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Preface

The Computer Vision Winter Workshop is an annual meeting formed around four groups: the Pattern Recognition and
Image Processing Group, TU Vienna, the Computer Vision Lab of the University of Ljubljana, the Institute for Computer
Graphics and Vision, TU Graz, and the Center for Machine Perception, CTU Prague. The main goals of the workshop are
to communicate fresh ideas within the four groups, and to provide conference experience to PhD students. Nevertheless, the
workshop is open to everyone.

The 19th CVWW 2014 was organized jointly by the Czech Society for Cybernetics and Informatics and the Center of Machine
Perception at CTU Prague. It was held in Křtiny, Czech Republic, February 3–5, 2014.

Besides papers selected by the review process, two invited talks were also included. We would like to express our thanks to
Ivan Laptev, INRIA, and Helmut Pottmann, KAUST, for their invited contributions.

We extend our thanks to the members of the program committee for their time and the valuable feedback in their reviews.

Last but not least, we would like to thank the following people that made the organization of the workshop easier: Vít Zýka
(proceedings), Daniel Večerka (software support). We thank to all senior members of the CMP group for their advice. Very
special thanks belong to Eva Matysková for her immense contribution to the organisation of the workshop.

Zuzana Kúkelová
Jan Heller
Prague, January 2014
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Abstract In this paper, we present a novel defuzzification
approach by feature distance minimization with an adapted
Minkowski distance. The proposed approach aims at pro-
viding a segmented image through the defuzzification of
the fuzzy partitions of the original image. A mathemati-
cal derivation of which best pixel would be added/removed
to/from the alpha-region of the crisp set is described. And,
an evaluation of the proposed approach is carried out.

1 Introduction

A gray-scale object may be considered as a fuzzy set, where
each pixel is defined with a membership function [1]. The
membership values can be of real interest to conduct the seg-
mentation of an image into regions of interest, especially
that they are required in fuzzy clustering approaches. Dur-
ing this process, one should integrate more features that will
represent these regions by their geometrical properties as
shape, area, perimeter,etc. Amongst a whole set ofN pos-
sibly informative measurements, feature selection aims at
selecting a subset ofn features from the given set ofN mea-
surements, wheren<N [2].

Preserving some relevant features of the original object
in the fuzzy discrete representation aids in the recovering
of a crisp object when defuzzifying that representation. De-
fuzzification by feature distance minimization achieves such
preservation of the relevant features in the fuzzy discrete
representation. In order to get an output object that resem-
bles the original crisp object, the selection of features that
will be included in the defuzzification should take into ac-
count their relevance (i.e. shape preservation and applica-
tion), and how well is their preservation in fuzzification. In-
tuitively, points with high membership degrees to the fuzzy
object should be included in its crisp representation, and
those with low membership degrees should be assigned to
the background. This can be achieved by using the member-
ship degree values of the points as features in the distance
measure [3]. Here, one can work onsimilarity spacein-

stead of feature space (i.e. for the purpose of clustering).
Thus, if one can find a similarity measure derived from the
object features which is considered appropriate for the prob-
lem domain, then a single number can capture the essential
closeness of a given pair of objects, and any further analysis
can be based only on those numbers [4]. The effectiveness
of object recognition is highly dependent on the accurate
identification of shapes of clusters. which are determined
by the choice of the distance measure [5]. For example, the
Euclidean distance is often used to reflect dissimilarity be-
tween two patterns and is known to work well when all clus-
ters are spheroids or when all clusters are well separated [6].
The use of the Minkowski dissimilarity measure in the paper
was due to its allowance of varying the assumptions of the
shape of the clusters by varying the orderm. The most often
used value ism = 2 that assumes a circular cluster shape.
Usingm = 1 assumes that the clusters are in the shape of a
(rotated) square in two dimensions or a diamond like shape
in three or more dimensions. Form = ∞, the clusters are
assumed to be in the form of a box with sides parallel to the
axes [7].

In this paper, we present a novel defuzzification ap-
proach by feature distance minimization with an adapted
Minkowski distance. The idea is based on the use of float-
ing point search for finding the best crisp set from Fuzzy
C-Means clustering using Minkowski distance.

The novelty of the proposed approach lies in the use of
a new defuzzification that embeds an improved Minkowski
distance, which takes into account both the membership de-
gree values of the elements of the fuzzy set, and the spatial
relationships.

The paper is organized as follows: Section 2 gives an
overview of different dissimilarity measures, and the rea-
sons behind using Minkowski distance. Section 3 introduces
notations used in the paper, fuzzy and crisp sets, and Fuzzy
C-Means. In Section 4, we describe the proposed approach,
combining Fuzzy C-Means, the new defuzzification process,
and an improved Minkowski distance. We evaluate the pro-
posed approach in Section 5, and conclude the paper in Sec-
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tion 6.

2 Dissimilarity Measures

Given two sequences of measurements fromX =
{xi : i = 1, ..., n} ∈ Rn andY = {yi : i = 1, ..., n} ∈ Rn

such thatn is the size of the input image. The dissimi-
larity betweenX and Y is a measure that quantifies the
independency between the sequences [8], For the purpose
of this paper, we assume thatX andY represent the fuzzy
set and the crisp set, respectively, provided thatxi andyi

represent the membership degrees and the pixel intensities,
respectively.

The termdistanceis often used informally to refer to a
dissimilarity measureM derived from the characteristics de-
scribing the objects (i.e. Euclidean distance) [9].

A metric M(X,Y) is considered a dissimilarity measure if
a higher value is produced as corresponding values inX and
Y become less dependent, and which satisfies the following
for all X ∈ Rn andY ∈ Rn [8]:

• Non-negativity:M(X,Y ) ≥ 0;

• Reflexivity: M(X,Y ) = 0 if an only if X = Y ;

• Symmetry:M(X,Y ) = M(Y,X);

• Triangle inequality:M(X,Y ) + M(Y,Z) ≥M(X,Z).

Thus, in order to measure dissimilarity, one of the parame-
ters that can be used isdistance. This category of measures
is known as separability, divergence, or discrimination mea-
sures [9].

In clustering analysis, choosing the appropriate dissimi-
larity measure is required. The most commonly used mea-
sures in clustering analysis are: (1) Euclidean distance, (2)
Manhattan distance, (3) Minkowski distance, and (4) Maha-
lanobis distance.

Euclidean distanced2 (xi,xj), wherexi andxj are p-
dimensional features, withp ∈ N∗

+ is the most popular mea-
sure of dissimilarity, and the most common distance metric
used. It is the usual manner in which distance is measured
in the real world [10], and is defined by [11]:

d2 (xi,xj) =

√√
√
√

p∑

k=1

(xik − xjk)2 (1)

Euclidean distance works when each cluster has a shape
of a hyper-sphere in space, but, has poor performance when
the cluster has a shape of a hyper-ellipsoid [11].

The drawback of Euclidean distance is that it ignores the
similarity between attributes, as each attribute is treated as
totally different from all other attributes, and does not work
well in high dimensions and for categorical variables [10].
In order to overcome this drawback, Gustafon and Kessel
distance can be utilized, which is able to discriminate ellip-
soidal cluster shapes [4].

Manhattan distance gets its name from the rectangular
grid patterns of streets in midtown Manhattan, and is defined
by [7]:

dManhattan (xi,xj) =
p∑

k=1

|xik − xjk| (2)

In some situations, this metric is more preferable to Eu-
clidean distance, since the distance along each axis is not
squared, and thus, a large difference in one dimension will
not dominate the total distance [7].

Mahalanobis distance is the distance between an observa-
tion and the centre for each group in a p-dimensional space
defined byp variables and their covariance. Thus, a small
value of Mahalanobis distance increases the chance of an
observation to be closer to the groups center, and the more
likely it would be assigned to that group [14]. Mahalanobis
distance is defined by [14]:

dMahalanobis (xi,xj) =

√√
√
√(xi − xj)

T
−1∑

xi − xj (3)

where
∑−1 is the inverse covariance matrix.

If there are two non-correlated variables, the Maha-
lanobis distance between the points of the variables in a 2D
scatter plot is the same as the Euclidean distance [15].

Unlike most other distance measures, Mahalanobis dis-
tance is not dependent upon the scale on which the variables
are measured since it is normalized [14].

Minkowski distance is a generalization of Euclidean and
Manhattan distances [12], and is defined by [11]:

dm (xi,xj) = m

√√
√
√

p∑

k=1

|xik − xjk|
m (4)

wherem is a real number, such thatm ≥ 1. Whenm = 1,
it represents the Manhattan distance, and whenm = 2, it
represents the Euclidean distance [13].

Minkowski distance provides a concise, parametric dis-
tance function that generalizes many of the distance func-
tions used in the literature. The advantage of using this
distance is that mathematical results can be shown for the
whole class of distance functions, and the user can adapt
the distance function to suit the needs of the application by
modifying the Minkowski parameterm [12].

3 Background Notations

In this section, the notations of crisp sets, fuzzy sets, core
of a fuzzy set, support of a fuzzy set,α − cut of a fuzzy,
and Fuzzy C-Means will be explained (sets are usually de-
noted by upper case letters, and their members by lower case
letters [16]).

A crisp setA in the universe of discourseU has a binary
membership function, and thus, has no uncertainty. It is de-
fined as a set of ordered pairs [17]:

A = {(x, φA (x)) | x ∈ U} (5)

whereφA(x) is the binary membership function:φA(x) = 1
if x ∈ A, andφA(x) = 0 if x /∈ A. φA(x) ∈ {0, 1} [17].

A fuzzy setA∼ in the universe of discourseU has a fuzzy
membership function, in which fuzziness (uncertainty) ex-
ists. It is defined as a set of ordered pairs [17]:

A∼ = {(x, μA∼ (x)) | x ∈ U} (6)
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whereμA∼ is the fuzzy membership function that mapsx
to a membership degree between 0 and 1.μA∼(x) ∈ [0, 1]
[17].

The core of a fuzzy setA
∼

in the universe of discourse
U is a crisp set that contains all the elements ofU that have
membership values inA

∼
equal to 1, that is [18]:

core (A∼) = {(x ∈ U) | μA∼ (x) = 1} (7)

Thesupportof a fuzzy setA
∼

in the universe of discourse
U is a crisp set that contains all the elements ofU that have
nonzero membership values inA

∼
, that is [19]:

supp (A∼) = {(x ∈ U) | μA∼ (x) > 0} (8)

An α − cut a fuzzy setA
∼

is a crisp setA∼
α that con-

tains all the elements inU that have membership values in
A greater than or equal toα, that is [19]:

A∼
α = {x ∈ U | μA∼ (x) ≥ α} (9)

Let X = {x1, ..., xb, ..., xn} be a set ofn objects, and
V = {v1, ..., vb, ..., vc} be a set ofc centroids in ap-
dimensional feature space. The Fuzzy C-Means partitionsX
into c clusters by minimizing the following objective func-
tion [4]:

J =
n∑

j=1

c∑

i=1

(uij)
m ‖xj − vi‖

2 (10)

where1 ≤ m ≤ ∞ is the fuzzifier, vi is the ith centroid
corresponding to clusterβi, uij ∈ [0, 1] is the fuzzy mem-
bership of the patternxj to clusterβi, and‖.‖ is the distance
norm such that,

vi =
1
ni

n∑

j=1

(uij)
m

xj where ni =
n∑

j=1

(uij)
m (11)

and

uij =
1

∑c
k=1

(
dij

dkj

) 2
m−1

where d2
ij = ‖xj − vi‖

2

(12)

FCM starts by randomly choosingc objects as centroids
(means) of thec clusters. Memberships are calculated based
on the relative distance (Euclidean distance) of the object
xj to the centroids using Eq. (12). After the memberships
of all objects have been found, the centroids of the clusters
are calculated using Eq. (11). The process stops when the
centroids from the previous iteration are identical to those
generated in the current iteration [4].

4 Defuzzification by Feature Distance
Minimization

Defuzzification by distance minimizationD(A) of a fuzzy
setA on a reference setX, with respect to the distanced, is
[3]:

D (A) ∈ {C ∈ P (X) | d (A,C) =

minB∈P (X) [d (A, B) ]}
(13)

whereP(X) is the set of crisp subsets of a power set, and
d is the Minkowski distance between the vector representa-
tions of both the fuzzy set and the crisp subset, such that the
fuzzy set is represented by its membership values that serve
as separate features for every individual pixel [3].

This type of defuzzification of a fuzzy segmented
image can be seen as an alternative to crisp segmentation,
where, instead of crisp segmentation of gray level images,
fuzzy segmentation is performed, and then followed by
defuzzification [3].

4.1 Minimizing the distance between fuzzy and crisp
sets

Floating search methods - SFFS (Sequential Forward Float-
ing Selection) and SBFS (Sequential Backward Floating Se-
lection) - are considered a development of thel-r algorithm,
in which the values (features) ofl andr are allowed tofloat,
that is, they may change at different stages of the selection
procedure [20]. Thus, floating search makes it flexible to
change features so as to approximate the optimal solution as
much as possible [21].

In FCM-FloatingSearch(see algorithm below), the en-
hancement of the floating search methods is the introduction
of the fuzzy membership values and the neighbourhood
information. Provided that both adding and removing pixels
during region growing is allowed to happen [3].

FCM-FLOATINGSEARCH()
1 call fuzzycmeans;
2 input grayscale image;
3 fuzzySet← fuzzy segmented image;
4 membershipMatrix ← μ; / ∗ μ is the degree of
5 membership ∗ /
6 n← area(support(fuzzySet)\
7 α− cut(fuzzySet);
8 C0 = α− cut(fuzzySet);
9 for i = 1 to n

10 do
11 Ci ← φ; / ∗ empty set ∗ /
12 k ← 0;
13 / ∗ add best pixel that minimizes the distance
14 between the fuzzy set and the crisp set ∗ /
15 while k < n
16 do
17 among the pixel p being 4− neighbourhood
18 of Ck and not in Ck;
19 if pixel p ∈ support(fuzzySet)
20 then
21 p← degree of membwership;
22 select the pixel p with the highest degree
23 of membership; / ∗ minimizes
24 d∼

m (fuzzySet, Ck ∪ {p}) ∗ /
25 Cnew ← Ck ∪ {p} ;
26 if Ck+1 ← 0 ‖ d∼m (fuzzySet, Cnew) <
27 d∼

m (fuzzySet, Ck+1)
28 then
29 Ck+1 ← Cnew;
30 k ← k + 1;
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31 / ∗ possibly remove pixel ∗ /
32 do
33 change← false;
34 among the pixels p being 4− neighbourhood of
35 ∼ Ckand not in α − cut(fuzzySet); /∗ ∼ Ck is
36 the complementof Ck ∗ /
37 if pixels ∈ Ck

38 then p← degree of membership;
39 select the pixel p with lowest degree of
40 membership; / ∗ minimizes d∼

m(fuzzySet,
41 Ck\{p}) ∗ /
42 Cnew ← Ck \ {p} ;
43 k ← k − 1;
44 change← true;
45 while change && k > 0

In each iteration of theFCM-FloatingSearchalgorithm,
either for adding or removing a pixel, that selected pixel
would be the pixel being a 4-neighbourhood of a crisp set
Ck, and the one that minimizes the distance between the
fuzzy set (fuzzy partition) and the crisp set (segmented im-
age), including the added pixel in the iteration where we add
pixels, and between the fuzzy set and the crisp set excluding
the removed pixel in the iteration where we would possibly
remove pixels. Fig.1 depicts theFCM-FloatingSearchal-
gorithm general process. In sections 4.2 and 4.3, we show
what would be considered the best added/removed pixel that
minimizes the distance between the fuzzy set and the crisp
set.

Figure 1: FCM-FloatingSearch

4.2 Adding best pixel

The pixel to be added to the crisp set at each iteration of the
floating search algorithm has to meet three conditions: (1)
belonging to the support and not theα − cut of the fuzzy
set, (2) being a 4-neighbourhood of the crisp set, and (3)
minimizing the distance between the fuzzy set and the crisp
set including the added pixel.

The Minkowski distance between the fuzzy setf (i.e.
fuzzy segmented image) and the crisp setCk at iterationk
is:

dm (Ck, f) = m

√√
√
√

length(Ck)∑

i=1

| Ck (i)− f (i) |m (14)

After adding a pixel pi to the crisp set, the
Minkowski distance betweenf and the new crisp set
Cnew

(
Ck∪{pi}

)
becomes:

dm (Cnew, f) = m

√√
√
√

length(Ck)∑

i=1

| Cnew (i)− f (i) |m (15)

Eq. (15) can be rewritten as:

dm (Cnew, f) = ( | Cnew (pi)− f (pi) |
m +

length(Ck)∑

i=1;i 6=pi

| Ck (i) − f (i) |m )1/m (16)

The difference betweenCk andCnew is only in the element
at locationpi. Thus, in order to includepi in Ck, |Ck (pi) −
f (pi) |m would be subtracted from|Cnew (pi) − f (pi) |m,
and the conditionj 6= pi in the summation of Eq. (16)
would be removed.

As the singleton pixelpi is added toCnew, Cnew (pi) =
1, and the corresponding location inCk (pi) = 0. By sub-
stituting those values , we get:

d∼
m (Cnew, f) = ( | 1− f(pi) |

m −| − f(pi)|
m+

length(Ck)∑

i=1

| Ck (i) − f (i) |m )1/m (17)

Assuming thatf(pi) represents the degree of membership of
some pixel, which, at the same time, represents the feature
of that pixel, it can be noticed from Eq. (17) that as the value
of f(pi) increases, the distance value decreases.

So, when selecting the pixel that minimizes the distance
between the fuzzy set and the crisp set, the pixel with the
highestdegree of membership is the pixel which will be
added.

4.3 Removing pixels

The pixel to be removed from the crisp set at each iteration
of the floating search algorithm has to meet three conditions:
(1) belonging to the crisp set and not to theα-cut of the
fuzzy set, (2) being a 4-neighbourhood of the crisp set com-
plement, and (3) minimizing the distance between the fuzzy
set and the crisp set excluding the removed pixel.

After removing a pixel pi from the crisp set, the
Minkowski distance betweenf and the new crisp set
Cnew

(
Ck\{pi}

)
becomes:

dm (Cnew, f) = m

√√
√
√

length(Ck)∑

i=1

| Cnew (i)− f (i) |m (18)
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Following the procedure as that in section 4.2, we conclude:

d∼m (Cnew, f) = ( | −f(pi) |
m −|1− f(pi)|

m+
length(Ck)∑

i=1

| Ck (i) − f (i) |m )1/m
(19)

It can be noticed from Eq. (19) that as the value off(pi)
decreases. the distance value decreases.

So, when selecting the pixel that minimizes the distance
between the fuzzy set and the crisp set, the pixel with the
lowestdegree of membership is the pixel which will be re-
moved.

4.4 Novelty of the proposed distance

The proposed distance, in contrast to other distance mea-
sures, takes into account themembership degreevalues of
the elements in the fuzzy set, in addition to thespatial rela-
tionship(neighbourhood information). It is also very flexi-
ble in trying to minimize the distance, as the approach tries
to enhance the result when adding/removing pixels.

Example: A = {1.3, 5.4, 3.7, 2.1, 4.5}; B =
{6.8, 2.3, 7.9, 10.1, 3.7}; C = {5.3, 9.4, 3.1, 4.8, 9.9};
(assumptions:m = 2, degree of membership when adding
pixel = 1, degree of membership when removing
pixel = 0)

For comparing the result of the proposed distance
with the Euclidean distance, Manhattan distance, and
the classical Minkowski distance, two approaches can be
used (Since we need to know the covariance of the data
for Mahalanobis distance, which is not always available,
Mahalanobis distance was not used in this example as it is
beyond its scope) :
(i) Calculate the distance between themedianof the two
sets:
d2 (A,B) = 3.1
dManhattan (A,B) = 3.1
dm (A,B) = 3.1
d∼

m(A,B) = 2,93

(ii) Find the average of the distances between each
pair:
d2 (A,B) = 4.32
dManhattan (A,B) = 4.32
dm (A,B) = 4.32
d∼

m(A,B) = 4.12

It can be noticed that the proposed distance gives the
lowest value among the other distances, which is an
important characteristic inFCM-FloatingSearch.

The proposed distance can be considered as ametric, as it
complies with the metric postulates mentioned insection 2,
that is,non-negativity, reflexivity, symmetry, andtriangle in-
equality. Provided that, in the case of reflexivity, the fuzzy
set is considered a crisp set as they are equal, and can be
treated as the classical Minkowski distance (fuzzy member-
ship values omitted).

• Non-negativity:d∼m(A,B) = 11.00

• Reflexivity: d∼m(A, A) = 0

• Symmetry:d∼m(A,B) = d∼
m(B,A) = 11.00

• Triangle inequality:d∼m(A,B) + d∼m(B,C){22.88}> d∼
m(A,C)

{8.23}

5 Evaluation

In this section, we will quantitatively evaluate our seg-
mentation results produced by theFCM-FloatingSearch
algorithm. We will follow a low level supervised evaluation
criteria, that is, the segmentation output is what would only
be considered in the evaluation, and the original image
information will not be taken into account. Such assessment
of the quality of segmentation is achieved by comparing the
segmentation output to a ground truth [24].

5.1 Image database

An image database [25] composed of synthetic images hav-
ing a ground truth was used. The database1 includes 8400
images. Images used in the study were specifically extracted
from theB0U group which is composed of 100% textured
regions.

5.2 Influence of the FCM fuzzifier

The fuzzifierm ∈ [1, +∞) has a significant impact on the
performance of FCM. It controls the amount of fuzziness
of the final C-partition in the FCM algorithm [22]. Pal and
Bezdek suggested that the value ofm is probably in the in-
terval [1.5, 2.5] [23]. Huang et al [22] suggest that the range
of values ofm that create significant changes in the FCM
membership values, and which are considered as effective
boundaries for the level of fuzziness, is approximately
[1.4, 2.6]. They also recommend that an analyst should
not be concerned about the changes of the membership
values outside of these boundaries, as they encapsulate the
uncertainty associated with the level of fuzziness parameter.
For m, most researchers adoptm = 2 when performing
the FCM algorithm [22]. Although, if we take the average
of the above two suggested boundaries: (1.5+2.5)/2=2 and
(1.4+2.6)/2=2. Thus, the fuzziness parameter value chosen
in this paper is 2.

5.3 Segmentation results

Images extracted from theB0U group of the database were
segmented according to theFCM-FloatingSearchprocess
shown in Fig. 1. In order to analyze the segmentation re-
sults (quality, accuracy, extracted information, ...etc), nine
observation criteria have been used [26]:Precision, Recall,
and theDice index(or F-measure), which characterize the
overall quality of the segmentation area. TheManahattan
(or Matching) indexgives the ability to study the similarity
rate of the entire image. TheJaccard(or Tanimoto) index
studies the similarity rate between two segmentation areas.
The above criteria are based on statistical tests of true or
false positives, denoted TP and FP, respectively. And, true
or false negatives, denoted, TN and FN, respectively.

1 http://www.ecole.ensicaen.fr/˜rosenber/ressources UK.html
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PrecisionandRecallare defined by:

Precision =
TP

TP + FP
and Recall =

TP

TP + FN
(20)

TheDice indexis defined by:

Dice index = 2.0×
Precision ×Recall

Precision + Recall
(21)

TheManhattan indexis defined by:

Manhattan index =
TP + TN

TP + FP + TN + FN
(22)

and, theJaccard indexis defined by:

Manhattan index =
TP

TP + FP + FN
(23)

The other criteria are:Hamming measure, which calcu-
lates the number of disparities between two images, and is
defined by:

MH (I1 ⇒ I2) = n−
∑

R2∈I2

maxR1∈I1 |R2 ∩R1| (24)

whereR1 andR2 are segmentation areas in the images
I1 andI2, respectively. And,n is the number of pixels of
one image.

