [22], as we further illustrate with examples below.
Computing ↵i will be discussed from Sec. 4 onwards.

Note that a basic requirement for ↵i to be useful is that
an appropriate ✏ can be input by the user. The prevalent us-
age of the consensus formulation (2) in computer vision [9]
indicates that this is usually not a practical obstacle.

3.1. Examples

Line fitting The model M is a line parametrised by x 2

R2, and each pi has the form

pi = (ai, bi) (14)

The residual function evaluates the “vertical” distance

ri(x) = |[ai, 1]x� bi| (15)

from the line to pi. The associated minimax problem (4) is a
linear program [6], hence g(C) can be evaluated efficiently.

Fig. 1(a) plots a data instance D with N = 100 points,
while Fig. 1(b) plots the sorted normalised influences of the
points. A clear dichotomy between inliers and outliers can
be observed in the influence.

Multiple view triangulation Given observations D of a
3D scene point M in N calibrated cameras, we wish to
estimate the coordinates x 2 R3 of M. The i-th camera
matrix is Pi 2 R3⇥4, and each data point pi has the form

pi = [ui, vi]
T
. (16)

The residual function is the reprojection error

ri(x) =

����pi �
P

1:2
i x̃

P
3
i x̃

����
2

, (17)
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hyperplanes; see Figure 2.18(b). By drawing analogy between MEC and MWC (i.e., radius
of circle is equivalent to width of caliper; interior of circle is equivalent to the “slab”
between the parallel hyperplanes), the properties of monotonicity and locality can be easily
transferred and shown to hold for MWC.

The following concepts are integral to LP-type problems.

Definition 2.14 (Basis). A basis of an LP-type problem (S, f) is a subset B ✓ S such
that f(A) < f(B) for every A ⇢ B.

Figures 2.19 and 2.20 illustrate the concept of basis.

Definition 2.15 (Support set). The support set K of an LP-type problem (S, f) is a
basis of the problem such that f(S) = f(K). Solving (S, f) amounts to finding K.

Intuitively, a support set K is a special type of basis that “holds up” the input
constraint set S, in the sense that removing all of S except K will still yield the same
estimate. To illustrate, observe that there are three points that lie on the MEC of the
point set in Figure 2.18(a). Further, the MEC on these three points is the same circle. The
three points are exactly the support set of the input points. The concept of support set in
Chebyshev approximation has been explored in detail in Section 2.4.
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Figure 2.19: Panel (a) shows a basis B ✓ S in the MEC problem. Any proper subset A of B
will always have an MEC with a strictly smaller radius. Panel (b) shows a subset P ✓ S which

is not basis. It is possible to find a proper subset A of P such that MEC(A) = MEC(P).
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Figure 2.20: Panel (a) shows a basis B ✓ S in Chebyshev approximation. Any proper subset

A of B will always have minimax value that is strictly smaller than the minimax value of B.

Panel (b) shows a subset P ✓ S which is not basis. It is possible to find a proper subset A of P
that has the same minimax value (in fact, same Chebyshev estimate) as P.

Quasiconvex programming

It has been established that quasiconvex programming, i.e., the problem of minimising the
maximum of a set of quasiconvex functions ri(x), i = 1, . . . , N ,

min
x2Rd

max
i

ri(x) (2.65)

is an LP-type problem [Amenta et al., 1999; Eppstein, 2005]. Note that Chebyshev approxi-
mation (2.46) and MEC (2.64) are subsumed under (2.65), since the corresponding residuals
are convex, and hence also quasiconvex. GFP (2.58) is also a specific case of (2.65), hence
intimately connecting LP-type problems to geometric estimation in computer vision. The
following example interprets a computer vision problem as an LP-type problem.

Example 2.16 (`1 triangulation as LP-type problem) Performing triangulation
(Example 1.3) by Chebyshev approximation (2.58) implies minimising the maximum
reprojection error, where reprojection error is as defined in (2.37). This technique is
also known as `1 triangulation in the literature [Hartley and Scha↵alitzky, 2004].
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(c) At iteration 30.
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(d) Final result.

Figure 2.13: Demonstration of outlier removal with `1 minimisation (Algorithm 4) on a line

fitting problem. Since d = 2 for line fitting, at most three points are removed at each iteration.

Bisection

Rewriting (2.58) using a single slack variable yields

minimise
x2Rd,s2R

s

subject to
kAix + bik2

↵T

i
x + �i

 s,

↵T

i
x + �i > 0,

i = 1, . . . , N,

s � 0.

(2.59)
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(d) Final result.

Figure 2.13: Demonstration of outlier removal with `1 minimisation (Algorithm 4) on a line

fitting problem. Since d = 2 for line fitting, at most three points are removed at each iteration.

Bisection

Rewriting (2.58) using a single slack variable yields

minimise
x2Rd,s2R

s

subject to
kAix + bik2

↵T

i
x + �i

 s,

↵T

i
x + �i > 0,

i = 1, . . . , N,

s � 0.

(2.59)

g(C) > ✏ g(C)  ✏

f(z) = 1 f(z) = 0



Influence

• The influence of the i-th datum is

i.e., the probability of changing the feasibility of a subset     by 
inserting/removing the i-th datum into/from    .
• The probability is taken over all        possible realisations of    .

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

2. Preliminaries

Henceforth, we will refer to a data point pi via its index
i. Thus, the overall set of data D is equivalent to {1, . . . , N}

and subsets thereof are C ✓ D = {1, . . . , N}.
We restrict ourselves to residuals ri(x) that are quasi-

convex [15] (note that this restriction does not reduce the
hardness of maximum consensus [7]). Formally, if the set

{x 2 Rd
| ri(x)  ↵} (3)

is convex for all ↵ � 0, then ri(x) is quasiconvex. It will
be useful to consider the minimax problem

g(C) = min
x2Rd

max
i2C

ri(x), (4)

where g(C) is the minimised maximum residual for the
points in the subset C. If ri(x) is quasiconvex then (4) is
tractable in general [11], and g(C) is monotonic, viz.,

B ✓ C ✓ D =) g(B)  g(C)  g(D). (5)

Chin et al. [8, 7] exploited the above properties to develop
a fixed parameter tractable algorithm for maximum consen-
sus, which scales exponentially with the number of outliers.

A subset I ✓ D is a consensus set if there exists x 2 Rd

such that ri(x)  ✏ for all i 2 I. Intuitively, I contains
points that can be fitted within error ✏. In other words

g(I)  ✏ (6)

if I is a consensus set. The set of all consensus sets is thus

F = {I ✓ D | g(I)  ✏} . (7)

The consensus maximisation problem can be restated as

I
⇤ = argmax

I2F
|I|, (8)

where I
⇤ is the maximum consensus set. The maximum

consensus estimate x
⇤ is a “witness” of I⇤, i.e., ri(x⇤)  ✏

for all i 2 I
⇤, and |I

⇤
| =  (x⇤).

3. Influence as an outlying measure

Define the binary vector

z = [z1, . . . , zN ] 2 {0, 1}N (9)

whose role is to select subsets of D, where zi = 1 implies
that pi is selected and zi = 0 means otherwise. Define zC
as the binary vector which is all zero except at the positions
where i 2 C. A special case is

ei = z{i}, (10)

i.e., the binary vector with all elements zero except the i-th
one. Next, define

Cz = {i 2 D | zi = 1}, (11)

i.e., the set of indices where the binary variables are 1 in z.
Define feasibility test f : {0, 1}N 7! {0, 1} where

f(z) =

(
0 if g(Cz)  ✏;

1 otherwise.
(12)

Intuitively, z is feasible (f(z) evaluates to 0) if z selects a
consensus set of D. The influence of a point pi is

↵i = Pr [f(z� ei) 6= f(z)]

=
1

2N
��{z 2 {0, 1}N | f(z� ei) 6= f(z)}

�� .
(13)

In words, ↵i is the probability of changing the feasibility
of a subset z by inserting/removing pi into/from z. Note
that (13) considers all 2N unique instantiations of z.

The utility of ↵i as a measure of outlyingness was pro-
posed in [22], as we further illustrate with examples below.
Computing ↵i will be discussed from Sec. 4 onwards.

Note that a basic requirement for ↵i to be useful is that
an appropriate ✏ can be input by the user. The prevalent us-
age of the consensus formulation (2) in computer vision [9]
indicates that this is usually not a practical obstacle.

3.1. Examples

Line fitting The model M is a line parametrised by x 2

R2, and each pi has the form

pi = (ai, bi) (14)

The residual function evaluates the “vertical” distance

ri(x) = |[ai, 1]x� bi| (15)

from the line to pi. The associated minimax problem (4) is a
linear program [6], hence g(C) can be evaluated efficiently.

Fig. 1(a) plots a data instance D with N = 100 points,
while Fig. 1(b) plots the sorted normalised influences of the
points. A clear dichotomy between inliers and outliers can
be observed in the influence.

Multiple view triangulation Given observations D of a
3D scene point M in N calibrated cameras, we wish to
estimate the coordinates x 2 R3 of M. The i-th camera
matrix is Pi 2 R3⇥4, and each data point pi has the form

pi = [ui, vi]
T
. (16)

The residual function is the reprojection error

ri(x) =

����pi �
P

1:2
i x̃

P
3
i x̃

����
2

, (17)
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(c) Feature correspondences across multiple calibrated views.
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(e) Feature correspondences across two views.
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Figure 1. Data instances D with outliers (left column) and their normalised influences (right column). Row 1 shows a line fitting instance
with d = 2 and N = 100; Row 2 shows a triangulation instance with d = 3 and N = 34; Row 3 shows a homography estimation instance
with d = 8 and N = 20. In each result, the normalised influences were thresholded at 0.3 to separate the inliers (blue) and outliers (red).
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with d = 2 and N = 100; Row 2 shows a triangulation instance with d = 3 and N = 34; Row 3 shows a homography estimation instance
with d = 8 and N = 20. In each result, the normalised influences were thresholded at 0.3 to separate the inliers (blue) and outliers (red).
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(c) Feature correspondences across multiple calibrated views.
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Figure 1. Data instances D with outliers (left column) and their normalised influences (right column). Row 1 shows a line fitting instance
with d = 2 and N = 100; Row 2 shows a triangulation instance with d = 3 and N = 34; Row 3 shows a homography estimation instance
with d = 8 and N = 20. In each result, the normalised influences were thresholded at 0.3 to separate the inliers (blue) and outliers (red).
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Monotonicity

• The Boolean function     is monotonic because

• The influence is closely related to the Fourier transform of a 
Monotone Boolean function.

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

2. Preliminaries

Henceforth, we will refer to a data point pi via its index
i. Thus, the overall set of data D is equivalent to {1, . . . , N}

and subsets thereof are C ✓ D = {1, . . . , N}.
We restrict ourselves to residuals ri(x) that are quasi-

convex [15] (note that this restriction does not reduce the
hardness of maximum consensus [7]). Formally, if the set

{x 2 Rd
| ri(x)  ↵} (3)

is convex for all ↵ � 0, then ri(x) is quasiconvex. It will
be useful to consider the minimax problem

g(C) = min
x2Rd

max
i2C

ri(x), (4)

where g(C) is the minimised maximum residual for the
points in the subset C. If ri(x) is quasiconvex then (4) is
tractable in general [11], and g(C) is monotonic, viz.,

B ✓ C ✓ D =) g(B)  g(C)  g(D). (5)

Chin et al. [8, 7] exploited the above properties to develop
a fixed parameter tractable algorithm for maximum consen-
sus, which scales exponentially with the number of outliers.

A subset I ✓ D is a consensus set if there exists x 2 Rd

such that ri(x)  ✏ for all i 2 I. Intuitively, I contains
points that can be fitted within error ✏. In other words

g(I)  ✏ (6)

if I is a consensus set. The set of all consensus sets is thus

F = {I ✓ D | g(I)  ✏} . (7)

The consensus maximisation problem can be restated as

I
⇤ = argmax

I2F
|I|, (8)

where I
⇤ is the maximum consensus set. The maximum

consensus estimate x
⇤ is a “witness” of I⇤, i.e., ri(x⇤)  ✏

for all i 2 I
⇤, and |I

⇤
| =  (x⇤).

3. Influence as an outlying measure

Define the binary vector

z = [z1, . . . , zN ] 2 {0, 1}N (9)

whose role is to select subsets of D, where zi = 1 implies
that pi is selected and zi = 0 means otherwise. Define zC
as the binary vector which is all zero except at the positions
where i 2 C. A special case is

ei = z{i}, (10)

i.e., the binary vector with all elements zero except the i-th
one. Next, define

Cz = {i 2 D | zi = 1}, (11)

i.e., the set of indices where the binary variables are 1 in z.
Define feasibility test f : {0, 1}N 7! {0, 1} where

f(z) =

(
0 if g(Cz)  ✏;

1 otherwise.
(12)

Intuitively, z is feasible (f(z) evaluates to 0) if z selects a
consensus set of D. The influence of a point pi is

↵i = Pr [f(z� ei) 6= f(z)]

=
1

2N
��{z 2 {0, 1}N | f(z� ei) 6= f(z)}

�� .
(13)

In words, ↵i is the probability of changing the feasibility
of a subset z by inserting/removing pi into/from z. Note
that (13) considers all 2N unique instantiations of z.

The utility of ↵i as a measure of outlyingness was pro-
posed in [22], as we further illustrate with examples below.
Computing ↵i will be discussed from Sec. 4 onwards.

Note that a basic requirement for ↵i to be useful is that
an appropriate ✏ can be input by the user. The prevalent us-
age of the consensus formulation (2) in computer vision [9]
indicates that this is usually not a practical obstacle.

3.1. Examples

Line fitting The model M is a line parametrised by x 2

R2, and each pi has the form

pi = (ai, bi) (14)

The residual function evaluates the “vertical” distance

ri(x) = |[ai, 1]x� bi| (15)

from the line to pi. The associated minimax problem (4) is a
linear program [6], hence g(C) can be evaluated efficiently.

Fig. 1(a) plots a data instance D with N = 100 points,
while Fig. 1(b) plots the sorted normalised influences of the
points. A clear dichotomy between inliers and outliers can
be observed in the influence.

Multiple view triangulation Given observations D of a
3D scene point M in N calibrated cameras, we wish to
estimate the coordinates x 2 R3 of M. The i-th camera
matrix is Pi 2 R3⇥4, and each data point pi has the form

pi = [ui, vi]
T
. (16)

The residual function is the reprojection error

ri(x) =

����pi �
P

1:2
i x̃

P
3
i x̃

����
2

, (17)
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Figure 2.13: Demonstration of outlier removal with `1 minimisation (Algorithm 4) on a line

fitting problem. Since d = 2 for line fitting, at most three points are removed at each iteration.