Themean absolute distance(MAD), which analyzes the
contour points, and thus, the shape of the segmentation, is
defined by:

MAD (R1, R2) =
1
M

M∑

m=1

‖xm − ym‖ (25)

wherexm andym are contour points ofR1 andR2, re-
spectively.

And, the structural similarity (SSIM) for the extracted
structural information, is defined by:

SSIM (R1, R2) =
(2m1m2 + k1) (2cov1,2 + k2)

(m2
1 + m2

2 + k1) (σ2
1 + σ2

2 + k2)
(26)

wherem1 andm2 are the average values ofR1 andR2.
σ2

1 andσ2
2 are the variance,cov1,2 is the covariance.k1 and

k2 are two coefficients proportional to the dynamic range of
the pixel values.

Fig. 2 shows that we can obtain a perfect defuzzifica-
tion, similar to that proposed in [3], when the input image is
fuzzified.

Fig. 3 shows the results of the proposed approach, ap-
plied on a specific image, using differentα − cut values,
along with its fuzzy partition.

Fig. 4 shows results of applying the proposed approach
on more complex images with different number of textures
(B0UnR, wheren represents the number of textures), along
with theα− cut vlaues being used.

Fig. 5 shows a cell image without a ground truth.

Figure 2: (a) digital disk synthetic image; (b) result of the ap-
proach in [2]; (c) result of the proposed approach

Figure 3: Results of applying the FCM-FloatingSearch process:
(a) three-textured image; (b) ground truth of (a); (c) defuzzification
with α− cut = 0.5 of (a); (d) defuzzification withα− cut : = 1
of (a); and (e) fuzzy partition of (a).
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Figure 4: (a) B0U2R 1 image; (b) ground truth of (a) ; (c) de-
fuzzificationα− cut : 0.5 of (a) ; (d)B0U2R 5 image; (e) ground
truth of (d); (f) defuzzificationα− cut : 0.5 of (d); (g)B0U3R 26
image; (h) ground truth of (g); (i) defuzzificationα − cut : 0.1 of
(g); (j) B0U4R 59 image; (k) ground truth of (j); (l) defuzzification
α − cut : 0.1 of (j); (m) B0U10R 4 image ; (n) ground truth of
(m); (o) defuzzificationα − cut : 0.1 of (m)

Figure 5: (a) cell image; (b) rough sketch of coreα − cut : = 1
(green border) and support (blue border); fuzzy partition of (a);
defuzzification withα − cut = 0.5 of (a).

B0U2R 1B0U2R5B0U3R26B0U4R59B0U10R4
Precision 100% 99.09% 100% 65.64% 47.05%

Recall 100% 99.91% 99.96% 98.69% 98.64%
Dice 100% 99.50% 99.98% 78.84% 63.71%

Jaccard 100% 99.01% 99.96% 65.08% 46.75%
Manhattan 100% 99.18% 99.98% 78.51% 71.54%
Hamming 1 536 11 14083 18651

Coeff. Vinet 0.002% 0.82% 0.02 21.49% 28.46%
MAD 0 8.10 0.62 17.69 23.79
SSIM 0.9997 0.9118 0.9951 0.6315 0.5185

Table 1: Segmentation results (evaluation) of FCM-
FloatingSearch

Tab. 1 summarizes segmentation results (evaluation) of
the proposed approach. Dice index emphasizes the qual-
ity of the segmentation. The Mean Absolute Distance high-
lights the shape of the segmentation, and the SSIM high-
lights the quantity of extracted information. Jaccard and
Manhattan indices highlight the problems of sub- or over-
segmentation. The number of Hamming is the number
of disparity between the segmentation and ground truth.
Thus, as can be noticed from the table,FCM-FloatingSearch
provides good segmentation results for the first three im-
ages despite noise or other factors. For the remaining two
images, although over-segmentation is introduced,FCM-
FloatingSearchextracts almost all of the information cor-
responding to the ground truth. Over-segmentation could be
solved by extracting the relevant ROI (Region of Interest) as
a preprocessing step toFCM-FloatingSearch. That is, se-
lecting the best crisp set manually.

6 Conclusion

In this paper, we have presented a novel defuzzification
approach, based on Fuzzy C-Means, with an adapted
Minkowski distance. For an image without ground truth,
the algorithm removes additional unnecessary data, pro-
viding a more clearer segmentation. It can be noticed that
the choice of a properα − cut value is essential to the
defuzzification output, provided that it is not necessary that
the highestα − cut value implies a better defuzzification.
Thanks to the ground truth, FCM-FloatingSearch was able
to be evaluated for the ability of detecting that ground
truth. For images with ground truth, and of different
textures, FCM-FloatingSearch was able to provide good
segmentation despite noise and other factors. And, where
over-segmentation occurred, the proposed approach was
able to extract almost all the information corresponding to
the ground truth. This can be enhanced by selecting the
best crisp set manually. The adapted Minkowski distance
proposed in the paper, which took into account the fuzzy
membership degrees and the neighbourhood information,
showed better results compared to other distance measures.
A prospect for this work is to combine the algorithm
proposed with different fuzzifier values in FCM. Also, since
the defuzzification in this paper was based on one cluster, a
future work would be to adapt the algorithm for a number
of clusters higher than 2 (foreground/background) as a first
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step, and then, explore the possibility to integrate the pro-
posed defuzzification approach for other clustering methods
such as RFCM, Competitive Agglomerative Clustering, ...
etc.
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Abstract This paper presents the implementation and
particular improvements on the superpixel clustering
algorithm - SLIC (Simple Linear Iterative Clustering). The
main contribution of the jSLIC is a significant speed-up of
the original clustering method, transforming the compact-
ness parameter such that the value is image independent,
and a new post-processing step (after clustering) which now
gives more reliable superpixels - the newly established seg-
ments are more homogeneous. The improvements of speed
and quality are shown on real images. We implemented
the new jSLIC in Java and made the source code publicly
available. Also we created a plug-in in ImageJ/Fiji which is
commonly used as a research and development platform in
biology and medical imaging.

1 Introduction
The amount of data in medical imaging to be processed is
increasing - images in histology can easily have 50.000 ×
50.000 pixels or even more. The segmentation or registra-
tion of these large images is very demanding. The complex-
ity of segmentation and registration can be reduced by using
superpixels [7, 4].

In the past, several superpixel algorithms were introduced
which were based on, for example the watershed approach,
level-set based geometric flow, mode-seeking segmentation
scheme or graph-based (a comparison is presented in [2, 9]).
Recently, SLIC (Simple Linear Iterative Clustering) [2] was
introduced for general images and presented as a powerful
intermediate phase for further image segmentation, classi-
fication and registration.

We chose SLIC because of its universality and linear (and
low) complexity (see Sec. 1.1). This fact is important for
pre-processing large images. SLIC has a high rate in bound-
ary recall and a low rate of under-segmentation error [2].
Another benefit is the low number of parameters to be set
and an opportunity to influence the size and compactness of
the resulting superpixels.

The main contribution of this work is a significant speed-
up over the original clustering method and also providing
a multi-thread version. Moreover, the regularisation para-
meter is transformed into the range 〈0, 1〉 to be more image
independent. We also propose a new post-processing step
which gives more reasonable superpixel shapes even for lar-
ger superpixel grid spacing.

While ImageJ [1, 5, 11] (and Fiji, derivation of ImageJ) is
commonly used as a research and development platform in
medical imaging, there is no implementation of superpixels.
We decided to implement SLIC in Java and call it jSLIC.
The Java source code and a ready to install Fiji plug-in are
publicly available1.

In Sec. 1.1, we briefly introduce the general SLIC al-
gorithm. Then, we discuss the implementation and pro-
posed speeds-ups together with the explanation and gain of
each partial procedure in Sec. 2. Later in Sec. 3, we speak
about the post-processing phase where we define the prob-
lem, summarize the existing approach and introduce ours
and present the differences on the atcome using both meth-
ods.

1.1 SLIC superpixels
SLIC [2] is an adaptation of the k-means [6] algorithm for
superpixel generation with two important distinctions: (a)
the weighted distance measure

D =

√
d2

c +
(
ds

S

)2
m2 (1)

combines colour dc (using the CIELAB colour space, which
is widely considered as perceptually uniform for small col-
our distances) and spatial proximity ds and (b) the search
space is reduced by limiting to a region 2S × 2S, propor-
tional to the superpixel size S. The search space reduction
has a great impact on the speed of whole algorithm, res-
ulting on a complexity of only O(N) instead of O(NkI)
for standard k-means, where N is the number of pixels in a
image, k is the number of clusters and I is the number of
iterations [3].

2 Implementation and speed-ups
Several implementations of SLIC already exist. The author
of [2] provides a C source code2 which was wrapped into
Python3 (we use this code as the reference of SLIC). Other
implementations can be found also for Matlab (VLFeat4 lib-
rary). For real-time computer vision problems, SLIC has
been also transformed to be fully processed on graphic cards
with some minor improvements as gSLIC [10].

1http://fiji.sc/CMP-BIA_tools
2http://ivrg.epfl.ch/research/superpixels
3https://github.com/amueller/slic-python
4http://www.vlfeat.org/
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Figure 1: Sample image - Lena (image size 512 × 512 pixels) clustered by the original SLIC (middle) and our jSLIC (right) method. You
can see that most of the superpixels are equal except those around Lena’s eyes where jSLIC added extra superpixels for the white which we
consider as the right choice.

We implement the plug-in in Java with maximal focus on
compatibility with ImageJ. We used the ImageJ API and as
much as possible we had to use the native Java structures a
few times to keep the clustering process as fast as possible.

2.1 Regularisation constant
SLIC contains a regularisation parameter f which influ-
ences the compactness of clustered superpixels. This con-
stant f weights the space distance ds and it is expressed as
f =

(
m
S

)2
from eq. (1) where (according to the notation

in [2]) S is the initial superpixel size and m is a parameter
related to maximal colour distance Nc in the range (0,∞).
We propose instead to use a parameter r defined in the range
〈0, 1〉, where 0 means the minimal and 1 the maximal com-
pactness.

f = S · r2 (2)

In our experiments we found that the optimal default reg-
ularisation value r = 0.2 works well for most cases. It is a
good compromise between the superpixel compactness and
fitting boundaries of the expected object in image.

2.2 Using Look-Up Tables
We analysed the possibility of using precomputed Look-Up
Tables (LUTs) to avoid repetitive computing of the same dis-
tances ds in eq. (1) or converting the same colours again. We
found that we can achieve significant speed-up in specific
cases (especially for colour conversion) mentioned below.

Spatial distance in regular grid. The metric used in
SLIC clustering contains a proximity distance

ds =
√

(xj − xi)2 + (yj − yi)2

where [xi, yi] and [xj , yj ] are coordinates of the cluster
centre and a pixel respectively. In a regular image grid,
these distances are the same for all cluster centres and its
proportional subset of neighbouring pixels. Using this pre-
computed distance LUT, we gain a 5% speed-up.

Colour conversion. Most commonly used images are in
RGB colour space and we compute the colour distance in
CIELAB colour space (see Sec. 1.1). It means that each

method speed-up
original SLIC 0%
jSLIC initial 26.6%

spatial proximity LUT 33.7%
colour conversion LUT 217.3%
jSLIC fast (distance & colour) 264.9%
jSLIC parallel (4 threads) 495.4%

Table 1: Table presents the speed-ups of each proposed procedure.
All following ratios are mean speed-ups evaluated over several his-
tological images with different image size (see Fig. 5) and they ex-
press the relative speed-up to the original SLIC. On the beginning
the jSLIC (implementation according [2]) is about 27% faster then
the original SLIC implemented in C. Later the pre-computation of
distances and converting each colour just once brings 5% and 58%
speed-up respectively comparing to the initial jSLIC and about
64% both together. In the end, the parallelisation for 4-threads
gives another speed-up of 37% to the fast jSLIC.

image needs to be converted from RGB to CIELAB which
is quite time consuming. We found that the number of used
unique colours in images is usually smaller than the number
of pixels in the image. Average images has at maximum
50% of unique colours/pixels (e.g. Lena with size 512×512
pixels). For medical images, the ratio is even smaller. For
example, a common image of stained histological section
(see [4]) contains less than 5% of unique colours/pixels. So
we create the conversion LUT just when it is needed so each
used colour is computed just once. It gives us a speed-up of
about 60%.

2.3 Multi-threading

As the clustering is computed locally (for each superpixel
only its proportional 2S × 2S area, see Sec. 1.1), is quite
simple to split the process by subsets of superpixels and/or
image blocks into independent threads in both phases (as-
signment and update).

We apply the parallelism usually on the main loop in the
given phase - in the assignment phase each thread takes only
a subset of all superpixels/clusters, and the update is com-
puted per image blocks, such that each thread processes one
image block.

We perform this parallelisation on a computer with 8-
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Figure 2: We ran a benchmark on several histological images with
different image size and parallelism on 1− 8 threads. You can see
that with the increasing number of used threads the processing time
also decrease. The most significant speed-up is between the single
and 4-thread version.

cores and the results are presented in Fig. 2. The most signi-
ficant speed-up is between the single and 4-thread version.
You can see that the 8-thread version for small images takes
even more time which is due to multi-threading overhead.

3 Post-processing of outliers

The SLIC clustering generates a quite large number of un-
connected components (small regions which belong to a su-
perpixel but they are not connected to it). The number of un-
connected regions depends on superpixel compactness but in
average (for regularisation r = 0.2) there are about 3M un-
connected regions where M = w·h

S2 is number of expected
superpixels depending on image size and initial superpixel
size S.

At first, all connected components ci have to be found.
We use a region growing method to compute all independ-
ent components ci (assuming 4-neighbour). Then, for each
component ci we find a set of neighbouring components Ωi.
This early stage is the same for the original SLIC as it is for
jSLIC post-processing.

Original SLIC post-processing [2]. The authors meas-
ure the relative area csi = |ci|

S2 of each component and merge
small components if csi < 0.25. For relabelling they simply
use the label c∗i of the first component from Ωi such that c∗i
is the neighbouring component of the first pixel belonging
to ci.

We found out that this simple approach is not sufficient
(see Fig. 3), because some unconnected components are
merged to a superpixels even it would be more reasonable
to merge then into another neighbouring superpixel or intro-
duce them as new superpixels. The author deals with this
issue by estimating smaller superpixels [7] and setting the
superpixel size smaller than the smallest detail in the image
that they want to distinguish.
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Figure 5: The chart presents the time dependency of complete
superpixel clustering by SLIC and different variants of jSLIC de-
pending on the number of pixels in the image. In average, the
parallel jSLIC is 6 times faster than the original SLIC implement-
ation.

Proposed jSLIC post-processing. We propose a different
post-processing step which takes into account all surround-
ing components and their similarity by colour and area. We
compute mean colours clab

i and relative area csi for all com-
ponents. Then, we find the most similar component c∗i by
computing the difference li (cj) between the colours of the
components (3) and choosing the closest component (4)
with minimal distance

li (cj) =
||clab

i − clab
j ||2

csj
(3)

c∗i = arg min
cj∈Ωi

(li (cj)) (4)

where the || · ||2 is the Euclidean distance.
We experimented with the SLIC relabelling condition for

unconnected components (see Fig. 3). We found the original
csi < ε condition insufficient even with various threshold
values ε, because it does not take into account the colour
similarity. We propose a condition which solves this prob-
lem - the unconnected regions are merged if

(
csi
4

)2
· (1 + li (c∗i )) < ε (5)

where cs
i

4 expresses the relative superpixel size to the max-
imal superpixel size 2S × 2S. Experimentally, we set the
threshold ε = 0.25.

4 Comparison and discussion
We applied jSLIC on several histological images of various
image sizes, up to about 8.000 × 8.000 pixels, on a stand-
ard computer with a 4-core processor and 8Gb RAM. As a
reference we used the original SLIC implementation in C
and compared it to our jSLIC in Java. The time dependency
of all partial speed-ups on image size is presented in Fig. 5.
In average, we found the parallel jSLIC to be 6 times faster
than the original SLIC implementation.

The experiments with parallelism show that the jSLIC is
optimal when using up to 4-threads. Using more threads due
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(a) (b) (c)
Figure 3: We compared the original SLIC condition for merging unconnected components csi < ε applying two different thresholds - original
ε = 0.25 in (a) and decreased ε = 0.06 in (b). For all relabelling, we used our choosing of most similar neighbouring component c∗i defined
in eq. (4). In (c) we introduced also our condition for merging described in eq. (5). You can see that most of the superpixels in (a, ,b, c) are the
same. The difference can be seen in the right upper part of the image. Original SLIC (a) just holds one large superpixel comparing to (b, c)
which reasonably adds one more superpixel. On the other hand (b) adds some other small superpixels in nearly homogeneous areas, while (c)
holds still single superpixels.

to the threading overhead, does not brings bigger improve-
ments in performance.

For the evaluation of the proposed post-processing step,
we used a few images from the Berkeley Segmentation
Dataset [8] and some stained histological images (see
Fig. 4). We made a visual evaluation of segmented su-
perpixels with respect to the amount of detail extracted
from a given image. For both methods we set the same
configuration - the same initial superpixel size S = 30
and regularisation constant r = 0.2. To present the
differences, we chose a detail in each image where the
improvements can be easily seen (the rest of the image is
usually segmented equally).

The advantage of the jSLIC post-processing is the abil-
ity to segment also smaller details than the initial superpixel
size S in region it is needed and the ability to keep lar-
ger superpixels in more uniform image parts (see Sec. 3).
We benefit from this fact when segmenting large histolo-
gical images, where a big reduction of problem complexity
is needed. For instance, have a look at the sample of his-
tological image (Fig. 4 bottom), where the jSLIC is clearly
capable of estimating the hole in the tissue comparing to ori-
ginal SLIC method.

5 Conclusion
We presented a Java-based open source implementation of
jSLIC superpixel clustering with better performance than
the original SLIC. Moreover, we proposed a different reg-
ularisation parameter, which influences the compactness of
resulting superpixels and propose a default value r = 0.2.
The new post-processing step gives more reliable super-
pixels shapes, with no need of decreasing superpixel size.
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Original SLIC jSLIC

Figure 4: We run the original SLIC (middle) and jSLIC (right) on the Berkeley Segmentation Dataset [8] and some stained histological
images using the same configuration for both. To present the differences we chose from each image only a part/detail where improvements
can be easily seen (the rest of the image is usually segmented equally). The reason for more reliable superpixels by jSLIC is, because it takes
into account all neighbouring connected components and their similarity by colour.
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Abstract Inpainting based image compression ap-
proaches, especially linear and non-linear diffusion models,
are an active research topic for lossy image compression.
The major challenge in these compression models is to find
a small set of descriptive supporting points, which allow
for an accurate reconstruction of the original image. It
turns out in practice that this is a challenging problem
even for the simplest Laplacian interpolation model. In this
paper, we revisit the Laplacian interpolation compression
model and introduce two fast algorithms, namely successive
preconditioning primal dual algorithm and the recently
proposed iPiano algorithm, to solve this problem efficiently.
Furthermore, we extend the Laplacian interpolation based
compression model to a more general form, which is based
on principles from bi-level optimization. We investigate
two different variants of the Laplacian model, namely
biharmonic interpolation and smoothed Total Variation
regularization. Our numerical results show that significant
improvements can be obtained from the biharmonic inter-
polation model, and it can recover an image with very high
quality from only 5% pixels.

1 Introduction

Image compression is the task of storing image data in a
compact form by reducing irrelevance and redundancy of
the original image. Image compression methods roughly
fall into two main types: lossless compression and lossy
compression. In this paper, we focus on lossy compression
methods. The objective of lossy compression methods is to
reduce the original image data as much as possible while
still providing a visually acceptable reconstruction from the
compressed data. Lossy image compression can be handled
with two different approaches: (1) reducing the data in the
original image domain, i.e. by removing a majority of the
image pixels; (2) reducing data in a transform domain, such
as Discrete cosine transform (DCT) or Wavelet transform.
The remaining data (compressed data) is used to reconstruct
the original image. It is well known that the former approach
is named as image inpainting in the literature [5, 2, 15], and
the latter strategy is exploited in the currently widely used
standard image compression techniques such as JPEG and
JPEG2000 [12, 16]. In this paper, we focus on the strategy
of reducing the data in the image domain and then recover-
ing an image from a few data points, i.e., image inpainting.

There are thousands of publications studying the topic
of image inpainting in the literature, see e.g., [5, 2, 15, 6]
and references therein. In most cases, one does not have in-
fluence on the chosen data points. In the context of image
inpainting, one usually randomly selects a specific amount
of pixels which act as supporting points for the inpainting
model, e.g., 5%. In order to get high quality reconstruc-
tions in such a scenario, one has to rely on sophisticated
inpainting models. However, the task of image inpainting
is to recover an image from only a few observations, and
therefore, if the randomly selected data points do not carry
sufficient information of the original image, even sophisti-
cated inpainting models will fail to provide an accurate re-
construction.

This observation motivated researchers to consider a dif-
ferent strategy for building inpainting based compression
models, i.e. to find the optimal data points required for in-
painting, given a specific inpainting model. Prior work in
this direction can be found in [7, 10, 1, 14, 8, 9]. Belhachmi
et al. [1] propose an analytic approach to choose optimal
interpolation data for Laplacian interpolation, based on the
modulus of the Laplacian. The work in [10] demonstrates
that carefully selected data points can result in a signifi-
cant improvement of the reconstruction quality based on the
same Laplacian interpolation, when compared to the prior
work [1]. However, this approach takes millions of iterations
to converge and therefore is very time consuming. The very
recent work [8] pushed forward this research topic, where
the task of finding optimal data for Laplacian interpolation
was explicitly formulated as an optimization problem, which
was solved by a successive primal dual algorithm. While
their work still requires thousands of iterations to reach a
meaningful solution, this new model shed light on the pos-
sibility of employing optimization approaches and shows
state-of-the-art performance for the problem of finding opti-
mal data points for inpainting based image compression.

The work of [8] is the starting point of this paper. In
this paper, we extend the model of finding optimal data
for Laplacian interpolation to a more general model, which
comprises the model in [8] as a special case. We intro-
duce two novel models to improve the compression perfor-
mance, i.e., to get better reconstruction quality with the same
amount of pixels. Finally, we introduce efficient algorithms
to solve the corresponding optimization problems. Namely,
we make the following two main contributions in this paper:

(1) We comprehensively investigate two efficient algo-
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rithms, which can be applied to solve the corresponding op-
timization problems, including successive preconditioning
primal dual [13] and a recently published algorithm for non-
convex optimization - iPiano [11].

(2) We explore two variants of Laplacian interpolation
based image compression to improve the compression per-
formance, namely, a model based on the smoothed TV reg-
ularized inpainting model and biharmonic interpolation. It
turns out that biharmonic interpolation can lead to signifi-
cant improvements over Laplacian interpolation.

2 Extension of the Laplacian interpolation
based image compression model

The original Laplacian interpolation is formulated as the fol-
lowing boundary value problem:

−∆u = 0, on Ω \ I

u = g, on I (1)
∂nu = 0, on ∂Ω \∂I ,

where g is a smooth function on a bounded domain Ω ⊂ Rn
with regular boundary ∂Ω. The subset I ⊂ Ω denotes the
set with known observations and ∂nu denotes the gradient
of u at the boundary. ∆ denotes the Laplacian operator.