Bisection

Rewriting (2.58) using a single slack variable yields

minimise
x2Rd,s2R

s

subject to
kAix + bik2

↵T

i
x + �i

 s,

↵T

i
x + �i > 0,

i = 1, . . . , N,

s � 0.

(2.59)
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Influence computation

• Exact computation is not possible except for very small N.
• Lets try a quantum approach…
• This is the Bernstein-Vazirani (BV) quantum circuit:

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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Figure 3. (a) A homography estimation instance with N = 516
correspondences, separated into inliers (blue) and outliers (red)
according to the normalised approximate influences in (b), which
were computed using Algorithm 1. Note that only about M = 800
iterations were used in Algorithm 1 to achieve this result.

For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers

|zi ⌦ |yi = |zi |yi , (28)

where, as before, z is a binary vector indicating selection of
points in D, and y is a dummy input.

The Boolean function f (12) and the underlying data D

|zi

|yi

H
⌦N

Uf

H
⌦N

�4

H H

�1 �2 �3

Figure 4. Quantum circuit for influence computation.

are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).

5.2. Quantum operations

Our usage of BV follows that of [13, 17] (for basics of
quantum operations, see [21, Chapter 5]). We initialise with
|zi = |0i and |yi = |1i thus

�1 = |0i |1i . (30)

The next operation consists of N + 1 Hadamard gates
H

⌦(N+1); the behaviour of n Hadamard gates is as follows

H
⌦n

|qi =
1

p
2n

X

t2{0,1}n

(�1)q·t |ti , (31)

hence

�2 = H
⌦(N+1)�1 (32)

=
1

p

2N

X

t2{0,1}N

|ti
|0i � |1i

p
2

. (33)

Applying Uf , we have

�3 = Uf�2 (34)

=
1

p

2N

X

t2{0,1}N

(�1)f(t) |ti
|0i � |1i

p
2

. (35)

Applying the Hadamard gates H⌦(N+1) again,

�4 = H
⌦(N+1)�3 (36)

=
1

2N

X

s2{0,1}N

X

t2{0,1}N

(�1)f(t)+s·t
|si |1i . (37)
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Influence computation

• The data and Boolean function     is “implemented” in the main block.
• For quasiconvex residuals,     can be evaluated efficiently, i.e., in 

polynomial time è there is an equivalent quantum implementation 
that is efficient, involving polynomial number of quantum gates.

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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Figure 3. (a) A homography estimation instance with N = 516
correspondences, separated into inliers (blue) and outliers (red)
according to the normalised approximate influences in (b), which
were computed using Algorithm 1. Note that only about M = 800
iterations were used in Algorithm 1 to achieve this result.

For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers

|zi ⌦ |yi = |zi |yi , (28)

where, as before, z is a binary vector indicating selection of
points in D, and y is a dummy input.

The Boolean function f (12) and the underlying data D
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Figure 4. Quantum circuit for influence computation.

are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).

5.2. Quantum operations

Our usage of BV follows that of [13, 17] (for basics of
quantum operations, see [21, Chapter 5]). We initialise with
|zi = |0i and |yi = |1i thus

�1 = |0i |1i . (30)

The next operation consists of N + 1 Hadamard gates
H

⌦(N+1); the behaviour of n Hadamard gates is as follows

H
⌦n

|qi =
1

p
2n

X

t2{0,1}n

(�1)q·t |ti , (31)

hence

�2 = H
⌦(N+1)�1 (32)

=
1

p

2N

X

t2{0,1}N

|ti
|0i � |1i

p
2

. (33)

Applying Uf , we have

�3 = Uf�2 (34)

=
1

p

2N

X

t2{0,1}N

(�1)f(t) |ti
|0i � |1i

p
2

. (35)

Applying the Hadamard gates H⌦(N+1) again,

�4 = H
⌦(N+1)�3 (36)

=
1

2N

X

s2{0,1}N

X

t2{0,1}N

(�1)f(t)+s·t
|si |1i . (37)
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Michael A. Nielsen and Isaac L. Chuang. Quantum computation and 
quantum information. Cambridge University Press, 2010. 



Quantum operations

• Initialise N + 1 qubits

hence

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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Figure 3. (a) A homography estimation instance with N = 516
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according to the normalised approximate influences in (b), which
were computed using Algorithm 1. Note that only about M = 800
iterations were used in Algorithm 1 to achieve this result.

For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers

|zi ⌦ |yi = |zi |yi , (28)

where, as before, z is a binary vector indicating selection of
points in D, and y is a dummy input.

The Boolean function f (12) and the underlying data D
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are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).

5.2. Quantum operations

Our usage of BV follows that of [13, 17] (for basics of
quantum operations, see [21, Chapter 5]). We initialise with
|zi = |0i and |yi = |1i thus

�1 = |0i |1i . (30)

The next operation consists of N + 1 Hadamard gates
H
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For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers

|zi ⌦ |yi = |zi |yi , (28)

where, as before, z is a binary vector indicating selection of
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are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).
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Our usage of BV follows that of [13, 17] (for basics of
quantum operations, see [21, Chapter 5]). We initialise with
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For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers
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are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).
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will mainly be interested in the number of times we need to
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and not the implementation details of Uf (Sec. 5.4).
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system, where N is the number of points D. At the input
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points in D, and y is a dummy input.

The Boolean function f (12) and the underlying data D

|zi

|yi

H
⌦N

Uf

H
⌦N

�4

H H

�1 �2 �3

Figure 4. Quantum circuit for influence computation.

are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
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lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).
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For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers

|zi ⌦ |yi = |zi |yi , (28)
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are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).
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are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).
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For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers

|zi ⌦ |yi = |zi |yi , (28)
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are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).
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For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers

|zi ⌦ |yi = |zi |yi , (28)

where, as before, z is a binary vector indicating selection of
points in D, and y is a dummy input.
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are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf
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lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).
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Figure 3. (a) A homography estimation instance with N = 516
correspondences, separated into inliers (blue) and outliers (red)
according to the normalised approximate influences in (b), which
were computed using Algorithm 1. Note that only about M = 800
iterations were used in Algorithm 1 to achieve this result.

For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers

|zi ⌦ |yi = |zi |yi , (28)

where, as before, z is a binary vector indicating selection of
points in D, and y is a dummy input.

The Boolean function f (12) and the underlying data D

|zi

|yi

H
⌦N

Uf

H
⌦N

�4

H H

�1 �2 �3

Figure 4. Quantum circuit for influence computation.

are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).

5.2. Quantum operations

Our usage of BV follows that of [13, 17] (for basics of
quantum operations, see [21, Chapter 5]). We initialise with
|zi = |0i and |yi = |1i thus

�1 = |0i |1i . (30)

The next operation consists of N + 1 Hadamard gates
H

⌦(N+1); the behaviour of n Hadamard gates is as follows

H
⌦n

|qi =
1

p
2n

X

t2{0,1}n

(�1)q·t |ti , (31)

hence

�2 = H
⌦(N+1)�1 (32)

=
1

p

2N

X

t2{0,1}N

|ti
|0i � |1i

p
2

. (33)

Applying Uf , we have

�3 = Uf�2 (34)

=
1

p

2N

X

t2{0,1}N

(�1)f(t) |ti
|0i � |1i

p
2

. (35)

Applying the Hadamard gates H⌦(N+1) again,

�4 = H
⌦(N+1)�3 (36)

=
1

2N

X

s2{0,1}N

X

t2{0,1}N

(�1)f(t)+s·t
|si |1i . (37)

6



Output of quantum algorithm

• Focussing on the top-N qubits, we have

where                                                .

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

Focussing on the top-N qubits in �4, we have
X

s2{0,1}N

I(s) |si (38)

where

I(s) :=
X

t2{0,1}N

(�1)f(t)+s·t
. (39)

The significance of this result is as follows.

Theorem 1. Let s = [s1, . . . , sN ] 2 {0, 1}N . Then

↵i =
X

si=1

I(s)2. (40)

Proof. See [17, Sec. 3].

The theorem shows that the influences {↵i}
N
i=1 are “di-

rect outputs” of the quantum algorithm. However, physi-
cal laws permit us to access the information indirectly via
quantum measurements only [21, Chapter 4]. Namely, if we
measure in the standard basis, we get a realisation s with
probability I(s)2. The probability of getting si = 1 is thus

Pr(si = 1) =
X

si=1

I(s)2 = ↵i. (41)

Note that the above steps involve only one “call” to Uf .
However, as soon as �4 is measured, the quantum state col-
lapses and the encoded probabilities vanish.

5.3. The algorithm

Algorithm 2 Quantum algorithm to compute influence.
Require: N input data points D, inlier threshold ✏, number

of iterations M .
1: for m = 1, . . . ,M do

2: s
[m]
 Run BV algorithm with D and ✏ and measure

top-N qubits in standard basis.
3: end for

4: for i = 1, . . . , N do

5: ↵̂i  
1
M

PM
m=1 s

[m]
i .

6: end for

7: return {↵̂i}
N
i=1.

Based on the setup above, running the BV algorithm
once provides a single observation of all {↵i}

N
i=1. This

provides a basis for a quantum version of the classical Algo-
rithm 1; see Algorithm 2. The algorithm runs the BV algo-
rithm M times, each time terminating with a measurement
of s, to produce M realisations s[1], . . . , s[M ]. Approximate
estimates {↵̂i}

N
i=1 of the influences are then obtained by

collating the results of the quantum measurements.

5.4. Analysis

A clear difference between Algorithms 1 and 2 is the lack
of an “inner loop” in the latter. Moreover, in each (main)
iteration of the quantum algorithm, the BV algorithm is ex-
ecuted only once; hence, the Boolean function f is also
called just once in each iteration. The overall query com-
plexity of Algorithm 2 is thus O(M), which is a speed-up
over Algorithm 1 by a factor of N . For example, in the
case of the homography estimation instance in Fig. 3, this
represents a sizeable speed-up factor of 516.

In some sense, the BV algorithm computes the influences
exactly in one invocation of f ; however, limitations placed
by nature allows us to “access” the results using probabilis-
tic measurements only, thus delivering only approximate so-
lutions. Thankfully, the same arguments in Sec. 4.1 can
be made for Algorithm 2 to yield the probabilistic error
bound (26) for the results of the quantum version.

6. Conclusions and future work

We proposed one of the first quantum robust fitting algo-
rithms and established its practical usefulness in the com-
puter vision setting. Future work includes devising quan-
tum robust fitting algorithms that have better speed-up fac-
tors and/or tighter approximation bounds.

Acknowledgements

Shin Fang Ch’ng was supported by Australian Centre for
Robotic Vision (CE140100016).

References

[1] https://en.wikipedia.org/wiki/Hoeffding%

27s_inequality.
[2] Andris Ambainis. Understanding quantum algorithms via

query complexity. In International Congress of Mathemat-
ics, volume 4, pages 3283–3304, 2018.

[3] Nina Amenta, Marshall Bern, and David Eppstein. Opti-
mal point placement for mesh smoothing. J. Algorithms,
30(2):302–322, 1999.

[4] Thorsten Bernholt. Robust estimators are hard to com-
pute. Technical Report 52, Technische Universität Dort-
mund, 2005.

[5] Ethan Bernstein and Umesh Vazirani. Quantum complexity
theory. SIAM J. Comput., 26(5):1411–1473, October 1997.

[6] Elliott W. Cheney. Introduction to Approximation Theory.
McGraw-Hill, 1966.

[7] Tat-Jun Chin, Zhipeng Cai, and Frank Neumann. Robust
fitting in computer vision: easy or hard? In European Con-
ference on Computer Vision (ECCV), 2018.

[8] Tat-Jun Chin, Pulak Purkait, Anders Eriksson, and David
Suter. Efficient globally optimal consensus maximisation
with tree search. In IEEE Computer Society Conference on
Computer Vision and Pattern Recognition (CVPR), 2015.

7

Focussing on the top-N qubits in �4, we have
X

s2{0,1}N

I(s) |si (38)

where

I(s) :=
X

t2{0,1}N

(�1)f(t)+s·t
. (39)

The significance of this result is as follows.

Theorem 1. Let s = [s1, . . . , sN ] 2 {0, 1}N . Then

↵i =
X

si=1

I(s)2. (40)

Proof. See [17, Sec. 3].

The theorem shows that the influences {↵i}
N
i=1 are “di-

rect outputs” of the quantum algorithm. However, physi-
cal laws permit us to access the information indirectly via
quantum measurements only [21, Chapter 4]. Namely, if we
measure in the standard basis, we get a realisation s with
probability I(s)2. The probability of getting si = 1 is thus

Pr(si = 1) =
X

si=1

I(s)2 = ↵i. (41)

Note that the above steps involve only one “call” to Uf .
However, as soon as �4 is measured, the quantum state col-
lapses and the encoded probabilities vanish.

5.3. The algorithm

Algorithm 2 Quantum algorithm to compute influence.
Require: N input data points D, inlier threshold ✏, number

of iterations M .
1: for m = 1, . . . ,M do

2: s
[m]
 Run BV algorithm with D and ✏ and measure

top-N qubits in standard basis.
3: end for

4: for i = 1, . . . , N do

5: ↵̂i  
1
M

PM
m=1 s

[m]
i .

6: end for

7: return {↵̂i}
N
i=1.

Based on the setup above, running the BV algorithm
once provides a single observation of all {↵i}

N
i=1. This

provides a basis for a quantum version of the classical Algo-
rithm 1; see Algorithm 2. The algorithm runs the BV algo-
rithm M times, each time terminating with a measurement
of s, to produce M realisations s[1], . . . , s[M ]. Approximate
estimates {↵̂i}

N
i=1 of the influences are then obtained by

collating the results of the quantum measurements.

5.4. Analysis

A clear difference between Algorithms 1 and 2 is the lack
of an “inner loop” in the latter. Moreover, in each (main)
iteration of the quantum algorithm, the BV algorithm is ex-
ecuted only once; hence, the Boolean function f is also
called just once in each iteration. The overall query com-
plexity of Algorithm 2 is thus O(M), which is a speed-up
over Algorithm 1 by a factor of N . For example, in the
case of the homography estimation instance in Fig. 3, this
represents a sizeable speed-up factor of 516.

In some sense, the BV algorithm computes the influences
exactly in one invocation of f ; however, limitations placed
by nature allows us to “access” the results using probabilis-
tic measurements only, thus delivering only approximate so-
lutions. Thankfully, the same arguments in Sec. 4.1 can
be made for Algorithm 2 to yield the probabilistic error
bound (26) for the results of the quantum version.