It is shown in [10, 8] that the problem (1) is equivalent to
the following equation

c(x)(u(x)− g(x))− (1− c(x))∆u(x) = 0, on Ω (2)
∂nu(x) = 0, on ∂Ω \ ∂I ,

where c is the indicator function of the set I , i.e., c(x) = 1,
if x ∈ I and c(x) = 0 elsewhere. By using the Neumann
boundary condition, the discrete form of (2) is given by

C(u− g)− (I − C)∆u = 0 , (3)

where the input image g and the reconstructed image u are
vectorized to column vectors, i.e., g ∈ RN and u ∈ RN ,
C = diag(c) ∈ RN×N is a diagonal matrix with the vector
c on its main diagonal, ∆ ∈ RN×N is the Laplacian opera-
tor and I is the identity matrix. The underlying philosophy
behind this model is to inpaint the region (Ω \ I) by using
the given data in region I , such that the recovered image is
second-order smooth in the inpainting region, i.e., ∆u = 0.

Note that the inpainting mask c in (3) is binary. How-
ever, as shown in [8], equation (3) still makes sense when
c is relaxed to a continuous domain such as R. Due to this
observation, the task of finding optimal interpolation data
can be explicitly formulated as the following optimization
problem:

min
u,c

1
2‖u− g‖

2
2 + λ‖c‖1 (4)

s.t. C(u− g)− (I − C)∆u = 0 ,

where the parameter λ is used to control the percentage of
pixels used for inpainting. When λ = 0, the optimal solution
of (4) is c ≡ 1, i.e., all the pixels are used; when λ = ∞,
the optimal solution is c ≡ 0, i.e., none of the pixel are used.

Figure 1: Linear operators shown as filters of size 5× 5: from left
to right,∇x,∇y , ∆ and biharmonic operator (∆2)

Compared to the original formulation in [8], we omit a very
small quadratic term ε

2‖c‖2
2, because we found that it is not

necessary in practice.
Observe that if c ∈ C = [0, 1)N , we can multiply the con-

straint equation in (4) by a diagonal positive-definite matrix
(I − C)−1, which results in

B(c)(u− g)−∆u = 0 , (5)

where B(c) = diag(c1/(1 − c1), · · · , cN/(1 − cN )). It
is clear that the constraint equation (5) can be equivalently
formulated as the following minimization problem

u(c) = arg min
u

1
2‖∇u‖

2
2 + 1

2‖B(c) 1
2 (u− g)‖2

2 , (6)

where ∇ is the gradient operator, and ∆ = −∇>∇. There-
fore, it turns out that the Laplacian interpolation is exactly
the Tikhonov regularization technique for image inpainting,
where the first term can be seen as the regularization term
based on the gradient operator, and the second term as the
data fidelity term.

Now, let us consider how to improve the performance
of the regularization based inpainting model (6). The only
thing we can change is the regularization term. There are
two possible directions: (1) considering higher-order lin-
ear operators, e.g., ∆, to replace the first-order derivative
operator ∇; (2) replacing the quadratic regularization with
more robust penalty functions, such as `p quasi-norm with
p ∈ (0, 1].

The linear operators∇ and ∆ can be interpreted as linear
filters, the corresponding linear filters are shown in Figure 1.
If we make use of ∇ in the inpainting model (6), the result-
ing operator ∆ makes the inpainting process only involve
the information from its nearest neighborhood; however, if
we turn to the ∆ operator, the resulting operator ∆2 (bihar-
monic operator) can involve more information from larger
neighborhood, see Figure 1. In principle, this should bring
some improvement of inpainting performance; besides this,
the biharmonic operator is mathematically meaningful in it-
self, implying higher-order smoothness of the solution u.

Regarding the penalty function, quadratic function is
known to generate over smooth results, especially for edges,
and therefore many other edge-aware penalty functions have
been proposed. A straightforward extension is to make use
of the `1 norm, which leads to the well-known Total Vari-
ation (TV) regularization (still convex model). Since exact
TV regularization suffers from the drawback of piece-wise
constant solutions, we employ the following smoothed ver-
sion of TV regularization, which is parameterized by a small
smoothing parameter ε:

‖∇u‖ε =
N∑

i=1

√
(∇xu)2

i + (∇yu)2
i + ε2 ,
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where∇xu and∇yu denote the gradient in x direction and y
direction, respectively. We will show in the next section that
this smooth technique is also necessary for optimization.

Using these considerations, we arrive at a general for-
mulation of the inpainting-based image compression model,
which is given by the following bi-level optimization prob-
lem:

min
c∈C

1
2‖u(c)− g‖2

2 + λ‖c‖1 (7)

s.t. u(c) = arg min
u
R(u) + 1

2‖B(c) 1
2 (u− g)‖2

2 ,

where the upper level problem is defined as the trade-off be-
tween the sparsity of the chosen data and the reconstruction
quality, while the lower-level problem is given as the regu-
larization based inpainting model. In the lower-level prob-
lem, R(u) defines a regularization on u, and in this paper
we investigate three different regularizers

R(u) =





1
2‖∇u‖2

2 Laplacian interpolation
1
2‖∆u‖2

2 Biharmonic interpolation
‖∇u‖ε Smoothed TV regularization

(8)

3 Efficient algorithms for solving inpainting
based image compression problems

In the prior work [8], a successive primal dual algorithm
was used in order to solve the Laplacian interpolation based
image compression problem (7), where tens of thousands in-
ner iterations and thousands of outer iterations are required
to reach convergence. Since this is too time consuming
for practical applications, we first investigate efficient algo-
rithms to solve problem (7).

3.1 Successive Preconditioning Primal Dual algorithm
(SPPD)

A straightforward method to accelerate the algorithm in [8]
is to make use of the diagonal preconditioning technique
[13] for the inner primal dual algorithm, while keeping the
outer iterate unchanged. The basic principle of the suc-
cessive primal dual algorithm, is to linearize the constraint
of (7), i.e., the lower-level problem. For smooth regular-
ization terms R(u), the lower-level problem of (7) can be
equivalently written using its first-order optimality condi-
tions:

T (u, c) = ∂R(u)
∂u

+B(c)(u− g) = 0. (9)

Using Taylor expansion, we linearize (9) around a
point (û, ĉ):

T (u, c) ≈ T (û, ĉ)+
(
∂T

∂u

∣∣
û

)>
(u−û)+

(
∂T

∂c

∣∣
ĉ

)>
(c−ĉ) = 0.

(10)
Let (û, ĉ) be a feasible point of constraint (9), i.e., T (û, ĉ) =
0, and substitute the linearized constraint back into the ini-
tial problem (7), we arrive at the following constrained opti-
mization problem

min
c∈C,u

1
2‖u− g‖

2
2 + λ‖c‖1 + µ1

2 ‖c− ĉ‖
2
2 + µ2

2 ‖u− û‖
2
2

s.t. Duu+Dcc+ q = 0 , (11)

where Du =
(
∂T
∂u

∣∣
û

)>
, Dc =

(
∂T
∂c

∣∣
ĉ

)>
, q = −Duû −

Dcĉ. Note that the linearized constraint is only valid around
a small neighborhood of (û, ĉ), and therefore we have to add
two additional penalty term µ1

2 ‖c− ĉ‖2
2 and µ2

2 ‖u− û‖2
2 to

ensure that the solution (u∗, c∗) is in the vicinity of (û, ĉ).
The saddle-point formulation of (11) is written as

max
p

min
(u,c)

〈
K

(
u

c

)
+ q, p

〉
+ 1

2‖u− g‖
2
2 + λ‖c‖1+

µ1
2 ‖c− ĉ‖

2
2 + µ2

2 ‖u− û‖
2
2 + δC(c) , (12)

where K = (Du, Dc), δC(c) is the indicator function of
set C, and p ∈ RN is the Lagrange multiplier associated
with the equality constraint in (11).

Remark 1. Note that for Laplacian and biharmonic interpo-
lation, we do not restrict c to the set C, and we make use of
the original constraint in (4), i.e.,

C(u− g)− (I − C)Lu = 0 ,

where L = −∆ for Laplacian interpolation, and L = −∆2

for biharmonic interpolation. Therefore, the indicator func-
tion δC(c) in equation (12) can be dropped for these models.
However, for the TV regularized model or other possible
regularization techniques, we have to strictly rely on (12).

Remark 2. It was stated in previous work [8] that there is
no need to introduce an additional penalty term for vari-
able u, because u continuously depends on c. However, we
find that for biharmonic interpolation, we have to keep the
penalty term for u, otherwise, the resulting algorithm will
suffer from zigzag behavior when it gets close to the opti-
mal solution.

It is easy to work out the Jacobi matrices Du and Dc for
Laplacian and biharmonic interpolation, which are given as

{
Du(û, ĉ) = diag(ĉ)− (I − diag(ĉ))L,
Dc(û, ĉ) = diag(û− g + Lû) .

For smooth TV regularized inpainting model, the con-
straint (9) is written as

∇> ·
(∇xu

ρ

∇xu
ρ

)
+B(u− g) = 0 ,

where ρ =
√
∇2
xu+∇2

yu+ ε2, and∇ =
(∇x
∇y
)
. The Jacobi

matrices Du and Dc are given by




Dc(û, ĉ) = diag( 1
(1−c)2 ) · diag(u− g),

Du(û, ĉ) =
(∇x
∇y
)> · diag

(∇2
yu+ε2

ρ3
∇2
xu+ε2

ρ3

)
·
(∇x
∇y
)
−

(∇y
∇x
)> · diag

(∇xu�∇yu
ρ3

∇xu�∇yu
ρ3

)
·
(∇x
∇y
)

+B ,

(13)

where � denotes point-wise multiplication.
We make use of the diagonal preconditioning technique

of [13] to choose the preconditioning matrices Γ and Σ.

Γ = diag(τ), Σ = diag(σ) ,



A bi-level view of inpainting – based image compression

22

A bi-level view of inpainting - based image compression

Algorithm 3.1 Preconditioning PD for solving problem (12)

(1) Compute the preconditioning matrices Γ and Σ and
choose θ ∈ [0, 1]

(2) Initialize (u, c) with (û, ĉ), and p̄ = 0.

(3) Then for k ≥ 0, update (uk, ck) and pk as follows:




pk+1 = pk + Σ
(
K
(
uk

ck

)
+ q
)

p̄k+1 = pk+1 + θ(pk+1 − pk)(
uk+1

ck+1

)
= (I + Γ∂G)−1

((
uk

ck

)
− ΓK>p̄k+1

)

(14)

where τj = 1∑N
i=1 |Ki,j |2−γ

, σi = 1∑2N
j=1 |Ki,j |γ

. The we em-
ploy the preconditioning primal dual Algorithm 3.1 to solve
problem (12).

For Laplacian and biharmonic interpolation, the function
G(u, c) in (14) is given as

G(u, c) = 1
2‖u−g‖

2
2 + µ2

2 ‖u− û‖
2
2 +λ‖c‖1 + µ1

2 ‖c− ĉ‖
2
2.

It turns out that the proximal map with respect to G simply
poses point-wise operations, which is given as

(
u

c

)
= (I + Γ∂G)−1

(
ũ

c̃

)
⇐⇒





ui = ũi+τ1
i gi+µ2τ

1
i ûi

1+τ1
i +µ2τ1

i
i = 1 · · ·N

ci = shrink λτ2
i

1+τ2
i
µ1

(
c̃i+τ2

i µ1ĉi
1+τ2

i µ1

)
,

(15)

where the soft shrinkage operator is given by shrinkα(x) =
sgn(x) ·max(|x| − α, 0), and τ =

(
τ1

τ2

)
.

For smooth TV regularization, the function G is given by

G(u, c) = 1
2‖u−g‖

2
2+µ2

2 ‖u−û‖
2
2+λ

N∑

i=1
ci+

µ1
2 ‖c−ĉ‖

2
2+δC(c).

The proximal map for u is the same as in (15), the solution
for c can be computed by

ci = ProjC

(
c̃i + τ2

i µ1ĉi − τ2
i λ

1 + τ2
i µ1

)

3.2 iPiano
Observe that in problem (7) the lower-level problem can be
solved for u, and the result can be substituted back into the
upper-level problem. It turns out that this results in an op-
timization problem which only depends on the variable c.
It is demonstrated in our previous work [11] that this op-
timization problem can be solved efficiently by using the
recently proposed algorithm - iPiano. Our experiments will
show that this strategy is more efficient than the successive
preconditioning primal dual algorithm.

For Laplacian and biharmonic interpolation, we can solve
u in closed form, i.e., u = A−1Cg. This results in the fol-
lowing optimization problem, which only depends on vari-
able c:

min
c

1
2‖A

−1diag(c)g − g‖2
2 + λ‖c‖1 , (16)

where A = C + (C − I)L. Casting (16) in the form of
iPiano algorithm, we have F (c) = 1

2‖A−1diag(c)u − g‖2
2,

and G(c) = λ‖c‖1. As shown in [11], the gradient of F
with respect to c is given as:

∇F (c) = diag(−(I + L)u+ g)(A>)−1(u− g) .

For smooth TV regularization, F (c) = 1
2‖u(c) − g‖2

2,
u(c) is the solution of the lower-level TV regularized in-
painting model. In order to calculate the gradient of F with
respect to c, we can make use of the implicit differentiation
technique, see [3] for more details. The gradient is given as

∇F (c)
∣∣
c∗

= −Dc(u∗, c∗)(Du(u∗, c∗))−1(u∗ − g) ,

where u∗ is the optimal solution of the lower-level problem
in (7) at point c∗. As stated in [3], in order to get an accurate
gradient ∇F (c), we need to solve the lower-level problem
as accurately as possible. To that end, we exploit Newton’s
method to solve the lower-level problem.

Now we can make use of iPiano to solve this optimization
problem. The algorithm is summarized below:

Algorithm 3.2 iPiano for solving problem (12)

(1) Choose β ∈ [0, 1), l−1 > 0, η > 1, and initialize c0 = 1
and set c−1 = c0.

(2) Then for n ≥ 0, conduct a line search to find the smallest
nonnegative integers i such that with ln = ηiln−1, the
following inequality is satisfied

F (cn+1) ≤ F (cn) +
〈
∇F (cn), cn+1 − cn

〉

+ ln
2 ‖c

n+1 − cn‖2
2 , (17)

where cn+1 is calculated from (18) by setting β = 0.
Set ln = ηiln−1, αn < 2(1− β)/ln, and compute

cn+1 = (I+αn∂G)−1(cn−αn∇F (cn)+β(cn−cn−1)) .
(18)

4 Numerical experiments
In this section, we first discuss how to choose an efficient al-
gorithm for solving the model (7) for different cases. Then
we investigate the inpainting performance for different mod-
els under the unified assumption that we only make use
of 5% pixels. All the experiments were conducted on a
server with Intel X5675 processors (3.07GHz), and all the
investigated algorithms were implemented in pure Matlab
code. We exploited three different test images (“Trui”,
“Walter” and “Peppers”) which are also used in previous
works [10, 8].

4.1 Implementation details
In our implementation, the parameter γ of preconditioning
technique is chosen as γ = 10−6. For the SPPD algo-
rithm, the parameter µ1 and µ2 are set as follows: (1) for
the Laplacian interpolation based compression model, µ1 =
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(a) Trui (b) Peppers (c) Walter (d) Lena

Figure 2: Four test images used in our experiments

0.05, µ2 = 0; (2) for biharmonic interpolation based model,
µ1 = 0.1, µ2 = 0.2; and (3) for smoothed TV based model,
µ1 = 0.05, µ2 = 0.1. The set C is defined in the range of
[0, cmax] with cmax = 1− 10−6.

For the iPiano algorithm, we make use of the following
parameter settings:

l−1 = 1, η = 1.2, β = 0.75, αn = 1.99(1− β)/ln .

In order to exploit possible larger step size in practice, we
use the following heuristic: If the line search inequality (17)
is fulfilled, we decrease the evaluated Lipschitz constant Ln
slightly by using a factor 1.02, i.e., setting ln = ln/1.02.

4.2 Choosing appropriate algorithm for each
individual model

For Laplacian interpolation based compression model, we
found that when using the proposed preconditioning tech-
nique, the required iterations can be reduced to about 150
outer iterations and 2000 inner iterations, which is a tremen-
dous decrease compared to prior work [8]. However, for
this problem, the iPiano algorithm can do better. Our exper-
iments show that usually 700 iterations are already enough
to reach a lower energy. Concerning the run time, the SPPD
algorithm needs about 2400s, but iPiano only takes about
622s. We conclude that iPiano is clearly a better choice
for solving the Laplacian interpolation based compression
model.

Let us turn to the biharmonic interpolation based com-
pression model. Even though the linear operator is only
slightly changed, when compared to the Laplacian model,
it turns out that the corresponding optimization problem
becomes much harder to solve. The SPPD algorithm still
works for this problem; however, as mentioned before, we
have to introduce an additional penalty term on variable u,
otherwise the convergence behavior is very bad. Besides,
we have to run the algorithm much longer, usually about
300 outer iterations and 4000 inner iterations. For the iPi-
ano algorithm applied to this case, we have to significantly
increase the amount of required iterations, typically, we have
to run about 3500 iterations to reach convergence.

For the biharmonic interpolation based compression
model (16), the difference between the results obtained by
above two algorithms becomes more obvious. For instance,
for the test image “Trui” with parameter λ = 0.0028,

by using the SPPD algorithm, we arrive a final energy of
15.34; however, the final energy of iPiano is much lower,
about 13.48, which basically implies that iPiano solves the
corresponding optimization problem better. Concerning the
run time, for this case, iPiano takes more computation time
than Laplacian interpolation case. There are two reasons:
(1) the amount of required iterations is increased by a factor
of 5; (2) for iPiano, we have to solve two linear equation
Ax = b and A>x = b in each iteration and line search1,
which becomes much more time consuming from Laplacian
to biharmonic interpolation. Therefore, for this case, both
algorithms show a similar runtime (about 5000s). Since
iPiano achieves a lower energy with similar computational
effort this algorithm is preferable for the biharmonic model.

For the case of smoothed TV regularization, it becomes
even harder to solve the lower-level problem and thus more
time consuming. It is therefore advisable not to make use
of iPiano. The SPPD algorithm is a better choice for this
model. Solving smoothed TV regularization based model
also needs about 5000s.

4.3 Reconstruct an image only using ∼5% pixels
We evaluate the performance of three considered compres-
sion models based on three test images. For each individual
model, we search optimal data points used for inpainting
with the same amount of about 5%, and then reconstruct
an image by using these optimal points. In order to control
the sparsity of selected data points to be 5% approximately,
we have to carefully choose the parameter λ for each model
and for each processing image. The found optimal mask c is
continuous, and then we binarize it by a threshold parameter
εT = 0.01.

Concerning the measurement of reconstruction quality,
we make use of the mean squared error (MSE) to keep con-
sistent with previous work, which is given by

MSE(u, g) = 1
N

N∑

i=1
(ui − gi)2 .

The MSE is computed with the assumption that the image
gray value is in the range of [0, 255]. As shown in previous
work [8], for Laplacian interpolation, it is straightforward to
consider an additional post-processing step, which is called

1In our implementation we use the Matlab “backslash” operator.
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(a) 10% random chosen data (b) Smoothed TV (276.37) (c) Laplacian (244.48) (d) Biharmonic (208.92) (e) Learned prior (165.01)

Figure 3: Inpainting results of the degraded “Lena” image with 10% randomly chosen pixels by using different methods. The number in the
bracket is the resulting MSE. For randomly selected points, the inpainting model with learned MRF prior gives the best reconstruction result.

gray value optimization (GVO) to further improve the recon-
struction quality. We also consider this strategy for Lapla-
cian and biharmonic interpolation after binarising the mask
c, which is formulated as following optimization problem

arg min
x∈RM

‖A−1S>x− g‖2
2 , (19)

where A is defined in the same way as in (16). S ∈ RM×N
is the sampling matrix derived from the diagonal matrix
diag(c) by deleting the rows whose elements are all zero.
M is the number of points in the mask c with a value of 1.
Obviously, (19) is a least squared problem, which has the
closed form solution

x =
(
S(A>)−1A−1S>

)−1
S(A>)−1g.

However, in practice it turns out that this computation is very
time consuming because we have to calculate A−1 explic-
itly. Therefore, we turn to L-BFGS algorithm to solve this
quadratic optimization problem.

For smoothed TV regularization model, we also consider
this GVO post-processing step, which is given by the fol-
lowing bi-level optimization problem

min
x∈RM

l(x) = 1
2‖u(x)− g‖2

2 (20)

s.t. u(x) = arg min
u
‖∇u‖ε + 1

2‖B
1
2 (u− S>x)‖2

2 ,

where the sampling matrix S ∈ RM×N is the same as in
(19). We also make use of L-BFGS to solve this problem. To
that end, we need to calculate the gradient of l with respect
to x, which is given as

∇l(x)
∣∣
x∗

= −Dx(u∗, x∗)(Du(u∗, x∗))−1(u∗ − g) ,
where Du is the Hessian matrix given in (13), Dx = −SB,
u∗ is the solution of the lower-level problem at point x∗.

We summarize the results in Figure 4. One can see that
starting from the initial Laplacian interpolation based image
compression model, we can achieve significant improve-
ments of inpainting performance for all test images by us-
ing biharmonic interpolation based model, at the expense
of computation time; however, switching to the smoothed
TV regularization based model can not bring any improve-
ment even with more computation time. To the best of our
knowledge, concerning the inpainting performance of the bi-
harmonic interpolation model, it is the first time to achieve
such an accurate reconstruction by using only 5% pixels.

5 Conclusion and future work
In this paper, we extended the Laplacian interpolation based
image compression model to more general inpainting based
compression model. Starting from the Laplacian interpola-
tion, we investigated two variants, namely biharmonic inter-
polation and smoothed TV regularization inpainting model,
to improve the compression performance. In order to solve
the corresponding optimization problems efficiently, we in-
troduced two fast algorithms: (1) successive precondition-
ing primal dual algorithm and (2) a recently proposed non-
convex optimization algorithm - iPiano. Based on these al-
gorithms, for each model, we found the most useful 5% pix-
els, and then reconstructed an image from the optimal data.
Numerical results demonstrate that (1) biharmonic interpo-
lation gives the best reconstruction performance and (2) the
smoothed TV regularization model can not generate supe-
rior results over the Laplacian interpolation method.

Future work consists of two aspects: (1) more efficient al-
gorithm to solve the corresponding optimization problems.
Even though the introduced algorithms are fast, they are still
very time consuming for complicated models, e.g., bihar-
monic interpolation and smoothed TV regularization mod-
els. (2) exploiting more sophisticated inpainting models to
further improve the compression model. A possible candi-
date is to make use of the inpainting model with a learned
MRF prior [3, 4], which is shown to work well for image in-
painting with randomly selected points. Figure 3 presents an
example to show the inpainting performance of the learned
model for randomly selected data points. One can see that
in this random case, the inpainting model with learned MRF
prior can generate the best result, and therefore, we believe
that it can achieve better result for image compression.
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Yunjin Chen, René Ranftl, and Thomas Pock

[3] Y.J. Chen, T. Pock, R. Ranftl, and H. Bischof.
Revisiting loss-specific training of filter-based MRFs
for image restoration. In German Conference on Pattern

Recognition (GCPR), 2013.
[4] Y.J. Chen, R. Ranftl, and T. Pock. Insights into

analysis operator learning: from patch-based models
to higher-order MRFs. To appear in IEEE Transactions on

Image Processing, 2014.
[5] Antonio Criminisi, Patrick Pérez, and Kentaro
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(a) 4.98% (b) 4.98% (c) 6.90% (d) 4.95%

(e) MSE: 16.89 (f) MSE: 10.60 (g) MSE: 17.98 (h) MSE: 16.95

(i) 4.84% (j) 4.89% (k) 5.69% (l) 5.02%

(m) MSE: 18.99 (n) MSE: 17.81 (o) MSE: 21.14 (p) MSE: 18.44

(q) 4.82% (r) 4.59% (s) 5.86% (t) 5.00%

(u) MSE: 8.03 (v) MSE: 4.85 (w) MSE: 10.52 (x) MSE: 7.59

Figure 4: Image inpainting results by using approximate 5% pixels. The interpolation data points used for reconstruction is masked in black.
The continuous mask c is binarized with a threshold parameter εT = 0.01. From left to right: (1) optimal mask found with Laplacian
interpolation and the corresponding recovery image by using the optimal data points, (2) results of biharmonic interpolation model, (3) results
of smoothed TV regularization approach, (4) results of [8]



Computer Vision Winter Workshop 2014, Zuzana Kúkelová and Jan Heller (eds.)
Křtiny, Czech Republic, February 3–5
Czech Society for Cybernetics and Informatics

27

19th Computer Vision Winter Workshop
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Abstract Violent scenes detection in videos is a challeng-
ing problem because of the ambiguity of the word “vio-
lence.” In this paper we introduce Mid-level Violence Clus-
tering to solve this problem. Assuming three resource layers
exist, it automatically generates mid-level violent concepts
to infer violence without manually annotated tags of vio-
lent concepts such as fire, fights, etc. Our work is based on
the combination of visual and audio features with machine
learning at fixed segment-level. Multiple Kernel Learning
is applied so that multimodality of data can be maximized,
and finally a violence-score for each shot is calculated. We
trained the whole system on a dataset from MediaEval 2013
Affect Task and evaluated it by its official metric MAP@100.
The obtained results outperformed the best score in Affect
Task.