6. Conclusions and future work

We proposed one of the first quantum robust fitting algo-
rithms and established its practical usefulness in the com-
puter vision setting. Future work includes devising quan-
tum robust fitting algorithms that have better speed-up fac-
tors and/or tighter approximation bounds.

Acknowledgements

Shin Fang Ch’ng was supported by Australian Centre for
Robotic Vision (CE140100016).

References

[1] https://en.wikipedia.org/wiki/Hoeffding%

27s_inequality.
[2] Andris Ambainis. Understanding quantum algorithms via

query complexity. In International Congress of Mathemat-
ics, volume 4, pages 3283–3304, 2018.

[3] Nina Amenta, Marshall Bern, and David Eppstein. Opti-
mal point placement for mesh smoothing. J. Algorithms,
30(2):302–322, 1999.

[4] Thorsten Bernholt. Robust estimators are hard to com-
pute. Technical Report 52, Technische Universität Dort-
mund, 2005.

[5] Ethan Bernstein and Umesh Vazirani. Quantum complexity
theory. SIAM J. Comput., 26(5):1411–1473, October 1997.

[6] Elliott W. Cheney. Introduction to Approximation Theory.
McGraw-Hill, 1966.

[7] Tat-Jun Chin, Zhipeng Cai, and Frank Neumann. Robust
fitting in computer vision: easy or hard? In European Con-
ference on Computer Vision (ECCV), 2018.

[8] Tat-Jun Chin, Pulak Purkait, Anders Eriksson, and David
Suter. Efficient globally optimal consensus maximisation
with tree search. In IEEE Computer Society Conference on
Computer Vision and Pattern Recognition (CVPR), 2015.

7

Focussing on the top-N qubits in �4, we have
X

s2{0,1}N

I(s) |si (38)

where

I(s) :=
X

t2{0,1}N

(�1)f(t)+s·t
. (39)

The significance of this result is as follows.

Theorem 1. Let s = [s1, . . . , sN ] 2 {0, 1}N . Then

↵i =
X

si=1

I(s)2. (40)

Proof. See [17, Sec. 3].

The theorem shows that the influences {↵i}
N
i=1 are “di-

rect outputs” of the quantum algorithm. However, physi-
cal laws permit us to access the information indirectly via
quantum measurements only [21, Chapter 4]. Namely, if we
measure in the standard basis, we get a realisation s with
probability I(s)2. The probability of getting si = 1 is thus

Pr(si = 1) =
X

si=1

I(s)2 = ↵i. (41)

Note that the above steps involve only one “call” to Uf .
However, as soon as �4 is measured, the quantum state col-
lapses and the encoded probabilities vanish.

5.3. The algorithm

Algorithm 2 Quantum algorithm to compute influence.
Require: N input data points D, inlier threshold ✏, number

of iterations M .
1: for m = 1, . . . ,M do

2: s
[m]
 Run BV algorithm with D and ✏ and measure

top-N qubits in standard basis.
3: end for

4: for i = 1, . . . , N do

5: ↵̂i  
1
M

PM
m=1 s

[m]
i .

6: end for

7: return {↵̂i}
N
i=1.

Based on the setup above, running the BV algorithm
once provides a single observation of all {↵i}

N
i=1. This

provides a basis for a quantum version of the classical Algo-
rithm 1; see Algorithm 2. The algorithm runs the BV algo-
rithm M times, each time terminating with a measurement
of s, to produce M realisations s[1], . . . , s[M ]. Approximate
estimates {↵̂i}

N
i=1 of the influences are then obtained by

collating the results of the quantum measurements.

5.4. Analysis

A clear difference between Algorithms 1 and 2 is the lack
of an “inner loop” in the latter. Moreover, in each (main)
iteration of the quantum algorithm, the BV algorithm is ex-
ecuted only once; hence, the Boolean function f is also
called just once in each iteration. The overall query com-
plexity of Algorithm 2 is thus O(M), which is a speed-up
over Algorithm 1 by a factor of N . For example, in the
case of the homography estimation instance in Fig. 3, this
represents a sizeable speed-up factor of 516.

In some sense, the BV algorithm computes the influences
exactly in one invocation of f ; however, limitations placed
by nature allows us to “access” the results using probabilis-
tic measurements only, thus delivering only approximate so-
lutions. Thankfully, the same arguments in Sec. 4.1 can
be made for Algorithm 2 to yield the probabilistic error
bound (26) for the results of the quantum version.

6. Conclusions and future work

We proposed one of the first quantum robust fitting algo-
rithms and established its practical usefulness in the com-
puter vision setting. Future work includes devising quan-
tum robust fitting algorithms that have better speed-up fac-
tors and/or tighter approximation bounds.

Acknowledgements

Shin Fang Ch’ng was supported by Australian Centre for
Robotic Vision (CE140100016).

References

[1] https://en.wikipedia.org/wiki/Hoeffding%

27s_inequality.
[2] Andris Ambainis. Understanding quantum algorithms via

query complexity. In International Congress of Mathemat-
ics, volume 4, pages 3283–3304, 2018.

[3] Nina Amenta, Marshall Bern, and David Eppstein. Opti-
mal point placement for mesh smoothing. J. Algorithms,
30(2):302–322, 1999.

[4] Thorsten Bernholt. Robust estimators are hard to com-
pute. Technical Report 52, Technische Universität Dort-
mund, 2005.

[5] Ethan Bernstein and Umesh Vazirani. Quantum complexity
theory. SIAM J. Comput., 26(5):1411–1473, October 1997.

[6] Elliott W. Cheney. Introduction to Approximation Theory.
McGraw-Hill, 1966.

[7] Tat-Jun Chin, Zhipeng Cai, and Frank Neumann. Robust
fitting in computer vision: easy or hard? In European Con-
ference on Computer Vision (ECCV), 2018.

[8] Tat-Jun Chin, Pulak Purkait, Anders Eriksson, and David
Suter. Efficient globally optimal consensus maximisation
with tree search. In IEEE Computer Society Conference on
Computer Vision and Pattern Recognition (CVPR), 2015.

7

In one evaluation of     , we compute
all the influences exactly!

The classical algorithm needs to
evaluate the function         times.

f

2. Preliminaries

Henceforth, we will refer to a data point pi via its index
i. Thus, the overall set of data D is equivalent to {1, . . . , N}

and subsets thereof are C ✓ D = {1, . . . , N}.
We restrict ourselves to residuals ri(x) that are quasi-

convex [15] (note that this restriction does not reduce the
hardness of maximum consensus [7]). Formally, if the set

{x 2 Rd
| ri(x)  ↵} (3)

is convex for all ↵ � 0, then ri(x) is quasiconvex. It will
be useful to consider the minimax problem

g(C) = min
x2Rd

max
i2C

ri(x), (4)

where g(C) is the minimised maximum residual for the
points in the subset C. If ri(x) is quasiconvex then (4) is
tractable in general [11], and g(C) is monotonic, viz.,

B ✓ C ✓ D =) g(B)  g(C)  g(D). (5)

Chin et al. [8, 7] exploited the above properties to develop
a fixed parameter tractable algorithm for maximum consen-
sus, which scales exponentially with the number of outliers.

A subset I ✓ D is a consensus set if there exists x 2 Rd

such that ri(x)  ✏ for all i 2 I. Intuitively, I contains
points that can be fitted within error ✏. In other words

g(I)  ✏ (6)

if I is a consensus set. The set of all consensus sets is thus

F = {I ✓ D | g(I)  ✏} . (7)

The consensus maximisation problem can be restated as

I
⇤ = argmax

I2F
|I|, (8)

where I
⇤ is the maximum consensus set. The maximum

consensus estimate x
⇤ is a “witness” of I⇤, i.e., ri(x⇤)  ✏

for all i 2 I
⇤, and |I

⇤
| =  (x⇤).

3. Influence as an outlying measure

Define the binary vector

z = [z1, . . . , zN ] 2 {0, 1}N (9)

whose role is to select subsets of D, where zi = 1 implies
that pi is selected and zi = 0 means otherwise. Define zC
as the binary vector which is all zero except at the positions
where i 2 C. A special case is

ei = z{i}, (10)

i.e., the binary vector with all elements zero except the i-th
one. Next, define

Cz = {i 2 D | zi = 1}, (11)

i.e., the set of indices where the binary variables are 1 in z.
Define feasibility test f : {0, 1}N 7! {0, 1} where

f(z) =

(
0 if g(Cz)  ✏;

1 otherwise.
(12)

Intuitively, z is feasible (f(z) evaluates to 0) if z selects a
consensus set of D. The influence of a point pi is

↵i = Pr [f(z� ei) 6= f(z)]

=
1

2N
��{z 2 {0, 1}N | f(z� ei) 6= f(z)}

�� .
(13)

In words, ↵i is the probability of changing the feasibility
of a subset z by inserting/removing pi into/from z. Note
that (13) considers all 2N unique instantiations of z.

The utility of ↵i as a measure of outlyingness was pro-
posed in [22], as we further illustrate with examples below.
Computing ↵i will be discussed from Sec. 4 onwards.

Note that a basic requirement for ↵i to be useful is that
an appropriate ✏ can be input by the user. The prevalent us-
age of the consensus formulation (2) in computer vision [9]
indicates that this is usually not a practical obstacle.

3.1. Examples

Line fitting The model M is a line parametrised by x 2

R2, and each pi has the form

pi = (ai, bi) (14)

The residual function evaluates the “vertical” distance

ri(x) = |[ai, 1]x� bi| (15)

from the line to pi. The associated minimax problem (4) is a
linear program [6], hence g(C) can be evaluated efficiently.

Fig. 1(a) plots a data instance D with N = 100 points,
while Fig. 1(b) plots the sorted normalised influences of the
points. A clear dichotomy between inliers and outliers can
be observed in the influence.

Multiple view triangulation Given observations D of a
3D scene point M in N calibrated cameras, we wish to
estimate the coordinates x 2 R3 of M. The i-th camera
matrix is Pi 2 R3⇥4, and each data point pi has the form

pi = [ui, vi]
T
. (16)

The residual function is the reprojection error

ri(x) =

����pi �
P

1:2
i x̃

P
3
i x̃

����
2

, (17)

2
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Output of quantum algorithm

• Unfortunately, limitations by nature allows us to access the 
information by quantum measurements only.
• We measure the top-N qubits of       in the standard basis: with 

probability

we obtain the value of 1 for the i-th qubit.
• As soon as a measurement is conducted, the quantum state        

collapses.

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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Note that the above steps involve only one “call” to Uf .
However, as soon as �4 is measured, the quantum state col-
lapses and the encoded probabilities vanish.

5.3. The algorithm

Algorithm 2 Quantum algorithm to compute influence.
Require: N input data points D, inlier threshold ✏, number

of iterations M .
1: for m = 1, . . . ,M do

2: s
[m]
 Run BV algorithm with D and ✏ and measure

top-N qubits in standard basis.
3: end for

4: for i = 1, . . . , N do

5: ↵̂i  
1
M

PM
m=1 s

[m]
i .

6: end for

7: return {↵̂i}
N
i=1.

Based on the setup above, running the BV algorithm
once provides a single observation of all {↵i}

N
i=1. This

provides a basis for a quantum version of the classical Algo-
rithm 1; see Algorithm 2. The algorithm runs the BV algo-
rithm M times, each time terminating with a measurement
of s, to produce M realisations s[1], . . . , s[M ]. Approximate
estimates {↵̂i}

N
i=1 of the influences are then obtained by

collating the results of the quantum measurements.

5.4. Analysis

A clear difference between Algorithms 1 and 2 is the lack
of an “inner loop” in the latter. Moreover, in each (main)
iteration of the quantum algorithm, the BV algorithm is ex-
ecuted only once; hence, the Boolean function f is also
called just once in each iteration. The overall query com-
plexity of Algorithm 2 is thus O(M), which is a speed-up
over Algorithm 1 by a factor of N . For example, in the
case of the homography estimation instance in Fig. 3, this
represents a sizeable speed-up factor of 516.

In some sense, the BV algorithm computes the influences
exactly in one invocation of f ; however, limitations placed
by nature allows us to “access” the results using probabilis-
tic measurements only, thus delivering only approximate so-
lutions. Thankfully, the same arguments in Sec. 4.1 can
be made for Algorithm 2 to yield the probabilistic error
bound (26) for the results of the quantum version.

6. Conclusions and future work

We proposed one of the first quantum robust fitting algo-
rithms and established its practical usefulness in the com-
puter vision setting. Future work includes devising quan-
tum robust fitting algorithms that have better speed-up fac-
tors and/or tighter approximation bounds.

Acknowledgements

Shin Fang Ch’ng was supported by Australian Centre for
Robotic Vision (CE140100016).

References

[1] https://en.wikipedia.org/wiki/Hoeffding%

27s_inequality.
[2] Andris Ambainis. Understanding quantum algorithms via

query complexity. In International Congress of Mathemat-
ics, volume 4, pages 3283–3304, 2018.

[3] Nina Amenta, Marshall Bern, and David Eppstein. Opti-
mal point placement for mesh smoothing. J. Algorithms,
30(2):302–322, 1999.

[4] Thorsten Bernholt. Robust estimators are hard to com-
pute. Technical Report 52, Technische Universität Dort-
mund, 2005.

[5] Ethan Bernstein and Umesh Vazirani. Quantum complexity
theory. SIAM J. Comput., 26(5):1411–1473, October 1997.

[6] Elliott W. Cheney. Introduction to Approximation Theory.
McGraw-Hill, 1966.

[7] Tat-Jun Chin, Zhipeng Cai, and Frank Neumann. Robust
fitting in computer vision: easy or hard? In European Con-
ference on Computer Vision (ECCV), 2018.

[8] Tat-Jun Chin, Pulak Purkait, Anders Eriksson, and David
Suter. Efficient globally optimal consensus maximisation
with tree search. In IEEE Computer Society Conference on
Computer Vision and Pattern Recognition (CVPR), 2015.

7

Focussing on the top-N qubits in �4, we have
X

s2{0,1}N

I(s) |si (38)

where

I(s) :=
X

t2{0,1}N

(�1)f(t)+s·t
. (39)

The significance of this result is as follows.

Theorem 1. Let s = [s1, . . . , sN ] 2 {0, 1}N . Then

↵i =
X

si=1

I(s)2. (40)

Proof. See [17, Sec. 3].

The theorem shows that the influences {↵i}
N
i=1 are “di-

rect outputs” of the quantum algorithm. However, physi-
cal laws permit us to access the information indirectly via
quantum measurements only [21, Chapter 4]. Namely, if we
measure in the standard basis, we get a realisation s with
probability I(s)2. The probability of getting si = 1 is thus

Pr(si = 1) =
X

si=1

I(s)2 = ↵i. (41)

Note that the above steps involve only one “call” to Uf .
However, as soon as �4 is measured, the quantum state col-
lapses and the encoded probabilities vanish.