1 Introduction

Violent scenes detection is a task to detect violent actions in
videos. It has been gathering attention just as MediaEval Af-
fect Task [10] represents, which is intended to detect violent
scenes in movies. MediaEval is a benchmarking workshop
dedicated to evaluating systems for multimedia analysis and
retrieval, including Affect Task, in which Technicolor [1]
proposes the need of a system which enables users to choose
movies that are suitable for their children by providing a pre-
view of violent segments beforehand. Though even children
can easily reach violent contents on the Internet nowadays,
manually tagging or removing them is almost impossible be-
cause of their enormous number. This fact also makes it
essential to develop the automatic classification system for
violent videos.

The performance of previously proposed systems for vi-
olent scenes detection, however, is still unsatisfactory be-
cause of its complexity, as well as its ambiguous definition:
e.g. Chen et al. defines violence as “a series of human
actions accompanying with bleeding” in [5], though Gian-
nakopoulos et al. defines it as “violent-related classes such
as shots, fights and screams” in [11]. Simultaneously, rather
than simply classifying each segment, it is required to claim
which segment is more violent. This is the difference from
general video classification problem. As a matter of fact, in

Affect Task participants are asked to submit scores for vio-
lent segments.

The purpose of this study is to propose a novel system
for shot-level violence classification and scoring in videos
and to compare it with other algorithms. We use the defi-
nition of violence by 2013 Affect Task, which is “physical
violence accident resulting in human injury or pain.” Our
system is based on fixed segment-level processing, which
means first videos are divided into segments, each of which
contains a fixed number of frames. Both of visual and au-
dio feature vectors for each segment are extracted, and they
are used to train classifiers. In order to make the most use
of multimodality of data, Multiple Kernel Learning is ap-
plied to our system. In addition, Mid-level Violence Clus-
tering is proposed in order for mid-level violent concepts to
be learned automatically, without using manually annotated
tags of concepts such as fire, fight, etc. “Mid-level” means
this layer lies between low-level features and high-level final
targets. Classifiers produce segment-level violence-scores,
and finally they are converted to shot-level scores. Our sys-
tem is trained and tested on a dataset from 2013 Affect Task,
and evaluated by its official metric MAP@100. The effec-
tiveness of Mid-level Violence Clustering is evaluated, and
fusion methods are compared as well. We also compare our
results with results by other participants who did not use
external data. Finally, an investigation for each mid-level
violence cluster is performed for further understanding.

2 Previous Work
Relatively few researches have been done for violent scenes
detection. Some works used only audio information such as
energy entropy and zero crossing [11], or utilized only visual
features such as Bag-of-Visual-Words (BoVW) [6], Space
Time Interest Points (STIP) [14] and camera motion [4, 5].
After extracted usually they are fed as input for Machine
Learning such as Support Vector Machine (SVM) to give
classification on test videos.

On the other hand, adopting both of visual and audio fea-
tures is the current mainstream and have shown to improve
results. The work by Nam et al. at 1998 [18] utilized this
multimodality, proposing that violent signatures are repre-
sented as the combination of multiple features. Their fea-
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ture extraction is based on flame detection, blood detection
and audio features. In [15] PLSA was adopted to locate au-
dio violence. PLSA is a probabilistic model utilizing the
Expectation Maximization algorithm. For visual violence
they used a linear weighted model fed with the results of
violent event detection such as motion intensity, frame, ex-
plosion and blood. Finally co-training is carried out to uti-
lize both modalities. Penet et al. compared two modality-
fusion methods, namely Early Fusion and Late Fusion [20].
Early Fusion concatenates features from both modalities be-
fore machine learning, while Late Fusion fuses probabilities
of both modalities already calculated. They reported Late
Fusion was superior to Early Fusion. Derbas et al. [17] pro-
posed Joint Audio-Visual Words representation, which con-
structs a codebook in the context of Bag-of-Words (BoW)
by combining audio and visual features. Dai et al. [8] used
external data from ImageNet and MIT scene dataset in ad-
dition to usual training and testing videos, in order to detect
part-level attributes in each frame, each of which is expected
to represent the likelihood of containing a certain object.
Combining them with other low-level features from both of
visual and audio modalities, the SVM classifier is built.

Researches above tried to detect violence directly from
low-level features. Instead, some works have used violent
concepts such as fire, fights and so on. Those concepts are
manually annotated by humans and given in MediaEval Af-
fect Task [10]. Ionescu et al. proposed a frame-level vi-
olence prediction, applying a multi-layer perceptron in or-
der to utilize these concepts [12, 23]. They put the first
layer for the concept prediction, and the second layer for
the violence prediction. In addition to those provided con-
cepts, Tan and Ngo [26] have utilized extra 42 violence con-
cepts such as bomb and war from ConceptNet [16]. Con-
ceptNet is composed of nodes representing concepts in the
form of words or short phrases with their relationships. On
their system those extra concepts are trained using YouTube
videos which are crawled additionally. Afterwards a graph-
ical model of those concepts are generated, and Conditional
Random Fields [28] refines it by using relationships in Con-
ceptNet and co-occurrence information of concepts. Their
MAP@100 result was the first place in 2013 Affect Task
with external data.

3 Violent Scenes Detection Based on
Mid-level Violence Clustering

3.1 Approach Overview
Fig. 1 illustrates the overview of our approach. Feature ex-
traction and training/classification are carried out at fixed
segment-level. Here we define a segment as a sequence of
20 frames, and this means its time length is for 0.8 seconds
if FPS is 25. The reason 20 is chosen is that if its length is
too short, it might lack statistical meaning for its features,
especially for its audio features. Or if the length is too long,
features might get affected too much by changes of environ-
ments in scenes, such as a switch from a violent scene to a
non-violent scene or camera motion.

First all training videos are divided into segments. Then
both of visual and audio features are extracted for each seg-

Figure 1: The overview of our approach.

ment (described in 3.2). Segments tagged as violent are
gathered and divided into K(> 0) clusters. As described in
3.3, we assume that each mid-level cluster implicitly repre-
sents a concept or a combination of concepts led to violence.
Multiple Kernel Learning (MKL) is applied to generate a
classifier for each cluster.

In the test process, segmentation and feature extraction
are performed in the same way as the training process.
Classifiers in all clusters evaluate each segment, produc-
ing violence-scores. Then scores are integrated to gener-
ate one segment-level score for that segment. Smoothing is
applied in order to take the context of videos into account,
and finally segment-level scores are converted to shot-level
scores. The following sections explain our feature vectors
and training system more precisely.

3.2 Low-level Feature Extraction
Recent works on violent scenes detection such as [26] and
[8] have shown the effectiveness of using trajectory-based
features as visual information and MFCC-based features
as audio information. Similar to those researches, in total
six feature spaces exist on our system: Trajectory, HOG,
MBHx, MBHy, RGB and Audio.

Dense Trajectory
Trajectories have been used to capture local motion of
videos, especially in the field of action recognition. We
use Dense Trajectory [29], a trajectory to which dense
sampling is applied. Except for those in homogeneous
areas, densely sampled points are tracked by calculat-
ing optical flows in each spatial scale until they reach
the length of L = 15 frames. Every frame newly sam-
pled points are added if no tracked point is found in the
neighborhood of each pixel. We use 32 for a neighbour
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range, 5 for a sampling step, and 6 for a spatial scale size.
Displacement vectors of trajectories are extracted for
both of x-direction and y-direction and concatenated (30-
dimension). Following [29], descriptors are extracted
around each trajectory: HOG, MBHx, MBHy, and RGB-
histogram. Although originally HOF (Histograms of Ori-
ented Optical Flow) is extracted as well, expected to have
poor contribution on our task because of its frequent cam-
era motion, it is removed.

HOG
HOG (Histograms of Oriented Gradients) is a descriptor
for local gradient orientations, and is largely used for ob-
ject detection. In the same way as [29], the neighbour
of trajectories are divided into 2 · 2 areas. For each area
8-dimensional HOG is calculated and averaged every 5
frame. Since each trajectory has 15 frames length, con-
catenating all of them generates 12(= 2·2·3) histograms,
resulting in 8 · 12 = 96 dimensional vectors.

MBHx and MBHy
MBH (Motion Boundary Histograms) was originally pro-
posed in the field of human detection by Dalal et al. [9]
to represent the changes in the optical field, namely lo-
cal motion information independent of camera motion,
by calculating the gradient of the optical flow. MBH is
generated separately along the vertical direction (MBHx)
and the horizontal direction (MBHy). Since each MBH
is represented as an 8-dimensional vector, similar to
HOG, both of MBHx and MBHy are described as 96-
dimensional vectors around trajectories.

RGB-histogram
Although originally RGB information are not extracted
in [29], in violence detection since color information is
expected to be helpful just as blood and flame detec-
tion have contributed to the results in some previous re-
searches [15, 18], 64-bin RGB histograms around trajec-
tories are calculated every 5 frame. Spatial division is not
carried out for RGB-histogram, and it results in a 192-
dimensional vector.

Audio
Similar to Bag-of-Audio-Words in [19], MFCC (Mel
Frequency Cepstrum Coefficients) and the log energy
are first extracted every 10ms with 5ms overlap for au-
dio features. The first derivative of MFCC and its en-
ergy are also calculated as delta-MFCC, producing a 26-
dimensional feature.

Trajectory-based features are assigned to a segment in
which their trajectory has reached 15 frames length. For
each segment these features are gathered, converted to
the BoW form by using already calculated codebooks,
and normalized. Codebooks are generated by using
randomly selected 100,000 features and k-means++ al-
gorithm beforehand in each feature space respectively.
Finally 200-dimensional Trajectory, 400-dimensional
HOG, 200-dimensional MBHx, 200-dimensional MBHy,
400-dimensional RGB histogram, and 200-dimensional
Audio vectors are obtained.

Figure 2: Three layers in violence detection and our actions:
(a) trains and infers violence directly from low-level features, (b)
trains and infers violent concepts using annotations first, and uses
them to train and infer violence, (c) trains and infers mid-level con-
cepts without annotations of concepts first, and uses them to infer
violence. Our system follows (c).

3.3 Mid-level Violence Clustering
We assume there are three layers in violence detection as
Fig. 2 displays. Most of previous works only used low-level
features to directly train and infer high-level targets, namely
Violence and Non-violence (Fig. 2(a)). Some works have
started using manually annotated violent concepts. Using
those given concepts, they train and infer concepts in test
videos to train and infer violence finally (Fig. 2(b)). The rea-
son why this mid-level layer is needed that the diversity of
“violence” is huge: even though two segments are annotated
as violent, their low-level features might be largely different
depending on their characteristics of violence. For instance,
although explosion scenes labelled as violent might have
distinctive visual features, those of scream scenes might not
similar even if they are also labelled as violent. Our system,
however, takes the approach Fig. 2(c). Instead of actual vi-
olent concepts, it detects violence using mid-level concepts
which have been automatically inferred without annotations
of violent concepts. We apply Mid-level Violence Cluster-
ing and generate clusters for mid-level concepts prediction.

Fig. 3 illustrates the process of Mid-level Violence Clus-
tering. First all of the violent segments in training videos
are gathered. Then they are divided into K(> 0) clusters,
each of which is expected to contain similar segments. Then
non-violent training segments are assigned to those clusters
sequentially, whose results construct clusters for mid-level
violence classifiers. After concatenating feature vectors of
them, k-means++ algorithm with Euclidean distance is ap-
plied to generate clusters. Here we assume that feature vec-
tors for violent segments are capable of representing one or
multiple concepts related to violence in each cluster. If mid-
level concepts are correctly clustered, “training violence in
one cluster” corresponds to “training one or multiple mid-
level violent concepts.” This means manual annotations for
violent concepts are unnecessary if our previous assumption
is correct. Mid-level Violence Clustering also contributes to
reduction in complexity. Since the number of feature points
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Figure 3: The process of Mid-level Violence Clustering.

and dimensions are huge in the task of Violent Scenes De-
tection, the cost for training is expensive. Training multiple
classifiers needs much less time compared to training one
classifier using all feature vectors. The process of actual
training, classification and scoring are described in the fol-
lowing sections.

3.4 Multiple Kernel Learning

BoVW with SVM [6] has contributed greatly to the filed of
image classification over the last few years. For the task of
violence detection, however, multiple feature spaces have to
be handled, and then simply concatenating feature vectors
and training classifiers might not always be the best way,
according to the work by Penet et al. [20]. As they studied,
when multimodal features exist, there are two available fu-
sion schemes: Early Fusion (EF) and Late Fusion (LF). EF
concatenates features from both modalities before training,
meaning it can take correlations of those feature spaces into
account while training, though it is dealing with each fea-
ture space uniformly. On the other hand, on LF training and
classification are performed for each feature space indepen-
dently. Generated results, which are violence probabilities
in their experiment, are fused afterwards. They compared
EF with LF when two modalities exist (visual and audio).
Although they concluded that LF has more effectiveness, if
more modalities exist just as our system, it has some draw-
backs: 1) it cannot take correlations of multimodal features
into account while training and classification, 2) how to fuse
both results has to be decided manually beforehand. Be-
sides, in [20] low-level audio features and higher-level vi-
sual features such as shot length were directly combined,
and this might have resulted in poor correlations between
two modalities.

To cope with this problem and to maximize the mul-
timodality of data, we apply Multiple Kernel Learning
(MKL), which can be regarded as a kind of EF, but aims
at finding optimized weights for each feature space when
multiple SVM kernels are applied [25]. This means MKL
considers correlations of multiple feature spaces while train-

ing and classification, but at the same time it considers dif-
ferences of violent characteristics among multiple feature
spaces. In MKL the whole kernel is composed of multiple
sub-kernels, and is defined as a following equation:

K(xi, xj) =
∑

p

βpKp(xi,xj) (1)

where Kp are sub-kernels, and βp is a weight for p-th sub-
kernel. Sub-kernels for Trajectory, HOG, MBHx, MBHy,
RGB-histogram and Audio are prepared in our case. The
dual for the MKL primary problem is proposed by Bach et
al. [2] and parameters can be learned.

Histogram Intersection Kernel (HIK), which has been re-
ported to perform well on histogram-based features [3], is
adopted as a sub-kernel. HIK is defined as follows:

Kint(A,B) =
m∑

i=1
min(ai, bi) (2)

where A = [a1, a2, . . . , am] and B = [b1, b2, . . . , bm]. It
measures the degree of similarity between two histograms.
MKL is applied to all K clusters, generating K classifiers.
SHOGUN Toolbox [24] is used for our MKL implementa-
tion.

3.5 Scoring and Smoothing
Each segment in test videos is classified as violent or non-
violent by K classifiers. If a video has N segments, results
obtained by k-th classifier (1 ≤ k ≤ K) are:

Ck = [c1,k, c2,k, . . . , cN,k] (3)
Dk = [d1,k, d2,k, . . . , dN,k] (4)

where cn,k ∈ ±1 (1 ≤ n ≤ N) represents that n-th segment
is violent if its value is +1, while it represents non-violent
if its value is −1. dn,k denotes a distance between a feature
point of n-th segment and a hyperplane which has classified
it. Using Dk, we define Sk, scores for all segments by k-th
classifier as follows:

Sk = [s1,k, s2,k, . . . , sN,k], (5)

sn,k =
{

dn,k (if cn,k = +1)
0 (if cn,k = −1) (6)

They are integrated to produce pre-final scores S:

S = [s1, s2, . . . , sN ], (7)

sn =
∑K

l=1 sn,l

Kvio
(1 ≤ n ≤ N) (8)

where Kvio is the number of classifiers whose cn,k is +1,
in other words, the number of classifiers which classify n-th
segment as violent. This means for each segment, if no clus-
ter classifies it as violent, its violence-score is zero, while the
mean value of violence-scores of classifiers which classify
it as violent is assigned if one or more clusters classify it as
violent.

In order to take the context of a video into account, scores
are smoothed as a final step. Although in [8] the average
value over a three-shot window is calculated, we adopt a
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moving average calculation so that the further neighbour
segments are positioned, the lesser their effects are consid-
ered. Smoothed scores S′ are calculated by using pre-final
scores S as follows:

S′ = [s′1, s′2, . . . , s′N ], (9)

s′i = si +
∑M

m=1 αn · (si−m + si+m)
2M + 1 (10)

where α (0 < α < 1) is a smoothing coefficient, and M is
a neighbor range around a segment. We used 0.5 for α and
2 for M .

Scores for shots are calculated by converting segment-
level scores after calculating frame-level scores. Because
the numbers of frames in segments are consistent except for
a final segment of a video, frame-level scores are simply
given as scores for segments which have those frames. Then
for each shot, scores for frames it contains are summed and
divided by the number of frames. This score is used as a
final score for each shot.

4 Experiment
Though multiple tasks exist in 2013 Affect Task, we focus
on shot-level violence detection in movies with objective
definition, which is “physical violence accident resulting in
human injury or pain,” without external data. For the evalu-
ation, shot-level violence-scores have to be generated rather
than merely classifying shots.

In order to ascertain the improvement by Mid-level Vi-
olence Clustering, multiple numbers of K are tried. Addi-
tionally a system with clusters constructed for each train-
ing movie instead of using Mid-level Violence Clustering
is tested, in which multiple violent concepts are mixed in
each cluster. We call this as Training Movie Grouping, and
compare it with Mid-level Violence Clustering. Results are
also compared with runs by other participants. To evaluate
the effect of MKL, EF and LF are performed using normal
SVM with HIK. Though various kinds of implementations
are possible for LF, on our system visual (Trajectory, HOG,
MBHx, MBHy and RGB) features are concatenated, and
trained separately from audio features. Since results by clas-
sifiers are scores rather than probabilities, simply a higher
score is used as a score by that cluster.

4.1 Dataset
With automatically generated shot boundaries by Techni-
color’s software [10], 18 training movies and 7 test movies
are provided. (Training movies: Armageddon, Billy Elliot,
Eragon, Harry Potter 5, I am Legend, Leon, Midnight Ex-
press, Pirates of the Caribbean 1, reservoir Dogs, Saving
Private Ryan, The Sixth Sense, The Wicker Man, Kill Bill
1, The Bourne Identity, The Wizard of Oz, Dead Poets Soci-
ety, Fight Club and Independence Day. Test movies: Fan-
tastic Four, Fargo, Forrest Gump, Legally Blond, Pulp Fic-
tion, The God Father 1 and The Pianist.) Training movies
are given with frame-level violence ground truth annotated
by several human assessors. Though in 2013 Affect Task
participants were allowed to use prepared violent concepts,
our algorithm uses only low-level features extracted from

movies, violence ground truth and shot boundaries. To re-
duce the complexity, all frames are resized to half of their
original size as pre-processing.

4.2 Evaluation Metric
MediaEval 2013 Affect task adopted Mean Average Preci-
sion at the 100 top ranked violent shots (MAP@100) as
its official metric. MAP is the most standard evaluation
of ranked retrieval results among the TREC (Text Retrieval
Conference) community [7], and it provides a single-figure
measure of quality across recall levels. MAP is the mean
value of the Average Precision (AP ), which can consider
the order which targets are presented in. It computes the av-
erage value of Precision over the interval from n = 1 to
n = N :

AP@N = 1
N

N∑

n=1
Precision(Rn) (11)

where N is the maximum rank number one wants to calcu-
late, and Rn is the set of ranked retrieval violent segments
from the top result to the n-th result. Then MAP is calcu-
lated as follows:

MAP@Q = 1
Q

Q∑

q=1
AP@q (12)

For instance, if ranked results are judged as [true, false],
AP@1 = 1 ·1 = 1, AP@2 = (1 ·1+1 ·0.5)/2 = 0.75, and
MAP@2 = (AP@1+AP@2)/2 = (1+0.75)/2 = 0.875.

4.3 Results and Discussion
For the number of clusters K, we tried every 5 numbers from
5 to 120. Fig. 4 displays these results before smoothing
since smoothing improved scores largely, especially when
the numbers of clusters were low, making it difficult to eval-
uate the effectiveness of Mid-level Violence Clustering. Re-
sults with small numbers of clusters seem to be unstable
compared to results with high numbers. This reveals the ef-
fectiveness of Mid-level Violence Clustering, since a small
number means there are not enough clusters to represent vi-
olent concepts. This figure also compares them with a result
from Training Movie Grouping, and scores by Mid-level Vi-
olence Clustering were superior to its score. On Training
Movie Grouping, each cluster might have multiple violent
concepts whose feature vectors can be largely different each
other, and then it also proves the effect of Mid-level Vio-
lence Clustering.

While we expected low scores for results with high num-
bers of clusters (e.g. K = 100), they seem to be able to
keep promising scores. This is because when the number of
clusters was high, some clusters had only a few violent seg-
ments assigned to themselves due to their anomalies. For
instance, when we chose K = 100, the smallest number of
violent segments in one cluster was 2, although other clus-
ters tended to contain about 50-100 violent segments. Even
though this cluster could not find violent segments, it did
not affect a final score either because our scoring equation
(6) depends only on scores by classifiers that have classified
a target segment as violent.
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Figure 4: Results of Mid-level Violence Clustering with multiple
numbers of clusters without smoothing, and a result of Training
Movie Grouping.

Run MAP@100
LIG [17] 0.520
FAR [23] 0.496
Fudan [8] 0.492
NII [13] About 0.400
Technicolor [21] 0.338
VISILAB [22] 0.150
MTM [27] 0.070
Our system (K=50) 0.558
Our system (K=80) 0.577

Table 1: Comparison with other teams on MediaEval 2013 Affect
Task without external data. Our result outperformed them.

Smoothing always improved scores, and then only two
best results are shown in Tab. 1 with results by other partici-
pants in Affect Task 2013. Although some teams used given
concepts for their runs, one can find our score outperforms
their scores.

Fusion methods are compared in Fig. 5. All of them are
results after the smoothing step. MKL was always better
than or equal to EF, and always superior to LF, proving the
effectiveness of MKL. Partly because of the difference of
how to implement LF, EF was always superior to LF, being
different from a report in [20]. This can be considered as
being caused by the difference of features. In [20] low-level
audio features such as zero crossing rate and energy were
used, although higher-level visual features such as shot dura-
tion and number of flashes were chosen. This led to few cor-
relations among these two modalities as authors mentioned.
In our case, however, since both features were low-level,
there seem to have existed correlations among them, which
could be maximized when they were combined by applying
MKL or EF.

For the run with (K = 50), example frames of shots that
had high scores are shown in Fig. 6. Among these 4 shots,
(a), (b) and (c) were correct estimations for scenes contain-
ing explosions, gunshots and car chases. However, the es-
timation (d) was wrong. In this shot multiple people start

Figure 5: Comparison of fusion methods with smoothing.
MKL=Multiple Kernel Learning, EF=Early Fusion, LF=Late Fu-
sion.

standing up suddenly and cheering. Just as this example,
shots that contain multiple people, sudden motion and big
sound tended to be miss-classified as violent. Meanwhile,
common missed violent shots were violent scenes without
sound, such as a scene in which a man is wringing other
man’s neck.

Though our system has achieved promising scores, its
performance is still insufficient and multiple points can be
argued. The first point to be considered here is that our
feature vectors might not be distinct enough. Although we
have used trajectory-based features as visual information,
they can be easily affected by camera motion. Even though
features such as MBH, which are supposed to be robust to
camera motion, were extracted, they might be noisy if tra-
jectories themselves are unreliable. Similarly, shot bound-
aries are not considered on our system although shots often
change in the middle of segments and are expected to affect
visual features. The second point is that though Euclidean
distance is used for the similarity while Mid-level Violence
Clustering, Histogram Intersection is used for sub-kernels
in MKL. Performing clustering by using Histogram Inter-
section might be essential to keep consistency.

4.4 Extensive Study
In order to confirm our assumption in 3.3, we examined the
amount of violence-related concepts in it using the cluster
number K = 50. In 2013 Affect Task, participants were
provided with violent concepts annotated at frame-level by
human assessors. They consist of 7 visual concepts: pres-
ence of blood, presence of fire, fights, gory scenes, presence
of firearms, presence of cold weapons car chases, and 3 au-
dio concepts: explosions, presence of screams, gunshots. It
should be noted that these concepts are not always related
to violence ground truth, and often multiple concepts are
tagged in one frame. Since they are at frame-level, we con-
verted them to segment-level annotations by simply tagging
each segment if half of frames it contains are annotated.

The ratios of segments annotated by each concept in each
cluster are shown in Fig. 7. Since it is inadequate to display
ratios for all 50 clusters and for all concepts in this figure
due to the limit of the available spaces, only 6 representa-
tive clusters are displayed. Also annotation car chases is
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Figure 6: Example frames of shots which had high violence-scores on our system. (K = 50): (a) a car is blown away by the explosion, (b) a
man is shot multiple times from a window and his shirt gets soaked with blood, (c) a car crashes into another, (d) people start standing up and
cheering. Note in (b) the camera perspective seems to change but this is because shot boundaries were automatically generated.

Figure 7: Ratios of segments annotated by each concept for clusters (K = 50). Note only 6 representative clusters are shown and a tag “car
chases” is excluded.

excluded due to its low number. By studying this figure
one can find some clusters reflect violent concepts. For in-
stance, although both of Cluster 1 and Cluster 4 have high
ratios for fights, Cluster 1 has more blood and cold weapons,
meaning these two clusters represent different kinds of vio-
lence. Cluster 5 includes a high number of segments tagged
as firearms and gunshots. We investigated this cluster and
found it contains gunfire scenes.

On the other hand, there exist clusters which seem not
to reflect actual violent concepts like Cluster 6. Though
clusters generated by our system and concepts in MediaE-
val are unrelated essentially, and so characteristics of clus-
ters in Fig. 7 do not always have to be distinctive, it could
have been caused by the lack of distinctiveness of features
or inconsistency of the clustering method.

5 Summary and Conclusions
In this paper, we proposed a novel system to detect vio-
lent scenes in videos by using Mid-level Violence Cluster-
ing with multimodal features. Our experiments showed that

automatic inference of mid-level concepts is effective for
this task, and results outperformed the best MAP@100 in
MediaEval 2013 Affect Task even without manually anno-
tated concepts. In addition, comparison of fusion methods,
as well as investigation for concepts in mid-level violence
clusters were performed. Future work is to find more dis-
criminative feature vectors, as well as to adopt more suitable
clustering method in the context of our system.
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Abstract In this paper, we propose a novel approach to
compute 3D supervoxels for radiological image datasets. It
allows to cope with the high levels of noise and low contrast
encountered in clinical data such as Computed Tomography
(CT), Optical Coherence Tomography (OCT) and Magnetic
Resonance (MR) images.

The method, monoSLIC, employs the transformation of
the image content to its monogenic signal as primal repre-
sentation of the image. The phase of the monogenic signal is
invariant to contrast and brightness and by selecting a ker-
nel size matched to the estimated average size of the super-
pixels it highlights the locally most dominant image edge.
Employing an agglomeration step similar to the one used
in SLIC superpixels yields superpixels/-voxels with high fi-
delity to local edge information while being of regular size
and shape.

The proposed approach is compared to state of the art su-
perpixel methods on the real-world images of the 2D Berkley
Segmentation Dataset1 (BSD) converted to gray-scale, as
well as challenging 3D CT and MR volumes of the Visceral2

dataset. It yields a highly regular, robust, homogeneous and
edge-preserving over-segmentation of the image / volume
while being the fastest approach.

1 Introduction
The goal of over-segmenting an image is to merge pixels
into homogeneous groups of superpixels while preserving
boundaries of objects in an image. This allows to perform
image analysis tasks on the greatly reduced number of su-
perpixels as opposed to every pixel in the volume. While
several approaches to computing superpixels have been pro-
posed in recent years, most were developed with the ap-
plication to typical 2D color photographs in mind. Radi-
ological image data, on the other hand, has quite different
characteristics: monochrome data, high levels of noise and
low contrast, both finely detailed structures (e.g. the inter-
nal structure of bones) and large objects with only subtle
texture differences (liver in a CT). Our aim is to provide a
method specifically adapted to these characteristics which is
also computationally attractive.

1http://www.eecs.berkeley.edu/Research/Projects/CS/vision/bsds/
2http://www.visceral.eu/

All but one (Mori [13]) of the existing methods work di-
rectly on the image pixel intensities (see Section 2), causing
them to be depended on contrast and brightness of the im-
age. The method of [13] extracts texture and contour infor-
mation, but with high computational costs [9]. In contrast
the proposed method extracts structure information using
the computationally attractive approach of the monogenic
signal. The phase of the monogenic signal contains the lo-
cal structural information of the image, from which edge
cues are extracted and then used as input for k-means clus-
tering. The number of k-means cluster centers is equal to
the number of desired superpixels, resulting in a fast and
parameter-free (additional to the desired number of super-
pixels) over-segmentation method that creates regular and
smooth superpixels.

In Section 2 the state of the art is summarized and the
new method is described in Section 3, showing the defini-
tion and incorporation of the monogenic signal into the pro-
posed approach, as well as its extension to 3D data. Sec-
tion 4 presents the experimental setup and results, with Sec-
tion 5 providing a conclusion.

2 State of the Art
The state of the art approaches of the over-segmentation
problem can be categorized into graph-partition-based and
gradient-ascent-based [2]. Visual examples for each algo-
rithm are presented in Figure 1 for a cropped part of an ab-
dominal CT slice.

Graph-Partition-Based
The methods listed in this category use a graph to represent
the similarity between pixels, where each node refers to a
pixel and the weight between nodes refers to the similarity
of the pixels. The graph is then cut at weights where the dif-
ference between nodes is significant, creating a superpixel
segmentation.

Felzenswalb [7] proposed an efficient graph-based image
segmentation approach, where the image is represented in a
5-D feature space containing spatial information (x,y) and
color information (r,g,b). A nearest neighbor graph is cre-
ated, with the weights corresponding to the distance in the
feature space. The graph is then cut into components repre-
senting a minimum spanning tree of associated pixels. The
resulting superpixels are perceptually meaningful but there
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(a) (b) (c)

(d) (e) (f)

Figure 1: Comparison of the superpixel segmentation on a 2D Computed Tomograph slice of the abdominal region with about
200 pixels per superpixel in average for (a) Felzenswalb [7], (b) Mori [13], (c) Veksler [14], (d) Engel [5], (e) Achanta [1] and
(f) MonoSLIC.

are no constraints in terms of superpixel number or size, thus
creating irregular ones.

The approach of Mori et. al. [13] on the other hand cre-
ates regular and visually pleasing superpixels. The quality
of its segmentation performance is based on computational
intensive extraction of texture and contour features. These
are then combined to a final weight matrix creating a graph
of sizeO(N2) where the normalized graph cut method, pro-
posed by Shi and Malik [10] with a high computational cost
of O(N 3

2 ) [9], is used to calculate the segmentation.
Similar to the previous method Veksler [14] also creates

and cuts a graph, but this time an extended grid-graph is
created. In this graph each pixel is connected to its neighbors
as well as to a number of terminal nodes, each representing a
possible superpixel label. A multi-way-graph cut approach
is then used to calculate the final segmentation of the image.
Two versions of the algorithm are proposed, one for more
regular and compact superpixels and another for irregular
but more precise superpixels. The latter is named constant
intensity superpixels and is used for the evalutation in this
paper.

Gradient-Ascent-Based In this category methods are
used that start by an initial segmentation, which is then
improved based on the gradient of the feature space. The
boundaries are moved to, or created where, the gradient
magnitude of the image is a local maximum.

For the method of Engel [5] the initial segmentation
is the distribution of seed-points of a watershed transfor-
mation. The seed-points and the height-map are calcu-

lated by exploiting the properties of the Gradient Vector
Flow (GVF). Based on the GVF a flux flow field is calcu-
lated which serves as the height-map and this height-map is
thresholded to generate the initial seed-points. The proper-
ties of the superpixel output is similar to [7], with irregular
shape and size.

For Achanta [2] the initial segmentation is a rectangu-
lar grid, which is then iteratively updated to align with local
high gradients using the k-means clustering method. The
features space for the Simple Linear Iterative Clustering
(SLIC) method is a 5-D space, which is similar to [7], but in-
stead of the r,g,b the L,a,b values of the CIELAB color space
is used. The distance function for k-means is non-euclidean
with a parameter that regulates the weight between x,y and
L,a,b values, giving the user the option to create regular su-
perpixel at the cost of edge precision.

Summary and Additional Approaches A compact sum-
mary of the analyzed methods is given in Figure 2. Ad-
ditional approaches not compared in this paper were pro-
posed, among them the gradient-ascent based approach of
Vincent [15], the TurboPixel approach of [9] and the graph-
partition-based Lattices approach of [12]. A comparison of
these can be found in [2].

3 Methods
The proposed method is designed to over-segment 2D and
3D image data, with a special focus on medical data. Such
medical data typically exhibits high levels of noise and low
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Figure 2: Overview of the discussed methods.

contrast, as shown on an abdominal CT in Figure 1 and an
abdominal MR in Figure 3 (a), as well as the noisy OCT
shown in Figure 3 (b). Using the contrast sensitive original
gray-level information forces the user to choose a parameter
that decides about the level of detail that should be captured.
This parameter needs to be tweaked and set appropriately for
the methods of [5], [7] and [2]. With the use of the structural
information contained in the phase of the monogenic sig-
nal, which is brightness and contrast invariant, the proposed
method does not require such an parameter. Extracting the
structural information also makes the method robust to noise
and creates smooth superpixel boundaries.

Our method is similar to the approach of [2], but in our
case we perform k-means clustering in a feature space that is
spanned by the spatial coordinates (x,y,z) and the monogenic
phase Λ, which results in 4 dimensional feature space for the
3D case. The properties of the monogenic phase allow for an
adaption of the k-means algorithm, that reduces the number
of calculations necessary and therefore making our method
the fastest 3D approach.

In the following we recapitulate the definition of the
monogenic signal, detail how it is employed as additional
feature for the k-means clustering and present the changes
to the k-means method compared to [2]. In the remainder of
this paper the proposed method is called MonoSLIC.

The Monogenic Signal The monogenic signal proposed
by Felsberg [6] originates from the 1D analytic signal [4],
which extracts the local phase and local amplitude of a sig-
nal. It is based on the Hilbert transform which when applied
to cos(x) of a real valued signal x results in sin(x). The
Hilbert transform can be therefore understood as a phase
shifter, shifting every sinosoidal function by −90 degrees.
In the frequency domain, with the Fourier transformed sig-
nal u the transfer function of the Hilbert transform can be
defined as H(u) = −iu

|u| = −i sgn(u), where sgn() is the
signum function [6]. The kernel can be written as the inverse

Fourier transform of the transfer function [17]

fH(x) = 1
2π

∫ ∞

−∞
H(u)eiuxdu (1)

and its combination with the original signal is called the an-
alytic signal

fA(x) = f(x)− ifH(x), (2)

The Hilbert transform is generalized in [6] using the
Riesz transfrom with the transfer function defined in the fre-
quency domain R(u) = −iu

|u| , where u = (u1, ..., un)T , for
n dimensional signals [3]. Similar to the analytic signal the
monogenic signal is also a combination of the original signal
and, this time, its Riesz transformation fR(x),

fM (x) = f(x)− ifR(x), (3)

where is i = (i1, ..., in) dimensional. The monogenic signal
is isotropic and also performs a so-called split of identity
[6]. This refers to the fact that the signal is decomposed
into the local amplitude Af , the local phase ϕ and the local
orientation θ.

The local amplitude Af is defined as the norm of the
monogenic signal

Af (x) = |fM (x)| =
√
f2(x) + |fR(x)|2. (4)

and the local phase

ϕ (x) = arg(fM (x)), ϕ ∈ [−π, π] (5)

represents the change of local strutural information in the
range of −π to π [6]. Examples for corresponding struc-
tures for a certain ϕ value are shown in Figure 4 for the 1D
case. Finally the geometric information is represented by
the orientation in the range of 0 to π

θ (x) = arccos (f(x))/Af (x)) θ ∈ [0, π] (6)

defining the direction of the structure.
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(a)

(b)

Figure 3: Example images for 3D medical volumes with the
segmentation of MonoSLIC, where (a) shows a Magnetic
Resonance Tomography of the thorax and head and (b) an
Optical Coherence Tomograph of an eye.

Edge-cues from Monogenic Signal and filter scale selec-
tion The monogenic phase ϕ(x) picks up the locally dom-
inant structure in an image regardless of contrast and bright-
ness. Its values are between −π, π and a value of ±π2 corre-
lates with a strong edge, as previously illustrated in Figure 4.
In order to detect this change in structure with the k-means
algorithm the values have to be mapped such that there is
a high difference between two pixels with different values
for sgn(|ϕ(x)| − π/2). In other words, to get a representa-
tion with similar feature values within superpixels and value
changes at their boundaries, the monogenic phase needs to
be transformed. We first map ϕ to ϕnew = |ϕ| − pi

2 before
calculating the final monogenic phase cue with

Λ (x) = sgn (ϕnew) exp(−|ϕnew|)

2 ,Λ ∈ [−0.5, 0.5] . (7)

The wavelength governing the scale of the monogenic sig-
nal depends on the number of superpixels and is set to
λ = d

√
P
SP (for dimension d, the number of pixels P and

the number of superpixels SP ) which influences the size of
the smallest structure that should be detected in the image.
λ correlates to the number of superpixels because a small

Figure 4: The sketched structure yielding a specific value of
ϕ with a phase wrap from π to −π. Redrawn from [6].

number can only detect large structures and the lower wave-
length ensures smoothness balanced with the level of detail,
that is desirable at this scale.

In the example shown in Figure 5 (c) of the transformed
monogenic phase a high contrast can be seen at the change
of structure of the original image. Using this as input for k-
means will create clusters with are boundaries at the changes
of structure. This is the only information about the image
employed by our approach.

Super-pixels through clustering Similar to [2], we per-
form k-means clustering to obtain the superpixels, but in-
stead of using the Lab values color space, we cluster based
on the monogenic phase. We initialize the cluster centers
(seeds) spatially according to a hexagonal grid with a clus-
ter center distance dcc = λ corresponding to the number
of superpixels, to avoid imposing too much of a directional
preference. Each pixel is represented in an nD + 1 space,
with the coordinates being the original n = 2 pixel or n = 3
voxel coordinates. The additional dimension is the mono-
genic phase, which is scaled by two times the cluster center
distance

Λ(x)kmean = 2dccΛ(x). (8)

For the k-means computation we restrict the number of po-
tential pixels for each cluster seed to a ±2dcc neighborhood
and the maximum number of iterations to I = 10, reduc-
ing the k-means complexity O(10SR) introduced by [2] to
O(9SN + SR), N � R, where S is the number of seed-
points, R a region around S and N a number of randomly
chosen pixels from R. The compact information contained
in the monogenic phase makes it possible to choose a ran-
dom subset of pixels from the regionR, reducing the number
of computations per iteration.

For the first iteration of the clustering, the initial values
for the nD + 1’st coordinate of the cluster center have to be
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(a) (b)

(c) (d)

Figure 5: The monogenic phase calculated on an abdominal
Computed Tomography image (a) with a filter wavelength of
18.3. In (b) the local phase ϕ of the image is shown. Panel
(c) presents the transformed signal Λ as used by our ap-
proach with the overlayed initial cluster centers (dcc = 18.3)
on the left. In panel (d) the final segmentation is overlayed
with the original image.

estimated. These are set to the average of Λ(x)kmean of all
pixels that are closest (distance< dcc

2 ) to that cluster center.

4 Experiments
In Section 4.1 the setup of the experiments is presented, fol-
lowed by the results in Section 4.2.

4.1 Setup
The methods presented in this paper are run using their re-
spective reference implementations. The parameters gov-
erning the number of superpixels was carefully selected for
each case to yield the same number of superpixels, where
possible. Parameters specifying edge fidelity versus homo-
geneity were set to a value such that edge responses are cap-
tured, while still maintain regularity. The parameter for [1]
was set to 15, which provides a trade-off in terms of regu-
larity and recall and was used throughout this paper. The
algorithms are compared in terms of recall, the regularity of
their superpixels, their robustness to noise and their runtime.

Two datasets are used for evaluation. The first is the BSD
[11] with 500, 0.15 Mega Pixels (MP) real-world images,
with objects annotated by five different annotators. The sec-
ond is the Visceral [8] dataset, which consists of 14 CT
and 14 MR volumes. In each of the volumes 20 different
anatomies are annotated by medical experts. From the 3D
volumes also a 2D dataset is created by extracting the 28
coronal center slices of the dataset with an average size of
0.18 MegaPixel (MP). For the 3D test all the 14 CT and but
only 5 abdominal MR volumes are taken, as the method of
[1] failed to compute on the other MR volumes.
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Figure 6: Recall rate for the 2D Visceral image dataset.

4.2 Results
In this section first the results for the 2D Visceral and BSD
are presented. The recall rate on the Visceral dataset and the
regularity on the BSD dataset are analyzed, before looking
at the summary of all acquired statistics. In the following the
3D Visceral results are presented and at the end the run-time
performance of the algorithms is evaluated.

2D - Visceral and Berkley Segmentation Dataset The
first comparison of the algorithms is the recall rate, which
describes the percentage of how many of the annotated pix-
els were detected by the algorithms segmentation. A higher
recall value indicates a better detection of the annotated
boundaries. The recall rate for the 2D Visceral dataset is
measured at defined superpixel sizes shown in Figure 6.
The reference over-segmentation using a rectangular and
hexagon grid show how a blind over-segmentation would
perform. The slightly better results for the hexagon are due
to the naturally more meaningful shape compared to a rect-
angle.

The approaches of Mori [13], Felzenswalb [7] and
Engel [5] have the highest recall accuracy followed by
MonoSLIC, Veksler [14] and Achanta [1]. The accuarcy
of [13] comes at the cost of computation, which is also
the reason for the missing first data-point. The methods of
[5] and [7] do not allow direct control over the superpixel
number. For [5] it was not possible to calculate values
for 100 pixels per superpixel due to the properties of the
medical images.

The regularity of the superpixels is evaluated because
smooth superpixel boundaries lower the computation cost of
algorithms that compute on the segmentation itself. Another
benefit of creating smooth boundaries is that they are visu-
ally more pleasing [16], which could be important when pre-
sented to physicians. The results are calculated on the BSD,
as for regularity comparison this dataset is more representa-
tive. That is because medical images contain a high percent-
age of smooth and homogenous background that would ben-
efit the methods of [1] and [14]. The regluarity is measured
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Figure 7: Coefficient of variation for the perimeter over area
value on the 2D Berkley Segmentation Dataset images.

with the relation of perimeter peri and area area, where the
final value is peri√

area
. The mean over all the superpixels of

this value is an indicator for the roughness of the bound-
ary, where a lower value means smoother superpixel bound-
aries. The corresponding standard deviation expresses the
consistency of the smoothness, e.g. if there is an high or
low variation in superpixel shape. Both measurements are
combined in the coefficient of variation, where the mean is
divided by the standard deviation. The results are shown in
Figure 7 where lower values indicate smoother superpixel
boundaries. The MonoSLIC approach has the lowest coef-
ficient of variation and therefor creates the smoothest super-
pixels for the BSD dataset.

To get a compact view of all the results for the BSD
dataset they are summarized in Figure 8, where green in-
dicates good performance and desired parameters and red
otherwise. The presented columns are recall, recall on im-
ages with added Gaussian noise (mean = 0, std = 0.22),
standard deviation of the superpixel area in pixels, mean and
standard deviation for perimeter over area, the runtime in
seconds per MP, if there is a parameter P to set (0 equals
no parameter) and if the number of superpixels SP can di-
rectly be specified. The values are taken for 70 pixels per
superpixel.

Going through the algorithms from bottom to top [7]
shows very good runtime and recall rates but the user can-
not control the number of superpixel, which also causes a
high variation in the area and the regularity of the superpix-
els. The approach of [5] has the same properties, although
a lower recall rate and and higher computation time. The
method of [13] achieves the highest recall rate with 84% and
79% for noise, but this comes at a high computational cost,
taking about 455s to compute one image. The approach of
[14] has a low recall rate and is influenced by noise, the su-
perpixels are of irregular shape and also a relative high run-
time of 38s. The recall rate of [1] is a moderate 73% for the
normal images but is highly influenced by noise, where the
recall rate drops to 60%. The average regularity is the high-
est of the tested methods but also has a low variation. It has

Figure 8: Summary of the results for the 2D Berkley Seg-
mentation Dataset images and an over-segmentation of 90
pixels per superpixels, where green indicates desired results.

Figure 9: Summary of the results for the 2D Visceral im-
ages and an over-segmentation of 70 pixels per superpixels,
where green indicates desired results.

one of the best run-times and is available in 3D. On the other
side it has a parameter that has to be tweaked for a trade-
off between compactness. The proposed method MonoSLIC
has is very robust to noise with a recall rate of 72% for both
the normal and noisy images. It creates very regular super-
pixels and does not require a parameter to be set.

The summary is also presented for the 2D Visceral
dataset in Figure 9. There are some differences to the BSD
results. The methods of Achanta [1] and Veksler [14] have
a better regularity which is due to the smooth background
of medical images. For medical images the recall rate of
MonoSLIC is higher when compared to the other methods
on the BSD.

3D - Visceral Dataset For the 3D case again the recall
rate is shown for the Visceral dataset. This time the su-
pervoxel size is given in mm3 as the medical recordings
have a defined real-world size for one voxel. The results
are shown for a range of about 105 to 103mm3 in Figure 10.
Our method outperforms Achanta [1] for the broader range
of superpixel size, for a over-segmentation in the range of
1− 10cm3.

The 3D results are again summarized in Figure 11 for a
supervoxel size of about 7∗103mm3. The recall rate is 10%
higher for MonoSLIC. With a runtime of 0.7s/MP the per-
formance of MonoSLIC is 3 times faster than Achanta [1]
and it requires no parameter to be set apart of the desired
number of superpixels.