5.3. The algorithm

Algorithm 2 Quantum algorithm to compute influence.
Require: N input data points D, inlier threshold ✏, number

of iterations M .
1: for m = 1, . . . ,M do

2: s
[m]
 Run BV algorithm with D and ✏ and measure

top-N qubits in standard basis.
3: end for

4: for i = 1, . . . , N do

5: ↵̂i  
1
M

PM
m=1 s

[m]
i .

6: end for

7: return {↵̂i}
N
i=1.

Based on the setup above, running the BV algorithm
once provides a single observation of all {↵i}

N
i=1. This

provides a basis for a quantum version of the classical Algo-
rithm 1; see Algorithm 2. The algorithm runs the BV algo-
rithm M times, each time terminating with a measurement
of s, to produce M realisations s[1], . . . , s[M ]. Approximate
estimates {↵̂i}

N
i=1 of the influences are then obtained by

collating the results of the quantum measurements.

5.4. Analysis

A clear difference between Algorithms 1 and 2 is the lack
of an “inner loop” in the latter. Moreover, in each (main)
iteration of the quantum algorithm, the BV algorithm is ex-
ecuted only once; hence, the Boolean function f is also
called just once in each iteration. The overall query com-
plexity of Algorithm 2 is thus O(M), which is a speed-up
over Algorithm 1 by a factor of N . For example, in the
case of the homography estimation instance in Fig. 3, this
represents a sizeable speed-up factor of 516.

In some sense, the BV algorithm computes the influences
exactly in one invocation of f ; however, limitations placed
by nature allows us to “access” the results using probabilis-
tic measurements only, thus delivering only approximate so-
lutions. Thankfully, the same arguments in Sec. 4.1 can
be made for Algorithm 2 to yield the probabilistic error
bound (26) for the results of the quantum version.

6. Conclusions and future work

We proposed one of the first quantum robust fitting algo-
rithms and established its practical usefulness in the com-
puter vision setting. Future work includes devising quan-
tum robust fitting algorithms that have better speed-up fac-
tors and/or tighter approximation bounds.

Acknowledgements

Shin Fang Ch’ng was supported by Australian Centre for
Robotic Vision (CE140100016).

References

[1] https://en.wikipedia.org/wiki/Hoeffding%

27s_inequality.
[2] Andris Ambainis. Understanding quantum algorithms via

query complexity. In International Congress of Mathemat-
ics, volume 4, pages 3283–3304, 2018.

[3] Nina Amenta, Marshall Bern, and David Eppstein. Opti-
mal point placement for mesh smoothing. J. Algorithms,
30(2):302–322, 1999.

[4] Thorsten Bernholt. Robust estimators are hard to com-
pute. Technical Report 52, Technische Universität Dort-
mund, 2005.

[5] Ethan Bernstein and Umesh Vazirani. Quantum complexity
theory. SIAM J. Comput., 26(5):1411–1473, October 1997.

[6] Elliott W. Cheney. Introduction to Approximation Theory.
McGraw-Hill, 1966.

[7] Tat-Jun Chin, Zhipeng Cai, and Frank Neumann. Robust
fitting in computer vision: easy or hard? In European Con-
ference on Computer Vision (ECCV), 2018.

[8] Tat-Jun Chin, Pulak Purkait, Anders Eriksson, and David
Suter. Efficient globally optimal consensus maximisation
with tree search. In IEEE Computer Society Conference on
Computer Vision and Pattern Recognition (CVPR), 2015.

7



Quantum influence computation

• We thus invoke the BV algorithm and measurement M times and collect the “statistics” 
of the measurement.

• Compared to the classical algorithm, the quantum algorithm is N times faster.
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Algorithm 1 Classical algorithm to compute influence.
Require: N input data points D, combinatorial dimension

k, inlier threshold ✏, number of iterations M .
1: for m = 1, . . . ,M do

2: z
[m]
 Randomly choose k-tuple from D.

3: for i = 1, . . . , N do

4: if f(z[m]
� ei) 6= f(z[m]) then

5: X
[m]
i  1.

6: else

7: X
[m]
i  0.

8: end if

9: end for

10: end for

11: for i = 1, . . . , N do

12: ↵̂i  
1
M

PM
m=1 X

[m]
i .

13: end for

14: return {↵̂i}
N
i=1.

By Hoeffding’s inequality [1], we have

Pr(|↵̂i � ↵i| < �) > 1� 2e�2M�2 (26)

where � is a desired maximum deviation. In words, (26)
states that as the number of samples M increases, ↵̂i con-
verges probabilistically to the true influence ↵i.

4.2. Results

Fig. 2 illustrates the results of Algorithm 1 on the data in
Fig. 1. Specifically, for each input instance, we plot in Fig. 2
the proportion of {↵̂i}

N
i=1 that are within distance � = 0.05

to the true {↵i}
N
i=1, i.e.,

1

N

NX

i=1

I(|↵̂i � ↵i| < 0.05), (27)

as a function of number of iterations M in Algorithm 1.
The probabilistic lower bound 1 � 2e�2M�2 is also plotted
as a function of M . The convergence of the approximate
influences is clearly as predicted by (26).

Fig. 3 shows the approximate influences computed using
Algorithm 1 on a bigger input instance (N = 516 corre-
spondences) for homography estimation. Despite using a
small number of iterations (M ⇡ 800), the inliers and out-
liers can be dichotomised well using the influences.

5. Quantum algorithm

We describe a quantum version of Algorithm 1 for influ-
ence computation and investigate the speed-up provided.

5.1. Quantum circuit

We use the Bernstein-Vazirani (BV) circuit [5] originally
designed to solve linear Boolean functions; see Fig. 4.
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Figure 2. Comparing approximate influences from Algorithm 1
with the true influences (13), for the problem instances in Fig. 1.
The error of the approximation (magenta) is within the probabilis-
tic bound (green). See Sec. 4.2 on the error metric used.
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Analysis

• By regarding each quantum measurement as sampling from a 
Bernoulli random variable with mean      , we can use Hoeffding’s
inequality to bound the error:

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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(e) Feature correspondences across two views.
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Figure 1. Data instances D with outliers (left column) and their normalised influences (right column). Row 1 shows a line fitting instance
with d = 2 and N = 100; Row 2 shows a triangulation instance with d = 3 and N = 34; Row 3 shows a homography estimation instance
with d = 8 and N = 20. In each result, the normalised influences were thresholded at 0.3 to separate the inliers (blue) and outliers (red).
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Exact influences

Error of approximate influences over M iterations
vs probabilistic bound.

Algorithm 1 Classical algorithm to compute influence.
Require: N input data points D, combinatorial dimension

k, inlier threshold ✏, number of iterations M .
1: for m = 1, . . . ,M do

2: z
[m]
 Randomly choose k-tuple from D.

3: for i = 1, . . . , N do

4: if f(z[m]
� ei) 6= f(z[m]) then

5: X
[m]
i  1.

6: else

7: X
[m]
i  0.

8: end if

9: end for

10: end for

11: for i = 1, . . . , N do

12: ↵̂i  
1
M

PM
m=1 X

[m]
i .

13: end for

14: return {↵̂i}
N
i=1.

By Hoeffding’s inequality [1], we have

Pr(|↵̂i � ↵i| < �) > 1� 2e�2M�2 (26)

where � is a desired maximum deviation. In words, (26)
states that as the number of samples M increases, ↵̂i con-
verges probabilistically to the true influence ↵i.