A visual comparison in terms of recall rate is presented
for the Visceral dataset. In the following two figures the seg-
mentation of the algorithm is shown in red, the annotated
ground truth in green and blue corresponds to a matching
segmentation of the algorithm to the ground truth. Each fig-
ure is divided by a white line, where the left shows the re-
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Figure 10: Recall for the 3D Visceral dataset.

Figure 11: Summary of the results for an over-segmentation
into 15 ∗ 103mm3 sized supervoxels, where green indicates
desired results.

sults of Achanta [1] and the right of MonoSLIC. In Figure 12
a 3D Visceral CT example is presented. If the object bound-
ary has a high contrast it is very well segmented by [1] as
seen for the lung and the silhouette of the body, while in the
Abdomen region the contrast is very low and the structure
is not captured. Tweaking the parameter could increase the
structure detected at the cost of regularity. MonoSLIC on
the other hand reacts to all the structures which is the reason
for the better recall performance and it does so without the
need of an additional parameter.

This can also be observed for a 2D Visceral MR example
shown in Figure 13 where the uniqueness of the recording
technique creates very low contrast volumes. The results
for the MR are shown for the 2D case because [1] did not
compute on the 3D volume.

Run-Times The run times of the algorithms are displayed
in Figure 14. Computations were performed on a 12-
core Intel Xeon with the publicly available implementations.
Mori [13] not only is the slowest algorithm, but due to the
large weight matrix generated for the NCut it also scales
badly in terms of memory usage. Veksler [14] segments
images in about 40 seconds. While Engel [5] has a faster
computation time of 4.7 s/MP, Felzenswalb [7] manages to
process 1 MP in under 1 second. For images of size 0.15
MP Achanta [1] and monoSLIC take 1.6 s/MP. While [1]
has a similar performance for larger images and volumes
MonoSLIC segments these in 0.7 s/MP, which is the fastest
of all algorithms.

With 12 cores the CPU allows parallel processing, but
only a few parts of the methods make use of all the cores.

Figure 12: Comparison of Achanta [1] on the left and
MonoSLIC on the right on an 3D Visceral Computed To-
mography slice example with a supervoxel size of 7 ∗
103mm3.

The features extracted by [13] as well as the NCut segmen-
tation technique use multiple cores. The only other method
that has an advantage of the multi-core CPU is the mono-
genic signal calculation of monoSLIC, as the FFT used for
convolution is multi-threaded.

There is more potential for speed improvements. The
method of [14] is designed for running in parallel but is only
implemented in C++ for single core. The code of [13] and
[5] also have improvement potential as the code is partially
implemented in Matlab and C and only some parts are par-
allel. The FFT used by the monogenic signal could also
adapted to make use of the GPU, which for 3D volumes is
currently limited by the memory.

5 Conclusion
We have presented monoSLIC, a novel method for the com-
putation of superpixels / -voxels, which incorporates the
monogenic signal’s unique characteristics of being invari-
ant to contrast and brightness as well as robust to noise. It
represent the dominant edge information in any given im-
age patch corresponding to a selected scale. The resulting
superpixels / -voxels provide a nice balance of of compact-
ness, homogeneity and fidelity to edge information. Com-
bined with a fast runtime in 3D the algorithm outperforms
state of the art methods in terms of runtime, recall, regular-
ity and robustness to noise and is therefor particularly well
suited for 3D radiological image data.
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Figure 13: Comparison of the Achanta [1] on the left and
MonoSLIC on the right on an 2D Visceral Magnetic Reso-
nance slice example with about 200 pixels per supervoxel.
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Křtiny, Czech Republic, February 3–5, 2014

Reeb graph based examination of root development

Ines Janusch1, Walter G. Kropatsch1, and Wolfgang Busch2

1 Vienna University of Technology
Institute of Computer Graphics and Algorithms

Pattern Recognition and Image Processing Group
Vienna, Austria

2 Gregor Mendel Institute of Molecular Plant Biology
Austrian Academy of Sciences

Vienna, Austria

ines@prip.tuwien.ac.at, krw@prip.tuwien.ac.at, wolfgang.busch@gmi.oeaw.ac.at

Abstract This paper presents an approach to analyze
plant root development by means of topological image anal-
ysis. For phenotyping of plants their root development, the
architecture of their root systems and thereby root charac-
teristics such as branches and branch endings are analyzed.
In order to simplify the examination of root characteristics
and enable an efficient comparison of roots, a representa-
tion of imaged root data by Reeb graphs is introduced. Reeb
graphs capture the topology of the represented structure -
in this case the locations of branches and branch endings
of the roots - and form a skeletal representation of the un-
derlying image data in this way. As the roots are pictured
as 2D image data, the projection of a 3D structure to a 2D
space might result in an overlap of branches in the image.
One major advantage when analyzing roots based on Reeb
graphs is posed by the ability to immediately distinguish be-
tween branching points and overlaps in the root structure.
This is not as easily possible by an analysis solely based on
contours.

1 Introduction
Reeb graphs are widely used as shape descriptors for 3D
structures. [2] gives a general overview on the use of Reeb
graphs for shape analysis. [10] uses Reeb graphs for a
pose independent segmentation of 3D data of human body
scans, while [8] provides a skeletal representation of point
clouds based on Reeb graphs. As a representation of 2D
data, Reeb graphs are for example used in [5] to provide a
data skeletonization of the image content. However, Reeb
graphs have not been applied to branched structures like
roots or blood vessels although they pose a well suited
representation. An analysis of branching patterns of roots
based on a 3D reconstruction of the root architecture of rice
plants is provided in [11].
One of the ultimate challenges of biology is posed by the
question how genotypes translate into phenotypes. There,

the major bottleneck lies in the ability to phenotype a large
number of individuals and genotypes with high accuracy.
This is particularly lagging in complex multicellular organ-
isms such as plants, in which specific biological processes
often occur only temporarily and are restricted to specific
organs, tissues or even individual cells. Efficient and unsu-
pervised image segmentation and the extraction of certain
characteristics are a key in approaching this goal. The
root of the small plant Arabidopsis thaliana is excellently
suitable for large-scale non-invasive phenotyping because
it can be grown on transparent media in large numbers and
its projections of the young root essentially capture all the
important biological features at the organ level.
When analyzing roots (for e.g. phenotyping), characteristics
such as the number of branches or the position and number
of branch-endings, are studied. These characteristics can
be efficiently described by (Reeb) graphs. Reeb graphs
describe changes in topology in the represented structure.
Reeb graphs are based on Morse theory and analyze
the (here) image content according to a function (Morse
function).
When growing, roots change their shape, branches are
formed - their topology changes. Moreover the projection
of the 3D root structure to the 2D image data might cause
overlaps of branches in the image. In a Reeb graph a
distinction between a branch and an overlap is immediately
possible as these changes in topology are captured by the
graph.
The Reeb graph is used as a simplified, skeletal representa-
tion of the image data that captures the intrinsic topological
structure of the data and allows for a comparison of
the image content. Especially for the root dataset these
comparisons allow for a description of the growth process:
the roots are imaged on consecutive days through their
growth period. In comparison with a simple standard
skeletonization approach as, for example, the Medial
axis transform, the skeleton derived by a Reeb graph not
only describes characteristics of the image content (here
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branches of the roots) but captures the actual positions of
these characteristics as well.

The paper is structured as follows: Section 2 gives an
introduction to Reeb graphs, Section 3 describes the dataset
used and Section 4 shows the computation of a Reeb graph
on the root dataset. The need for modifications of the Reeb
graphs and the types of modifications are discussed in
Section 5, Section 6 shows evaluation results on the root
dataset while a conclusion and a perspective to future work
are given in Section 7.

2 Reeb Graphs and Morse Theory
Based on critical points according to a scalar function a
Reeb graph describes the topological structure that is the
connectivity of level sets of e.g. 2D or 3D content [4]. In
order to build a Reeb graph, critical points, of the structure
to be represented, need to be computed.
A point (a, b) of a function f(x, y) is called a critical point
if both derivatives fx(a, b) and fy(a, b) are equal 0 or if one
of these partial derivatives does not exist [9].
Such a critical point either be degenerate or non-degenerate.
These two cases can be distinguished via the Hessian
matrix. The determinant of the Hessian matrix at a critical
point x is then called the discriminant. If this determinant is
zero then x is called a degenerate critical point of f (or non-
Morse critical point of f ). Otherwise it is non-degenerate
(or Morse critical point of f ).

A smooth, real-valued function f : Md → R is called
a Morse function if it satisfies the following conditions for
a d manifold Md with or without boundary:

• all critical points of f are non-degenerate and lie inside
Md,

• all critical points of f restricted to the boundary of Md

are non-degenerate,

• for all pairs of distinct critical points p and q, f(p) 6=
f(q) must hold [3].

Critical points of such a real-valued function are those points
where the gradient becomes zero. The topological informa-
tion of a shape described by a Reeb graph based on a func-
tion is related to the level sets of this function on the shape
[2]. A change in topology appears with a change in the num-
ber of connected components in a level set. At regular points
no topology changes occur. Topological changes occur at
critical points only.
Reeb graphs are compact shape descriptors that preserve the
topological characteristics of the described shape [2]. Ver-
tices of the Reeb graph correspond to critical points of the
function (points where the topology of M changes), edges
describe topological persistence [2]. In other words: All
nodes having the same function value are represented by one
node in the graph, connections between nodes describe con-
nections between segments of the underlying structure.
Reeb graphs are originally defined for the continuous space,
but have been extended to the discrete domain: Here the

Figure 1: Critical points computed based on the height function
and corresponding Reeb graph. The white image region shows the
foreground region described by the Reeb graph, black parts are
background.

Reeb graph is defined on a piecewise linear Morse func-
tion [4]. As the approach presented in this paper provides
an analysis of 2D image content, it is based in the discrete
domain (image pixels). The Reeb graphs that are built on
the root images are therefore discrete Reeb graphs and are
based on the following definitions. In order to define a dis-
crete Reeb graph, connective point sets and level-set curves
are defined first:

• Two point sets are connected if there exists a pair of
points (one point of each point sets) with a distance be-
tween these two points below a fixed threshold.

• If all non-empty subsets of a point set, as well as its com-
plements, are connected, such a point set is called con-
nective.

• A group of points that have the same Morse function
value and that form a connective point set, is called a
level-set curve [10].

The nodes in a discrete Reeb graph represent level-set
curves, the edges connect two adjacent level-set curves,
therefore the underlying point sets are connected [10].

In 2D critical points and corresponding nodes in the
Reeb graph are minima, maxima or saddles [3]. The
saddle nodes can be further distinguished: a saddle node
that appears with a reduction in the number of connected
components is further called merge (saddle) node, a split
(saddle) node describes an increase in the number of con-
nected components. When considering these two different
types of saddle nodes that might appear in a Reeb graph,
four different types of critical points and according nodes in
the graph can be distinguished: maximum node, minimum
node, split (saddle) node, merge (saddle) node. Besides
these nodes corresponding to critical points, regular nodes
can be added at any position and along any edge in the
Reeb graph as they do not describe a change in topology.
Nevertheless regular nodes can, for example, be used to
describe changes in the color of the foreground region (see
[1]).

The approach described in the following sections uses
the height function as Morse function. In 2D the height
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function is the function f that associates for each point
P = (x, y) the value y as the height of this point:
f(x, y) 7→ y.
Figure 1 shows an example for a Reeb graph based on a
height function, containing all five types of nodes and the
actual image the graph was computed on. Each edge in the
Reeb graph describes a connected component. Therefore
the edges of a Reeb graph are formed by connecting the
node representing the birth of a connected component
to the corresponding node representing the death of this
component.

3 Root dataset
For the root dataset images of the plant Arabidopsis thaliana
were taken. This plant is a model organism, which is widely
used in plant sciences, due to the small size of its genome,
the small size of the plant itself and its rapid life-cycle
[6]. The plants are grown on a nutrient containing agar gel
surface in plastic petri dishes that are vertically oriented. All
plants in one plate belong to one dataset. One dataset/plate
consists of 2 rows of 12 plants. The plates are placed in
a growth chamber that allows for controlled conditions as
constant temperature or humidity.
The images are taken using an image scanner. A special
fixture allows for two datasets to be placed in an exact
known position inside the scanner. The images are acquired
with a scan at 1200 dpi resolution with 8bit color depth,
therefore one image is of approximately 6000x6000 pixels
in size. The images are stored as bmp files of about 150MB.
Along time several successive images are acquired this way,
as each plate is scanned at several successive days of the
growth process. A 3D stack of 2D images over time is thus
created for each root.
In a preprocessing step the 24 plants per plate are cropped
to single images: one image per plant with an image size in
the range of 500x1300 to 800x1300 pixels resolution and a
file size of 1,5-2,5Mbyte. Example images of this dataset
are shown in Figure 2.

The whole set of plant images used here consists of 9

(a) (b) (c) (d)

Figure 2: Example images of the root dataset: root004 - (a) day 8;
(b) day 12; (c) day 16; (d) day 20.

(a) (b) (c) (d)

Figure 3: Four different types of critical points computed accord-
ing to the height function: (a) maximum / birth; (b) saddle (split);
(c) minimum / death; (d) saddle (merge).

sets of time series. Each set holds 6 images of one plant
taken over time (day 1, day 4, day 8, day 12, day 16 and day
20 of the growth period). Of these 54 images, 34 images
are analyzed, the other images are too early in the growth
process and therefore to small in structure to be represented
by a non-trivial Reeb graph.
All images analyzed are segmented in a preprocessing step
and consist of 2 foreground regions (leaves and roots, only
the roots are analyzed for this approach) and up to 2 holes
in the foreground structure. For reasons of the needed
preceded segmentation, the dataset is restricted in its size,
as the segmentation approach was done semi-automatically
and required a lot of time (up to 1.5h for one image).

4 Computation of Reeb graphs
As the roots are imaged in their natural direction of growth
(leaves in the top part of the image, roots growing down-
wards in a vertical direction) and branches occur mostly
in this direction of growth, the height function is a suit-
able measuring function. Critical points indicate a change
in topology, therefore they might only appear on the bor-
der of a region but not within the region. The borders of
flat-regions in the image are analyzed to locate these critical
points.
Figure 3 shows the four different types of critical points that
are computed for the image content using a height function.

To compute the critical points a segmentation of the
image needs to be done during a preprocessing step. As
the height function is used to compute the critical points,
the foreground region borders are analyzed with regard to
horizontal borders as these might describe a change in the
number of components. The so found critical points are
located at the center of such a horizontal border.

There are two main problems encountered using this ap-
proach:

4.1 Critical points at same height
Due to the resolution of the image, the discretization of the
root and further distortions during the segmentation process,
it is possible that several critical points at different horizon-
tal positions in the image are at the same vertical position
(same height) in the image (see Figure 4(a) for an example).
In this case the third criteria of Morse theory (see Section
2) is not met. A Reeb graph cannot be built, as a decision
on how to connect the nodes in order to build the graph can-
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(a) (b)

Figure 4: Problems encountered on the root dataset: (a) several
critical points on same height; (b) frayed borders due to segmenta-
tion artefacts.

not be taken. Figure 5 shows an example: The solid lines
illustrate the only two fixed connections in this example, the
dashed lines indicate all possible connections. In this Reeb
graph four edges are needed: one from each black (maxi-
mum) node to a red (saddle) node and one edge from a red
(saddle) node to the green (minimum) node. A decision con-
cerning these connections needs to be taken for the black
center node as well as for the two red nodes. A solution
to build a Reeb graph, despite several critical points at the
same height, is discussed in Section 5.1

4.2 Additional critical points

Because of the segmentation prior to the computation of the
critical points, segmentation artefacts appear in the images.
The most common problem are frayed borders of image re-
gions (see Figure 4(b) for an example). Especially for im-
ages of day 16 the segmentation creates noise and distorted
region borders. When analyzing the images of day 16 one
notices a high humidity between the plates in the form of
water drops, which creates a highly texturized background
that complicates the segmentation.
These frayed borders in the segmented images result in addi-
tional critical points that describe no actual split or merge of
the root structure. These artefacts alter the Reeb graph and
complicate a comparison or matching of graphs. One possi-
bility on how to deal with these additional critical points is
described in Section 5.2.

Figure 5: Critical points at same height: the solid lines show con-
nections that are fixed, dashed lines indicate all possible connec-
tions - a decision needs to be taken for these.

5 Modifications on the graphs

To overcome the problems discussed in Section 4.1 and Sec-
tion 4.2 the following techniques were used:

5.1 Controlled shift of critical point coordinates

Due to the discrete pixel-space, the coordinates x and y of
a pixel p = (x, y) are integers. Critical points at the same
height (same y-coordinate) occur for 35% of all images in
the root dataset and are shifted. The height of such critical
points is changed by an added factor f , 0 ≤ f < 1. A
critical point p = (x, y) is shifted to p′ = (x, y + f), f is
computed using the following formula: f = 1

w ·(x−1), with
w giving the width of the image. The y-coordinate is thereby
changed from an integer to a floating-point number. Critical
points at the same height are moved downwards in a left-
to-right order, thus for two critical points p1 = (x1, y) and
p2 = (x2, y) with x1 < x2, it is valid that, after shifting the
points to p′

1 = (x1, y1) and p′
2 = (x2, y2), y1 < y2 holds.

The actual order of heights is preserved by this correction
procedure as only critical points that were primarily at the
same height are changed. All critical points are at different
heights, although when rounding down the y-coordinate of
the critical points to an integer, they stay in the actual pixel
line. A Reeb graph can therefore be built.
It is important to shift the heights in a fixed approach. A
random decision choosing one of two critical points at the
same height when building the Reeb graph cannot be used,
as the results may vary with repeated tests. Reeb graphs
built on such random decisions are not unique and therefore
useless for e.g. comparison of two images.
Figure 6 shows a Reeb graph built on the marked critical
points / nodes. Compared to Figure 5 where there are several
critical points at the same height, Figure 6 shows critical
points on different heights. The connections in this graph are
unique. By shifting the critical points in Figure 5 according
to the approach described in this section, the critical points
are shifted to a configuration similar to the one shown in
Figure 6.

5.2 Graph pruning

Due to the segmentation done as a preprocessing step, seg-
mentation artefacts falsify the number of critical points and
therefore the number of nodes and edges in the Reeb graph.

Figure 6: Critical points at different heights, the connections in
this Reeb graph are unique.
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number of nodes in graph
type of node birth split merge death sum
no graph pruning 111 129 84 156 480
graph pruning 38 54 13 79 184

Table 1: Total number of each type of nodes in the Reeb graphs of
the root dataset with and without graph pruning.

In order to use the extracted graphs as a skeletal representa-
tion, branches that arise with artefacts need to be removed
from the Reeb graph.
For each pair of adjacent nodes in the graph the Euclidean
distance between these two nodes is computed. If this dis-
tance is less than 1,5% of the image height such connections
are discarded and nodes are relinked if needed. This thresh-
old proved to be the best choice in the experiments.
Regular nodes may be introduced by this approach. As these
regular nodes do not contain any needed information, they
are removed after relinking. This graph pruning results in a
reduction of the overall number of nodes in the Reeb graphs
of the root dataset by 62%. Table 1 shows the numbers of
nodes for all Reeb graphs in the root dataset with and with-
out graph pruning and Figure 7 shows an example of the
Reeb graph and the modified Reeb graph for root 05, day
16. All the nodes in the lower part of the root for the Reeb
graph without graph pruning indicate spurious branches de-
tected due to noise in the segmented image. These spurious
branches are correctly discarded by the graph pruning ap-
proach.

(a) (b)

Figure 7: Reeb graph for root 05 day 16. (a) without graph prun-
ing; (b) with graph pruning.

6 Results and evaluation on the root dataset

Figure 8 shows the resulting Reeb graph for root 07 of
the dataset with both modifications implemented, drawn
as an overlay. There is a cycle in the Reeb graph for day
16 and day 20 (Figure 8(c) and 8(d)). In the image of day
12 (Figure 8(b)) there are three branches: The first and
the second branch overlap at some time during the growth
process between day 12 and day 16. Because of this overlap
in the 3D space, these two branches appear merged in the
2D projection of the image, therefore a cycle is formed in
the Reeb graph.

Figure 9 shows the Reeb graphs for root 12 of the
dataset (both modifications are used). Some small branches
are not represented in the Reeb graphs of day 12, 16 and 20
as they resembled branches due to noise and were discarded
during the graph pruning process (see Section 6.1). Again a
cycle appears in the Reeb graph for day 20 as two branches
overlap.

For the 34 single images of the root dataset the following
criteria have been evaluated:

(a) (b)

(c) (d)

Figure 8: Resulting Reeb graph for root 07 (a) day 8; (b) day 12;
(c) day 16; (d) day 20.
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(a) (b)

(c) (d)

Figure 9: Resulting Reeb graph for root 12 (a) day 8; (b) day 12;
(c) day 16; (d) day 20.

wrong decisions on graph pruning
images false negatives false positives

graph pruning 8 10 0
extension 1 18 4 36
extension 2 13 10 9

Table 2: Branches wrongly discarded (false negative) and wrongly
accepted (false positive) in the graph pruning approach with two
different corrections based on pixel-color.

6.1 Are all branches correctly detected and
represented by the Reeb graph?

All major branches were correctly detected. Table 2 shows
the number of images for which branches were wrongly dis-
carded (false negatives) or wrongly accepted (false positive).
For 23,5% of the images smaller branches were discarded
due to the graph pruning as they resembled the frayed bor-
der artefacts caused by the segmentation. To keep these
small branches that describe actual root structures, their an-
gle could be taken into account, as true branches seem to
inscribe a larger angle than branches due to noise. However,
this assumption is based on the dataset presented and may
not be true for other datasets. Therefore another approach
was tested: for a small branch with a critical point of type
split, the color values at three pixels: at the critical point (a),
one row below the critical point (b) and two rows below the
critical point (c) were compared:

1. the color of (a) and (c) were taken from the segmented
image, while the color value of (b) was taken from the
unsegmented image

2. all three color values were taken from the unsegmented
image

Branches are kept if the color value of (b) is closer to (a)
than to (c). Table 2 shows the results for these two tests.
While the first option discards less true branches (false neg-
atives) it keeps spurious branches for more than 50% of all
images. The second option keeps less spurious branches,
but does not reduce the number of false negatives compared
to the graph pruning approach without these color compar-
isons. Taking into account not only the color values of these
three pixels but of several neighbors, as it is done with Local
Binary Patterns, might present an option for future work.

6.2 Are additional branches (due to e.g. noise)
detected?

As shown in Table 2 all additional branches (due to segmen-
tation artefacts) are correctly discarded by the implemented
graph pruning approach.

For a series of images of one plant during the growth
process the following factors have been analyzed:
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number of nodes / edges / cycles
day 8 day 12 day 16 day 20

root 04 2 / 1 / 0 4 / 3 / 0 6 / 5 / 0 8 / 8 / 1
root 05 2 / 1 / 0 4 / 3 / 0 4 / 3 / 0 8 / 8 / 1
root 07 2 / 1 / 0 6 / 5 / 0 6 / 6 / 1 8 / 8 / 1
root 09 2 / 1 / 0 6 / 5 / 0 6 / 5 / 0 6 / 5 / 0
root 12 2 / 1 / 0 4 / 3 / 0 6 / 5 / 0 12 / 12 / 1
root 17 - 2 / 1 / 0 6 / 5 / 0 6 / 5 / 0
root 19 2 / 1 / 0 4 / 3 / 0 8 / 8 / 1 14 / 15 / 2
root 20 2 / 1 / 0 4 / 3 / 0 4 / 3 / 0 12 / 12 / 1
root 24 - 2 / 1 / 0 4 / 3 / 0 10 / 9 / 0

Table 3: Total number of nodes, edges and cycles in the modified
graph (graph pruning without corrections) of each root image in
the defined dataset.

6.3 Is an automatic grouping of images of one plant
from different days possible?

As the roots grow downwards in a vertical direction, there
are only minor changes in the position of the starting point
of the actual root (transition between leaves an roots) - not
accounting for actual movement of the plant (e.g. sliding
down the plate). Therefore the starting point was used for
this comparison. The average minimal Euclidean distance
between all starting points is 14,4 pixels. Using this dis-
tance measurement to group one image of a root with earlier
or later images of the same root, the grouping is correct for
71% of all images. However, images of day 16 falsify these
numbers, as the plate of day 16 appears slightly enlarged in
the image compared to the images of other days. As the im-
ages were automatically cut into single plant images in a pre-
processing step, this scaling is not corrected. Excluding the
images of day 16, the average minimal Euclidean distance
decreases to 11,6 pixels and one image is grouped correctly
with earlier or later images of the same root in 88%.

6.4 General assumption: ”Parts of a plant that appear
in an early image of a plant do not disappear for a
later image of the same plant.“

This assumption proved to be correct for the images in the
root dataset. The topology of a root only changes with the
creation of new components (e.g. branches) over time. Ta-
ble 3 shows the number of all nodes, edges and cycles in
each (modified) graph of the root images.
However, there is one exception to this assumption, which
is based on the projection of a 3D structure to a 2D space.
A branch in an early image of a plant might stay in the im-
age of a later day, it may branch again but its ending may
also disappear in the 2D image as it is merged with another
branch due to an overlap of these two branches in the 3D
space.

7 Conclusion and future work
Reeb graphs proved to be suitable descriptors for root
structures as they capture the main characteristics of roots,
namely branches and branch endings that are used in the
phenotyping of plants, well. A Reeb graph provides a

skeletal representation of a root that allows for fast analysis
of root characteristics and efficient comparison of images
and the contained root structure. Overlaps in 3D that appear
as a merge of two branches in a 2D image are hard to
distinguish from a branching point when analyzing only
contours of image regions. Exploiting the topology of the
root, actual branching points and overlaps in 3D can be
immediately distinguished, as an overlap forms a cycle in
the corresponding Reeb graph.
A future application in plant phenotyping is possible.
However, for future work the segmentation approach
needs to be changed to a less time-consuming (or even
automatic) approach in order to allow for a larger dataset to
be analyzed.
Moreover, in future work, different functions will be used
as Morse functions. Functions that should be taken into
consideration are for example a medial axis as in [7] or
distance functions: for example the distance to a fixed point
in a structure, the sum of geodesic distance (both are used
in [10]) or the distance to an existing graph (as for example
a medial axis).
Open questions for future work (on the root dataset) are:
How does the chosen Morse function influence the correct
detection of branches in the root structure? Is the detection
of all branches, respectively the detection of additional
branches due to noise, dependent on the Morse function
used? Which Morse functions are able to correctly represent
roots with a complex pattern of growth (e.g.: change in the
main direction of growth)?
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Abstract An exhaustive-search people detector such as
the HOG/SVM has at least two drawbacks w.r.t. the ac-
curacy of recognition and geometric precision: first, it
achieves high recall rates only among several false positive
detections and second, the geometric precision of the posi-
tioning of the underlying object is poor due to the non-rigid
body shape of people and background structures. However,
the fact that the HOG/SVM does potentially provide high re-
call rates makes it a fair basis for hypothesise-and-validate-
frameworks. We build upon the outcome of the HOG-
detector and improve the recognition performance and geo-
metric precision of the same using Bayesian Networks and
apply statistical knowledge that we learn from training data
for the definition of the probability functions. The approach
is evaluated on two real image sequences and achieves re-
sults that can compare with the state of the art.

1 Introduction
Automatic object detection is a key discipline in photogram-
metry and computer vision. The term detection involves the
recognition, i.e. the decision that an object of a specific ob-
ject class is present and at least a coarse localisation of the
object. Most state-of-the-art pedestrian detectors like the
HOG/SVM [23] or the AdaBoost based detector [7] scan the
entire image at different scales with a sliding window and
classify its content as either person or background. Though
these approaches give a solution to the recognition and lo-
calisation problem at the same time, the results are not par-
ticularly reliable and precise. In a comparative study of 16
different people detection systems [8] the authors point out
that acceptable recognition rates are only achieved, if many
false positive detections are accepted as well. Such systems,
if applied permissively, have a high chance for false positive
detections, because they usually rely on a single type of low-
level features, which is typically not discriminative enough
against similar object classes. It is hence reasonable to clas-
sify also against other similar object classes like in [16], or
to evaluate additional information like foreground informa-
tion [12], [24] or shape [13], [17] prior to further process-
ing. Sequential processing has the drawback that false deci-
sions taken at a single step cannot be recovered later. Other
approaches involve context information, e.g. [22], which
constrains detections to plausible regions in the image. [9],

[11], [19] constrain the detections only to the ground plane,
requiring a holistic understanding of the scene, which is a
formidable task in itself on one hand, and which is very re-
strictive, because they disregard all objects that do not stand
on the ground plane on the other.

However, there has been considerable success in the im-
provement of people recognition in [2], [11], [19], all of
which use Bayesian Networks for the inference about the
presence or absence of people and their positions. Bayesian
Networks are directed graphical models in which observa-
tions and hidden parameters are treated as random variables
in a generative Bayesian manner. The random variables
are represented by nodes and the conditional independence
properties of their joint distribution are represented by di-
rected edges, see, e.g. [3] for details.

Though there is a lot of work related to the recognition
of people, only few papers address the geometric accuracy
of the detections. The positions of the detected persons are
usually broken down to the location of the classification win-
dow, which does not always align well to the actual extents
of people in the image and thus only gives an approximate
position. For the evaluation of automatic detection results
with reference data from manual annotations, the PASCAL
VOC challenge, for instance, requires that the ratio between
intersection and union area of the two rectangles is larger
than 50% [10]. This criterion should highlight the object
recognition performance and does not address the geometric
accuracy of the detections. For many realistic applications
like visual odometry with landmarks, collision avoidance in
driver assistance systems or the analysis of motion and in-
teractions of people in sport science or video surveillance,
the geometric accuracy is crucial. In such applications, the
2D position of an object, usually its highest or lowest point
in the image, is projected into 3D space. In [15] the impor-
tance of a correct segmentation of objects in the image for
the geometric accuracy in 3D is pointed out. Comaniciou’s
Mean-Shift tracker [5], for instance, progressively finds the
best fitting position of a tracked target by iteratively moving
it to the region that best coincides with the colour histogram
of the target, but only estimates the centroids of the objects,
which makes the actual positioning in 3D difficult. In [19]
the authors use stereo-image pairs as input and jointly esti-
mate the object position on and the parameters of the ground
plane in the scene. The locations of the pedestrians, given
by a HOG-detector, are then optimised in 3D by joint prob-
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abilistic modeling with the ground plane parameters. Here,
it is indirectly assumed that the detector already delivers the
correct bounding boxes in the image. In [6] pixel-wise seg-
mentation of approximately positioned objects is conducted
by integrating edge and colour cues. As the location esti-
mated by the detector is only used as initialisation, the seg-
mentation is prone to drift away from the underlying object.

In this work, we stick to the Bayesian probability theory
and evaluate various sources of information about the pres-
ence or absence and the positions of people in a probabilistic
model. In contrast to the related work, we do not require a
holistic scene model and we restrict detections only to parts
of the scene that are accessed by people during a training
sequence. We aim to achieve state-of-the-art recognition re-
sults in challenging indoor and outdoor scenarios and to im-
prove the geometric accuracy of the localisation of the de-
tected objects at the same time. The validity of a detection
hypothesis and the location in the image are treated as hid-
den parameters in two different Bayesian Networks. Like
[6], we break with the assumption of unbiased results of the
detector, but go further and learn the uncertainty of posi-
tioning people from image sequences. The prior and condi-
tional probabilities for the Bayesian Networks are all learnt
from training data. The recognition performance and the ge-
ometric accuracy are evaluated on two common benchmark
datasets.

2 Method

The central building block for our work on people recogni-
tion is the HOG/SVM-detector, which is capable of achiev-
ing relatively high recall rates, but is also prone to false pos-
itive detections. Convenient detection results can only be
achieved when the false positives are distinguished from the
true positives. In this paper people recognition is stated as
a binary classification problem in which the results of the
HOG-detector as well as additional information are regarded
as input for a joint probabilistic model. In order to achieve
the highest possible recall rate, no thresholding is applied
in the HOG/SVM framework. In the remainder of this sec-
tion, we introduce two different Bayesian Networks, one for
the solution of the recognition problem (Sec. 2.1) and one
for the improvement of the localisation accuracy of people
(Sec. 2.2). For the positioning we consider the bounding
box which results from the application of the HOG-detector
only as an approximate position and observe a second source
of information about the object position that we derive from
the analysis of optical flow points. The positions of peo-
ple in the image are represented by minimal spanning rect-
angles around the visible parts of the persons. We model
the highest and the lowest row coordinate of the persons as
random variables and estimate the posterior position by ap-
plying Bayesian inference. The position estimated by the
second graphical model is used as observed variable in the
first graphical model. Using a refined position of a detection
hypothesis has the advantage that a detection candidate will
only be discarded, if even at the refined position the clas-
sifier does not strike. This gives rise to the possibility that
misplaced detection windows - which is often a problem,
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Figure 1: Graphical models used (a) for people recognition
and (b) for people localisation. Observable variables are
shown in blue, the hidden parameters in gray. The dashed
edges denote the possibility of the associated observations
to be omitted, see text.

e.g. when people are observed from the side - are corrected
before they are further evaluated.

2.1 Model for People Recognition
As mentioned above, people recognition is regarded as a bi-
nary classification problem and hence we determine a binary
label vi that indicates whether the ith of n detection can-
didates observed in each frame by the HOG/SVM-detector
really corresponds to a person or not. For simplicity of no-
tation, we omit the indexes i in the remainder of this paper.

For the determination of v we apply Bayesian inference
in the context of a directed graphical model, depicted in Fig.
1a. The observed variables, depicted as blue nodes in the
model, are

• The surrounding rectangle rD = [xDl, yDu, xDr, yDl]T
around a person given by the HOG-detector, defined
by its upper left (xDl, yDu) and its lower right point
(xDr, yDl) with their row (y) and column (x) coordinates

• The confidence value IC that is proportional to the cer-
tainty about the binary classification (person vs. not per-
son) of the SVM classifier used in the HOG framework

• An observation obtained from background subtraction,
i.e. the fraction of foreground pixels IB inside rD.

Following the standard notation for graphical models
(see, e.g. [3]), each directed edge represents a conditional
probability function for the child node given the parent node.
The joint probability density of the involved variables can be
written in accordance with the network design in Fig. 1a as
Eq. (1):

P (v|IB , IC , rD) ∝ P (v, IB , IC , rD)
= P (v)P (IB |v)P (IC |v)P (rD|v)

(1)

For each edge in Fig. 1a we train an individual Random
Forest (RF) classifier [4] using the according observation
IC , rD or IB as features. For training, we apply the HOG-
detector on image sequences with available annotations of
the bounding rectangles around the visible people in the
scene. The detections are then divided into sets of positive
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(a) ThreePastShop1 image sample (b) P (vi = 1|rDi) (c) ETHZ-Bahnhof image sample (d) P (vi = 1|rDi)

Figure 2: Posterior probability of a detection to be correct given the center of the rectangle around the detected object in the
image. For processing, the upper left and lower right points of the rectangle is used. Red: P (vi = true|rDi) is high, blue:
P (vi = true|rDi) is low.

training samples (for v =true) and negative training samples
(for v =false) by validation with reference data, using the
bounding box intersection-over-union score [10]. The pri-
ors P (v) are defined as the ratios of true positive and false
positive detections in the training data.

The edge related to the conditional probability density
function (pdf) P (rD|v) represents the probability, that rD is
the surrounding rectangle if a person is present or absent.
Given the posterior probability P (v|rD) by classification
with the RF and the priors P (v), the likelihood P (rD|v)
as required for the factorisation of the joint pdf (Eq. (1)) can
be written as

P (rD|v) ∝ P (v|rD)
P (v) .

In Fig. 2 example images for both datasets used in this work
are shown together with the posterior probabilities that are
generated by a classifier (the RF used for visualisation is
only trained with the 2D center point of the rectangle as fea-
ture) for each possible position of rD in the image. The in-
corporation of the pdf P (rD|v) is beneficial for two reasons;
first, we achieve a very fine differentiation of likely vs. un-
likely regions for detections and second, we do not require
to interpret the scene geometry prior to the detection.

The pdf P (IC |v) is the probability density for a confi-
dence value being observed given the presence or absence
of a person. Related to posterior probability and the priors,
the likelihood P (IC |v) can be written as

P (IC |v) ∝ P (v|IC)
P (v) .

The pdf P (IB |v) related to the results of background sub-
tractions is integrated into our model due to the assumption
that people differ from the background because of their mo-
tion, hence the observations IB is a strong indicator for the
presence or absence of a person. The likelihood can be writ-
ten as

P (IB |v) ∝ P (v|IB)
P (v) .

We derive IB only from images captured by a camera with
constant exterior orientation (w.r.t. 6 degrees of freedom),
i.e. where an algorithm for background subtraction such
as [21] can be applied without adjustments. Therefore, the

edge connected with IB is drawn as a dashed line in Fig. 1a.
For image sequences from moving camera platforms we do
not apply background subtraction and the variable IB and
the according likelihood P (IB |v) is excluded from Eq. (1).
For image sequences captured by a static camera, we apply
the algorithm of [21] for background subtraction.

The unknown parameter v is determined to be the label
that achieves the maximum a posteriori (MAP) probability
among the two possible states (true and false) given the ob-
servations. The decision rule is formalised in Eq. (2).

v =
{
true, if P (v=true,IB ,IC ,rD)

P (v=false,IB ,IC ,rD) > 1,
false, otherwise.

(2)

2.2 Model for People Localisation
In the model described in Sec. 2.1 the minimal spanning
rectangle around a person is considered observable. In fact,
the location that is given by the HOG/SVM-detector is only
an approximation to the true position. In this section, we
define a second graphical model, see Fig. 1b, which con-
siders the row coordinates of the highest (yriu) and lowest
points (yril) of a person related to the ith detection as hid-
den parameters. Again, we omit the indexes i for the sake
of simplicity. As observed variables of this model we con-
sider the upper and lower row coordinates yDu and yDl of
the HOG-detection window as well as an additional pair of
observations of the row coordinates that we derive from the
analysis of optical flow, i.e. yIPu and yIP l.

We define yIPj as the row coordinates of the highest and
lowest interest points on the visible parts of a person, that
are tracked by an optical flow algorithm. We apply the al-
gorithm of [20] for the selection of interest points and track
them by the algorithm of [14]. For each hypothesis about
the presence of a person given by the HOG-detection we ap-
ply the following strategy for the measurement of yIPj (see
Figs. 3 and 4 for an illustration):

1. We establish a search space for the person by expansion
of the rectangle given by the HOG-detector (visualised as
red rectangles in Fig. 3b-e) in vertical direction by a third
of its size, in order to assure that the person is within the
search space. We consider the upper 25% of this area as
search space for the head point (upper yellow rectangles
in Fig. 3b-e) and the lower 25% as search space for the
foot point (lower yellow rectangles).
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Figure 3: Examples from the ETHZ-sequence for observations used for the localisation of people. In (a) a schematic representa-
tion of the pdfs used for the inference of the posterior locations is given. The red curves represent the pdfs based on observations
by the HOG-detector, the blue curves those for the observations based on optical flow. The black rectangle symbolises the true
position. In (b)-(e), the yellow rectangles indicate the raw detection as result of the HOG-detector. The blue rectangles indicate
the search spaces for the head and foot position, respectively. The blue horizontal lines inside the rectangles are the measured
positions by the analysis of optical flow, the green horizontal lines the inferred posterior position. In (e) the position of the
person in the background is not estimated by our approach correctly due to partial occlusion by the person in the foreground.

2. In both regions, we take all optical flow vectors ending
in the upper and lower search space, respectively, of the
current image (indicated by the short lines in Fig. 3b-e).

3. We generate a histogram of magnitudes of optical flow
vectors, using 10 histogram bins and consider only flow
vectors with a magnitude between 0 and 30 pixels. If
the histogram has two or more local maxima, we sup-
pose that the flow vectors related to the maximum with
the smallest magnitudes originate from the background
and discard the flow vectors from further consideration.
Of the remaining flow vectors we also remove those that
do not have more than a minimum number of neighbours
in a predefined radius (we set the minimum number of
neighbours to three and the radius to 20 pixels; the dis-
carded flow vectors are visualised by red, the remaining
flow vectors by green lines in Fig. 3b-e). We set the
image row coordinates of the highest and lowest inter-
est points that remain as observations of the head point
(yIPu) and food point (yIP l), respectively (indicated by
the blue horizontal lines in Fig. 3). If the histogram only
has one local maximum, we do not evaluate the obser-
vation xIP for the according person in the current image,
because the interest points cannot be separated into points
originating from the foreground and the background by
our approach.

We model the likelihoods for the measurements yIPj and
yDj to be observed at a distance ∆y from the true position
yrj , i.e. ∆yIPj = yIPj − yrj and ∆yDj = yDj − yrj ,
respectively, by normal distributions:

P (yIPj |yrj) ∝ e−
1
2 ( ∆yIPj−µ∆yIPj

σ∆yIPj
)2

(3)

and
P (yDj |yrj) ∝ e−

1
2 ( ∆yDj−µ∆yDj

σ∆yDj
)2

(4)

with mean µ∆yDj and µ∆yIPj , respectively, and stan-
dard deviation σ∆yDj and σ∆yIPj , respectively. The pa-
rameters of the pdf in Eq. (3) are determined from the dis-
tribution of deviations of the measured positions yIPj from
the (true) positions given by reference data and those of Eq.
(4) from the deviations of yDj from the reference data. A vi-
sualisation of two exemplary distributions together with the
fitted Gaussians is given in Fig. 4.

Given the observations yDj and yIPj measured for each
detection in each consecutive frame in the evaluation phase
and the parameters µ∆yDj , σ∆yDj , µ∆yIPj and σ∆yIPj of
the pdfs (3) and (4) learnt from training data, the posterior
position yrj can be inferred for each detection candidate as
the expected value

E(yrj) = µrj

=
σ2

rj

σ2
∆yDj

(yDj − µ∆yDj) +
σ2

rj

σ2
∆yIPj

(yIPj − µ∆yIPj)

(5)

with

σ2
rj = ( 1

σ2
∆yDj

+ 1
σ2

∆yIPj

)−1 (6)

The first term of Eq. (5) considers the influence of the ob-
served position by the HOG-detector, weighted by the vari-
ance of the measurements in the training sequence. The sec-
ond term refers to the position measured by the analysis of
the optical flow vectors, also weighted by the variance of
the measurements. The observation with the lower variance
hence has the stronger influence on the posterior position
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µrj . The subtrahends in the brackets incorporate the mean
deviations of the measurements from the reference data as
corrections. If the head or the feet point cannot be measured
by the analysis of the optical flow vectors, the second terms
of Eq. (5) and (6) are set to zero and only the first term,
related to the HOG-detection, influences the posterior.

3 Experiments and Results
Experiments are conducted on two publicly available
datasets, one from an indoor sequence with constant
exterior orientation of the camera, the CAVIAR dataset
[1] and the other from the ETHZ dataset [9] captured
from a moving platform in an outdoor scenario. For the
experiments involving our method from Sec. 2.2, the
posterior row coordinates are used as the row coordinates of
the observed rectangle in the graphical model from Sec. 2.1,
maintaining the column coordinates of the HOG-detections.

3.1 Datasets
In the CAVIAR scenario, the sequence ThreePastShop1,
consisting of 1650 images, is taken for training and the
sequence ThreePastShop2 with 1521 images for testing.
From the ETHZ dataset we take the Bahnhof-sequence of
1000 images, split the data in two halves and apply cross-
validation. The training and test sequences hence follow on
from one another. As the camera is mounted on a moving
platform in the ETHZ-sequence, the observation IB is ex-
cluded from the graphical model in this case. Though in
the ETHZ-sequence the position of the camera changes over
time, the tilt angle relative to the ground does not change
significantly. We hence assume that the probabilities related
to the position in the image are transferable from training to
test sequences within an acceptable range of validity. The
HOG/SVM-detector is configured without internal thresh-
old, so that the results are as complete as possible. Only
people with a minimum height of 48 pixels1 are considered
for processing. The bounding rectangles are shrinked in or-
der to compress the systematic margin around people in the
training data.

3.2 Detector Recognition Accuracy
The accuracy of the people detector is evaluated in terms
of its recall capability and the number of false positive de-
tections per image (fppi). Experiments with the Bayesian
Network (Fig. 1a) are conducted with and without the re-
finement of the position by inference on the graphical model
in Fig. 1b. The results are compared with results achieved
by the classification of all observations in a single feature
vector [xDl, yDu, xDr, yDl, IC , IB ]T (with IB only evalu-
ated for the static camera) with a Naive Bayes model [3], a
Gaussian Mixture model (GMM) [18] and Random Forests.
The results are plotted in Fig. 5.
We conclude from the plots, that among the three classifi-
cation techniques Naive Bayes, GMM and RF, the Random
Forest features the highest recall rates, though also the false-

1We apply the HOG/SVM-detector of OpenCV, trained with the INRIA
person dataset (http://pascal.inrialpes.fr/data/human/) with a height of 96
pixels for the people. We scale the input images by the factor 2 and achieve
detections of people appearing with a minimal height of 48 pixels.

positive (FP) rates are higher than those of the rest. The
Naive Bayes and the GMM classifier deliver similar recall
rates with more false positives per image but also a higher
recall rate in case of the CAVIAR-sequence on the side of
the former one. Using the Bayesian Network from Fig. 1a,
the results for the fppi-rates in the ETHZ-sequence are a
few percent higher than those of the RF classifier, but the
recall rate could be increased slightly as well. The appli-
cation of the Bayesian Networks on the CAVIAR-sequence
delivers less false positives and similar recall values than
the RF classier. The extension of the model with the ob-
servation of the optical flow points (Fig. 1b) increases the
recall rate in the upper part of the curve only in the ETHZ-
sequence, while also the FP-rate increases slightly. W.r.t.
the quality (Q = TP

TP+FN+FP , according to the measure
of true positives (TP), false negatives (FN) and FPs) of ob-
ject detection, in the CAVIAR-sequence the best results are
achieved by the Bayesian Networks, both of which achieve
the same score (Q = 64%) superior to the quality achieved
with the RF (63%). In the ETHZ-sequence, the quality does
not differ considerably between the Random Forests and the
Bayesian Networks (all around 59%). Compared to the re-
sults one achieves by varying the internal threshold of the
HOG/SVM, plotted as red dashed lines, where the maximal
recall score is achieved at a fppi rate of 6.6 in the CAVIAR-
sequence and 6.3 in the ETHZ-sequence, respectively, all of
the applied classifiers reduce the fppi at least by a factor of
four, while the recall drops, in the best case, only about two
percent in the CAVIAR test case and about six percent in
the ETHZ test case, respectively. The achieved recognition
accuracy is comparable to that of the single frame but stereo
based detector in [19] and outperforms [9], see Fig. 5b.

3.3 Detector Position Accuracy
In this section we evaluate the average error of the measured
and inferred positions by comparison with reference data.
For each true positive detection, the deviations of the row
coordinates of the head and the feet points from the ref-
erence data are recorded in a histogram. From the 95%-
quantile of this histogram a Gaussian N(µ0.95, σ

2
0.95) with

mean µ0.95 and standard deviation σ0.95 is fitted. For the
evaluation of the position accuracy the mean value of the
Gaussian is tested for accordance with reference data using
a statistical test of differences between two mean values. For
the reference data a labeling uncertainty of one pixel is as-
sumed so that the reference values follow a standard normal
distribution N(µref , σ

2
ref ) = N(0, 1). As metric for simi-

larity between the mean of the measurements and the mean
of the reference data we apply

yd = µ0.95 − µref

σd
(7)

with
σ2

d = σ2
0.95 + σ2

ref (8)

resulting from variance propagation of uncorrelated obser-
vations.