4.2. Results

Fig. 2 illustrates the results of Algorithm 1 on the data in
Fig. 1. Specifically, for each input instance, we plot in Fig. 2
the proportion of {↵̂i}

N
i=1 that are within distance � = 0.05

to the true {↵i}
N
i=1, i.e.,

1

N

NX

i=1

I(|↵̂i � ↵i| < 0.05), (27)

as a function of number of iterations M in Algorithm 1.
The probabilistic lower bound 1 � 2e�2M�2 is also plotted
as a function of M . The convergence of the approximate
influences is clearly as predicted by (26).

Fig. 3 shows the approximate influences computed using
Algorithm 1 on a bigger input instance (N = 516 corre-
spondences) for homography estimation. Despite using a
small number of iterations (M ⇡ 800), the inliers and out-
liers can be dichotomised well using the influences.

5. Quantum algorithm

We describe a quantum version of Algorithm 1 for influ-
ence computation and investigate the speed-up provided.

5.1. Quantum circuit

We use the Bernstein-Vazirani (BV) circuit [5] originally
designed to solve linear Boolean functions; see Fig. 4.

0   500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Number of Iterations, M

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

P
ro

b
a

b
ili

ty

(a) Result for the line fitting instance in 1(a).
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(b) Result for the triangulation instance in 1(c).
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(c) Result for the homography estimation instance in 1(e).

Figure 2. Comparing approximate influences from Algorithm 1
with the true influences (13), for the problem instances in Fig. 1.
The error of the approximation (magenta) is within the probabilis-
tic bound (green). See Sec. 4.2 on the error metric used.
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Figure 1. Data instances D with outliers (left column) and their normalised influences (right column). Row 1 shows a line fitting instance
with d = 2 and N = 100; Row 2 shows a triangulation instance with d = 3 and N = 34; Row 3 shows a homography estimation instance
with d = 8 and N = 20. In each result, the normalised influences were thresholded at 0.3 to separate the inliers (blue) and outliers (red).

3



by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.

Exact influences

Error of approximate influences over M iterations
vs probabilistic bound.

Algorithm 1 Classical algorithm to compute influence.
Require: N input data points D, combinatorial dimension

k, inlier threshold ✏, number of iterations M .
1: for m = 1, . . . ,M do

2: z
[m]
 Randomly choose k-tuple from D.

3: for i = 1, . . . , N do

4: if f(z[m]
� ei) 6= f(z[m]) then

5: X
[m]
i  1.

6: else

7: X
[m]
i  0.

8: end if

9: end for

10: end for

11: for i = 1, . . . , N do

12: ↵̂i  
1
M

PM
m=1 X

[m]
i .

13: end for

14: return {↵̂i}
N
i=1.

By Hoeffding’s inequality [1], we have

Pr(|↵̂i � ↵i| < �) > 1� 2e�2M�2 (26)

where � is a desired maximum deviation. In words, (26)
states that as the number of samples M increases, ↵̂i con-
verges probabilistically to the true influence ↵i.

4.2. Results

Fig. 2 illustrates the results of Algorithm 1 on the data in
Fig. 1. Specifically, for each input instance, we plot in Fig. 2
the proportion of {↵̂i}

N
i=1 that are within distance � = 0.05

to the true {↵i}
N
i=1, i.e.,

1

N

NX

i=1

I(|↵̂i � ↵i| < 0.05), (27)

as a function of number of iterations M in Algorithm 1.
The probabilistic lower bound 1 � 2e�2M�2 is also plotted
as a function of M . The convergence of the approximate
influences is clearly as predicted by (26).

Fig. 3 shows the approximate influences computed using
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small number of iterations (M ⇡ 800), the inliers and out-
liers can be dichotomised well using the influences.

5. Quantum algorithm

We describe a quantum version of Algorithm 1 for influ-
ence computation and investigate the speed-up provided.

5.1. Quantum circuit

We use the Bernstein-Vazirani (BV) circuit [5] originally
designed to solve linear Boolean functions; see Fig. 4.
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Figure 2. Comparing approximate influences from Algorithm 1
with the true influences (13), for the problem instances in Fig. 1.
The error of the approximation (magenta) is within the probabilis-
tic bound (green). See Sec. 4.2 on the error metric used.
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(e) Feature correspondences across two views.
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Figure 1. Data instances D with outliers (left column) and their normalised influences (right column). Row 1 shows a line fitting instance
with d = 2 and N = 100; Row 2 shows a triangulation instance with d = 3 and N = 34; Row 3 shows a homography estimation instance
with d = 8 and N = 20. In each result, the normalised influences were thresholded at 0.3 to separate the inliers (blue) and outliers (red).
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Quantum speed-up

• Homography estimation instance with N = 516 correspondences. The 
quantum approach will speed-up the (approximate) influence 
computation by a factor of 516!

by T.-J. Chin Mathematical Programming Approaches, RANSAC in 2020.
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Figure 3. (a) A homography estimation instance with N = 516
correspondences, separated into inliers (blue) and outliers (red)
according to the normalised approximate influences in (b), which
were computed using Algorithm 1. Note that only about M = 800
iterations were used in Algorithm 1 to achieve this result.

For our application, our circuit builds an (N + 1)-qubit
system, where N is the number of points D. At the input
stage, the system contains quantum registers

|zi ⌦ |yi = |zi |yi , (28)

where, as before, z is a binary vector indicating selection of
points in D, and y is a dummy input.

The Boolean function f (12) and the underlying data D

|zi

|yi

H
⌦N

Uf

H
⌦N

�4

H H

�1 �2 �3

Figure 4. Quantum circuit for influence computation.

are implemented in the quantum oracle Uf , where

Uf |zi |yi = |zi |y ⌦ f(z)i (29)

and � is bit-wise XOR. Recall that by considering only qua-
siconvex residual functions (Sec. 2), f is classically solv-
able in polynomial time, thus its quantum equivalent Uf

will also have an efficient implementation (requiring poly-
nomial number of quantum gates) [19, Sec. 3.25]. Fol-
lowing the analysis of the well-known quantum algorithms
(e.g., Grover’s search, Shor’s factorisation algorithm), we
will mainly be interested in the number of times we need to
invoke Uf (i.e., the query complexity of the algorithm [2])
and not the implementation details of Uf (Sec. 5.4).

5.2. Quantum operations

Our usage of BV follows that of [13, 17] (for basics of
quantum operations, see [21, Chapter 5]). We initialise with
|zi = |0i and |yi = |1i thus

�1 = |0i |1i . (30)

The next operation consists of N + 1 Hadamard gates
H

⌦(N+1); the behaviour of n Hadamard gates is as follows

H
⌦n

|qi =
1

p
2n

X

t2{0,1}n

(�1)q·t |ti , (31)

hence

�2 = H
⌦(N+1)�1 (32)

=
1

p

2N

X

t2{0,1}N

|ti
|0i � |1i

p
2

. (33)

Applying Uf , we have

�3 = Uf�2 (34)

=
1

p

2N

X

t2{0,1}N

(�1)f(t) |ti
|0i � |1i

p
2

. (35)

Applying the Hadamard gates H⌦(N+1) again,

�4 = H
⌦(N+1)�3 (36)

=
1

2N

X

s2{0,1}N

X

t2{0,1}N

(�1)f(t)+s·t
|si |1i . (37)
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