The average deviation of the observations yDj and yIPj

from the reference data has already been considered as cor-
rections in Sec. 2.2, see also Fig. 4. We calculate the metric
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(a) (b)

Figure 4: Example histograms of differences in the row coordinates (a) between HOG-detection result and reference and
(b) between IP-based locations and reference data. The differences are normalised according to a height of 96 pixel. The
distributions are approximated by normal distributions.

µ0.95[%] µ0.95[px] σ0.95[px] yd

HOG-Head 0.8 0.8 1.6 0.42
HOG-Feet 2.6 2.5 3.6 0.67
IP-Head 5.9 -5.7 5.1 -1.10
IP-Feet 2.0 1.9 4.3 0.43
Inferred Head 1.4 -1.3 2.2 -0.54
Inferred Feet 0.5 0.5 2.7 0.17

Table 1: CAVIAR-sequence: Difference between measured
and inferred row coordinates from reference values in per-
cent of the object height and in pixels.

yd for the observed positions and the inferred positions as
measure for accordance with the reference data and com-
pare the results in Tab. 1 and 2. The deviations from the
reference data are normalised w.r.t. a standard height of 96
pixels. From Eq. (5) it can be concluded, that among the
mean values of the positions given by the HOG-detector (re-
ferred to as HOG-head and HOG-feet in the tables) and the
ones given by the analysis of optical flow (IP-head and -feet)
the one with the lower standard deviation has the stronger
influence on the posterior, which in any of the test cases (In-
ferred Head and Feet in the CAVIAR- and ETHZ-sequence)
is the position given by the detector. From the tables we
conclude that the applied approach does not improve the po-
sition accuracy, if the position given by the detector already
lies in the sub-pixel domain. In turn, when the error lies in
the magnitude of some pixels, the inference of the posterior
does enhance the alignment of the posterior positions with
the reference. In either case, where the mean deviation of
the position given by the detector lies around two and five
pixels (see HOG-Feet in Tab. 1 and HOG-Head in Tab. 2),
the posterior positions coincide much better with the refer-
ence data, which is reflected in the smaller values for yd.

µ0.95[%] µ0.95[px] σ0.95[px] yd

HOG-Head 5.2 5.0 5.4 0.91
HOG-Feet 0.4 0.4 3.3 0.12
IP-Head 0.9 0.9 6.4 0.14
IP-Feet 1.0 -1.0 5.3 -0.19
Inferred Head 0.6 -0.6 4.9 -0.12
Inferred Feet 0.4 -0.4 2.7 -0.14

Table 2: ETHZ-sequence: Difference between measured
and inferred row coordinates from reference values in per-
cent of the object height and in pixels.

4 Conclusions

We conclude from this work that by the joint evaluation of
the available information in the image that is linked to hid-
den parameters by a graphical model, the detection perfor-
mance can be improved, even without the understanding of
the 3D scene geometry and with a single camera as mea-
suring device. Our approach leads to recognition results
that are comparable with the state-of-the-art and at the same
time improves the geometric accuracy of the results. The
proposed method is a good starting point for tracking-by-
detection systems, because the number of false positive de-
tections from the underlying people detector that would lead
to spurious trajectories are reduced significantly. The aver-
age geometric accuracy of the estimated location of pedes-
trians in the image is in any case around one pixel. We es-
timated the unknown parameters, i.e. the validity flag of a
detection and its refined position, in two different graphi-
cal models. We plan to combine these models and estimate
the parameters in a joint probabilistic model in future work,
which opens the possibility for that position to be assigned
to the detection, which most supports the joint probability.
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(a) Recall and fppi values achieved in the CAVIAR-sequence
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(b) Recall and fppi values achieved in the ETHZ-sequence

Figure 5: Recall and fppi values of the investigated classifiers and our proposed methods plotted in (a) for the CAVIAR-
sequence and in (b) for the ETHZ-sequence. Also the HOG/SVM applied with internal thresholding (red dashed line) is drawn
as baseline. The red horizontal lines indicate the maximum recall values reached by the HOG/SVM, towards which the red
dashed line converges at fppi=6.6 in (a) and at fppi=6.3 in (b), respectively. In (b) also two samples from the results of related
work are depicted.
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Abstract Visual tracking has attracted a significant at-
tention in the last few decades. The recent surge in the
number of publications on tracking-related problems have
made it almost impossible to follow the developments in the
field. One of the reasons is that there is a lack of com-
monly accepted annotated data-sets and standardized eval-
uation protocols that would allow objective comparison of
different tracking methods. To address this issue, the Vi-
sual Object Tracking (VOT) challenge and workshop was
organized in conjunction with ICCV2013. Researchers from
academia as well as industry were invited to participate in
the first VOT2013 challenge which aimed at single-object
visual trackers that do not apply pre-learned models of ob-
ject appearance (model-free). In this paper we provide an
overview of the VOT2013 challenge, point out its main re-
sults and document the additional previously unpublished
experiments and results.

1 Introduction

Visual tracking is a rapidly evolving field of computer vision
that has been increasingly attracting attention of the vision
community. One reason is that it offers many challenges as
a scientific problem. Second, it is a part of many higher-
level problems of computer vision, such as motion analysis,
event detection and activity understanding. Furthermore,
the steady advance of technology in terms of computational
power, form factor and price, opens vast application poten-
tial for tracking algorithms. Applications include surveil-
lance systems, transport, sports analytics, medical imaging,
mobile robotics, film post-production and human-computer
interfaces.

Single-object trackers that do not apply pre-learned mod-
els of object appearance (model-free) are of particular in-
terest due to their large application domain. The activ-
ity in the field is reflected by the abundance of new track-
ing algorithms presented and evaluated in journals and at
conferences, and summarized in the many survey papers,
e.g., [13, 29, 11, 17, 30, 43, 26]. Despite the efforts invested
in proposing new trackers, these have not been accompanied
with established evaluation methodology.

One of the most influential performance analysis efforts

for object tracking is PETS (Performance Evaluation of
Tracking and Surveillance) [44]. The first PETS work-
shop that took place in 2000, aimed at evaluation of vi-
sual tracking algorithms for surveillance applications. How-
ever, its focus gradually shifted to high-level event inter-
pretation algorithms. Other frameworks and datasets have
been presented since, but these focussed on evaluation of
surveillance systems and event detection, e.g., CAVIAR1, i-
LIDS 2, ETISEO3, change detection [15], sports analytics
(e.g., CVBASE4), or specialized on tracking of specific ob-
jects like faces, e.g. FERET [33] and [20]. In general, the
evaluation of new tracking algorithms, and their compari-
son to the state-of-the-art, depends on three essential com-
ponents: (1) an evaluation system, (2) a dataset, (3) perfor-
mance evaluation measures.

The Evaluation system. For objective and rigorous eval-
uation, an evaluation system that performs the same exper-
iment on different trackers using the same dataset is re-
quired. Ideally, the system should support multiple OS and
programming languages and allow easy integration of new
trackers. Furthermore, a certain level of interaction with
the tracker is desirable, for instance to allow for detection
of tracking failures. Currently, the most notable and gen-
eral systems are the ODViS [18], VIVID [4] and ViPER [8]
toolkits. These, however, do not allow for interaction with
the tracker. Recently, Wu et al. [41] have performed a large-
scale benchmark of several trackers and developed an eval-
uation kit that allows integration of third-party trackers as
well. However, in our experience, the integration is not
straightforward due to a lack of standardization of the in-
put/output communication between the tracker and the eval-
uation kit.

Dataset A trend has emerged in the single-object model-
free tracking community to test newly proposed trackers
on larger datasets that include different real-life visual phe-
nomena like occlusion, clutter and illumination change. As
a consequence, various authors nowadays compare their
trackers on many publicly-available sequences, of which
some have became a de-facto standard in evaluation of new

1http://homepages.inf.ed.ac.uk/rbf/CAVIARDATA1
2http://www.homeoffice.gov.uk/science-research/hosdb/i-lids
3http://www-sop.inria.fr/orion/ETISEO
4http://vision.fe.uni-lj.si/cvbase06/
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trackers. However, many of these sequences lack a standard
ground truth labeling, which makes comparison of proposed
algorithms difficult. Furthermore, authors usually do not use
datasets with various visual phenomena equally represented.
In fact, many popular sequences exhibit the same visual phe-
nomenon, which makes the results biased toward some par-
ticular types of the phenomena. To address this issue, Wu
et al. [41] annotated each sequence with several visual at-
tributes and report tracker performance with respect to each
attribute separately. For example, a sequence is annotated
as “occlusion” if the target is occluded anywhere in the se-
quence, etc. However, visual phenomena like occlusion do
not usually last throughout the entire sequence. For exam-
ple, an occlusion might occur at the end of the sequence,
while a tracker might fail due to some other effects occur-
ring at the beginning of the sequence. In this case, the failure
would be falsely attributed to occlusion. Thus a per-frame
dataset labeling is required to facilitate a more precise anal-
ysis.

Performance measures. A wealth of performance mea-
sures have been proposed for single-object tracker evalu-
ation. These range from basic measures like center er-
ror [34], region overlap [25], tracking length [24] and fail-
ure rate [22, 21] to more sophisticated measures, such as
CoTPS [31], which combine several measures into a single
measure. A nice property of the combined measures is that
they provide a single score to rank the trackers. A downside
is that they offer little insight into the tracker performance.
In this respect the basic measures, or their simple deriva-
tives, are preferred as they usually offer a straight-forward
interpretation. While some authors choose several basic
measures to compare their trackers, the recent study [37]
has shown that many measures are correlated and do not
reflect different aspects of tracking performance. In this
respect, choosing a large number of measures may in fact
again bias results toward some particular aspects of tracking
performance.

VOT2013. In order to address the above stated issues,
the Visual Object Tracking (VOT2013) challenge was orga-
nized. Its aim was to provide an evaluation platform that
goes beyond the current state-of-the-art. In particular, the
authors of the challenge have compiled a labeled dataset
collected from widely used sequences showing a balanced
set of various objects and scenes. All the sequences are
labeled per-frame with different visual attributes to aid a
less biased analysis of the tracking results. An evaluation
kit5 was developed in Matlab/Octave that automatically per-
forms experiments on a tracker using the provided dataset.
A new tracker performance comparison protocol based on
basic performance measures was also proposed. A signif-
icant novelty of the proposed evaluation protocol was that
it explicitly addresses the statistical significance of the re-
sults and addresses the equivalence of trackers. A dedi-
cated VOT2013 homepage6 has been set up, from which
the dataset, the evaluation kit and the results are publicly
available. The authors of tracking algorithms have an op-
portunity to publish their source code at the VOT homepage

5https://github.com/vicoslab/vot-toolkit
6http://www.votchallenge.net/

as well, thus pushing the field of visual tracking towards re-
producible research. The results of the challenge have been
presented at the VOT2013 workshop in conjuction with the
ICCV2013 and documented in the supporting paper [23]. In
this paper we provide an overview of the VOT2013 chal-
lenge with a particular focus on the evaluation methodology
and provide additional results that have not been published
in [23].

2 Summary of the tracking experiments
The VOT2013 benchmark is designed for single-object,
single-camera, short-term causal trackers. The tracker is ini-
tialized at the beginning of a sequence using the ground truth
bounding box and is required to predict a single bounding
box of the target for each frame of the sequence. Causal-
ity requires the tracker to solely process the frames from
the initialization up to the current frame without using any
information from the future frames. Since we are evaluat-
ing short-term tracking, whenever the tracker fails, a com-
plete reinitialization is performed so that any previously
learned information (such as appearance and dynamics) is
discarded. The challenge consists of three experiments:
• Baseline: Ground truth bounding boxes are used for ini-

tialization.
• Noise: Randomly perturbed bounding boxes are used for

initialization, where the perturbation is in order of ten
percent of the ground truth bounding box size.
• Grayscale: Color information is removed from the se-

quences.
The evaluation kit runs each tracker 15 times on each exper-
iment to obtain a reliable estimate of the performance.

3 The dataset
We collected a large pool of sequences that have been used
by various authors in the tracking community. Many se-
quences may be visually similar and would not contribute to
diversification of the dataset, while significantly prolong the
execution of the experiments. We have therefore reduced
the set to 16 sequences, while keeping the dataset rich in vi-
sual phenomena. We represented each sequence in the pool
of sequences as a 6-dimensional vector of global visual fea-
tures and clustered them into 16 clusters by affinity propaga-
tion [10]. From each cluster a single sequence was manually
selected.

The six global visual features were defined as follows:
The illumination change as the maximal difference in aver-
age intensities computed from the bounding boxes; the ob-
ject size change as the average of sequential differences in
the ground-truth bounding box size; the object motion as the
average of changes in bounding box center over the frames;
clutter as the histogram difference within and outside the
ground truth bounding box; camera motion as the per-pixel
average difference outside the bounding box; blur was mea-
sured by a camera focus measure.

Since the bounding boxes were annotated by various au-
thors, there was no common guideline for the process of
manually annotating the sequences. It seemed that most
authors followed the strategy of maintaining a high fore-
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ground/background ratio within the bounding box (at least
> 60%). In most cases, this ratio is quite high since the
upright bounding box tightly fits the target. But in some
cases, (e.g., the gymnastics sequence) where an elongated
target is rotating significantly, the bounding box contains a
large portion of the background at some frames as well. Af-
ter inspecting all the bounding box annotations, we have re-
annotated those sequences in which the original annotations
were out of place.

Additionally, we manually or semi-manually labeled
each frame in each selected sequence with five visual
attributes that reflect a particular challenge in appearance
degradation: occlusion, illumination change, motion
change, size change and camera motion. In case a particular
frame did not correspond to any of the five degradations, we
denoted it as non-degraded.

4 Evaluation methodology
There exists an abundance of performance measures in the
field of visual tracking (e.g., [40, 32, 15, 20, 41]). Our ap-
proach to choosing the performance measures was the inter-
pretability of the measures while selecting as few measures
as possible to provide a clear comparison among trackers.
Based on the recent analysis of widely-used performance
measures [37] we have chosen two weakly-correlated mea-
sures: (i) accuracy and (ii) robustness.

The accuracy measures how well the bounding box pre-
dicted by the tracker overlaps with the ground truth bound-
ing box. The tracking accuracy at time-step t is defined as
the overlap between the tracker predicted bounding box AT

t

and the ground truth bounding box AG
t

φt = AG
t ∩AT

t

AG
t ∪AT

t

. (1)

On the other hand, the robustness was measured by the fail-
ure rate measure, which counts the number of times the
tracker drifted from the target and had to be reinitialized. A
failure is indicated when the overlap measure (Eq. 1) drops
to zero.

The reinitialization of trackers might introduce a bias into
the performance measures. Typically, if a tracker fails at
a particular frame it will likely fail again immediately af-
ter re-initialization. To reduce this bias, we re-initialize the
tracker five frames after the failure and denote the skipped
frames as invalid for accuracy computation. This number
was determined experimentally on a separate dataset. A
similar bias occurs in the accuracy measure, as the over-
lap measure in the frames right after the initialization are
biased towards higher values for several frames (burn-in pe-
riod, Figure 1). In a preliminary study we have determined
by a large-scale experiment that the burn-in period is ap-
proximately ten frames. The burn-in frames are also labeled
invalid and are not used in the computation of accuracy.

Let Φt(i, k) denote the accuracy of i-th tracker at frame
t at experiment repetition k. The per frame accuracy is
obtained by taking the average over these, i.e., Φt(i) =

1
Nrep

∑Nrep
k=1 Φt(i, k). The average accuracy of the i-th

tracker, ρA(i), over some set of Nvalid valid frames is then

Figure 1: Overlaps after reinitialization averaged over a large
number of trackers and many reinitializations.

calculated as the average of per-frame accuracies

ρA(i) = 1
Nvalid

∑Nvalid

j=1
Φj(i). (2)

In contrast to accuracy measurements, we obtain a sin-
gle measure of robustness per experiment repetition. Let
F (i, k) be the number of times the i-th tracker failed in the
experiment repetition k over a set of frames. The average
robustness of the i-th tracker is then

ρR(i) = 1
Nrep

Nrep∑

k=1
F (i, k). (3)

Note that in the dataset some attributes are more fre-
quently presented than the others, which would introduce
a bias into the results. To address this, we calculate the ac-
curacy (2) and robustness (3) separately for each attribute.
For a particular attribute we calculate the two measures only
on the subset of frames in the dataset that contain that at-
tribute (attribute subset). To compare different trackers one
might average the accuracy and robustness over all the at-
tribute subset frames. However, these will likely be at a
different scale across the attribute sequences in which case
direct averaging of performance measures is not appropri-
ate. Instead, we have developed a ranking-based methodol-
ogy akin to [6, 9, 15]. We start by ranking all the trackers
with respect to each measure on each attribute subset sepa-
rately. Let r(i, a,m) be the rank of the i-th tracker on the
attribute subset a using the performance measure m, which
can either be accuracy (A) or robustness (R). Now we can
calculate the average rank for the i-th tracker by averaging
over the attributes r(i,m) = 1

Natt

∑Natt
a=1 r(i, a,m). Giving

an equal weight to each performance measure, we average
the two corresponding rankings as

r(i) = 1
2

∑

m∈{A,R}
r(i,m). (4)

The averaging over attribute subsets assures that every at-
tribute contributes equally to the final ranking. Since the
frequency of the attributes is uneven and some frames con-
tain several attributes, it means that some frames contribute
more than the other to the final rank. This is a subtlety that
might not be immediately apparent, but has to be kept in
mind when interpreting the results.

A group of trackers may perform equally well on a given
attribute subset, in which case they should be assigned an
equal rank. In particular, after ranking trackers on an at-
tribute set, we calculate for each i-th tracker its corrected
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rank as follows. We determine for each tracker, indexed
by i, a group of equivalent trackers, which contains the i-
th tracker as well as any tracker that performed equally well
as the selected tracker. The corrected rank of the i-th tracker
is then calculated as the average of the ranks in the group of
equivalent trackers. Note that this equality is not transitive.
For example, consider trackers T1, T2 and T3. It may hap-
pen that a tracker T2 performs equally well as T1 and T3,
but this does not necessarily mean that T1 performs equally
well as both, T2 and T3 – the equivalence groups should be
established for each tracker separately.

To determine for each tracker the group of equivalent
trackers, we require an objective measure of equivalence
on a given sequence. In case of accuracy measure, a per-
frame accuracy is available for each tracker. One way to
gauge equivalence in this case is to apply a paired test to de-
termine whether the difference in accuracies is statistically
significant. In case the differences are distributed normally,
the Student’s t-test, which is often used in the aeronautic
tracking research [3], is the appropriate choice. However,
in a preliminary study we have applied Anderson-Darling
tests of normality [1] and have observed that the accura-
cies in frames are not always distributed normally, which
might render the t-test inappropriate. As an alternative, we
apply the Wilcoxon Signed-Rank test as in [6]. In case of
robustness, we obtain several measurements of the number
of times the tracker failed over the entire sequence in dif-
ferent runs. However, these cannot be paired, and we use
the Wilcoxon Rank-Sum (also known as Mann-Whitney U-
test) [6] instead to test the difference in the average number
of failures.

When establishing equivalence, we have to keep in mind
that statistical significance of performance differences does
not directly imply a practical difference [7]. One would have
to define a maximal difference in performance of two track-
ers at which both trackers are said to perform practically
equally well. By varying the practical difference from zero
to 0.1 we have not observed significant changes in ranking.
However, since we could not find clear means to objectively
define this difference, we reserve our methodology only to
testing the statistical significance of the differences.

5 Result analysis
In the following section we overview the results of the
VOT2013 challenge. We briefly overview the results
from [23] and focus on results that were not yet published.

5.1 Submitted trackers
In total 27 trackers were evaluated for the challenge, 19
original submissions and 8 baseline well-known trackers
that were contributed by the VOT committee. In interest
of space, we cite [23] for all trackers submitted and/or pre-
sented at VOT2013. We also refer the reader to the appendix
of the VOT supporting paper [23] for short descriptions. The
set of trackers was very diverse, ranging from trackers that
use background-subtraction (MORP [23], STMT [23]), are
based on optical-flow or motion cues (FoT [39], TLD [19],
SwATrack [27]), key-points (SCTT [23], Matrioska [28]),
use complex generative (IVT [34], MS [5], CCMS [23],

DFT [35], ORIA [42], EDFT [23], AIF [23], CACTuS-
FL [12], PJS-S [45], SwATrack) or discriminative (MIL[2],
STRUCK [16], PLT [23], CT [46], RDET [23], ASAM [23],
GSDT [23]) models to trackers that use geometrical con-
stellation of parts (HT [14], LGT [38], LGT++ [23], LT-
FLO [23]).

5.2 Conclusions for the challenge experiments

We overview only the major conclusions for experiments
1, 2 and 3 and refer the reader to [23] for further details.
For reference, we show the accuracy-robustness rank plots
in Figure 2. Averaging ranks across all three basic exper-
iments, the top performing trackers were PLT, FoT, EDFT,
LGT++ and LT-FLO. The top performing PLT is a single-
scale, detection-based tracker that applies online structural
SVM on color and grayscale pixels and grayscale deriva-
tives. In all experiments the PLT achieved best robustness,
however in the Baseline and Noise experiment, the part-
based LGT++ and the original LGT tightly followed. The
three trackers (PLT, LGT++ and LGT) perform well even
in noisy initializations, but in accuracy, the top perform-
ing tracker on average was FoT, followed by SCTT and a
RANSAC-based edge tracker LT-FLO. We have noticed that
the top ranked trackers in the averaged ranks remain at the
top also with respect to each attribute separately, with two
exceptions. When considering the size change, the best ro-
bustness is still achieved by PLT, however, the trackers that
yield best trade-off between the robustness and accuracy are
the LGT++ and the size-adaptive mean shift tracker CCMS.
When considering occlusion, the PLT and STRUCK seem
to share the first place in the best trade-off. Note that the
evaluation kit was also measuring the tracker speed during
the experiments. Since the trackers were coded in different
programming languages and run on different machines, the
measurements are not directly comparable. However, two
trackers stood out in performance. These were the PLT and
FoT, whose speed was higher than 150fps.

We ranked the individual types of visual degradation ac-
cording to the tracking difficulty they present to the tested
trackers. Our results imply that the subsequences that do not
contain any specific degradation present little difficulty for
the trackers in general. Most trackers do not fail on such
intervals and achieve best average overlap. On the other
hand, camera motion is the hardest degradation in this re-
spect. One way to explain this is that most trackers focus
primarily on appearance changes of the target and do not ex-
plicitly account for changing background. Note that camera
motion does not necessarily imply that the object is signifi-
cantly changing position in the image frame. For accuracy,
the hardest degradation is the change of object size. This is
plausible as many trackers do not adapt in this respect and
sacrifice their accuracy for a more stable visual model that is
more accurate in situations where the size of the target does
not change.

In summary, the sparse discriminative tracker PLT seems
to address the robustness quite well, despite that it does not
adapt the target size, which reduces its accuracy when the
size of the tracked object is significantly changing. On the
other hand, the part-based trackers with a rigid part constel-
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Figure 2: The accuracy-robustness ranking plots with respect to
the three experiments. An optimal tracker would reside in the top-
right corner of the plot.

lation yield a better accuracy at reduced robustness. The ro-
bustness is increased with part-based models that relax the
constellation, but this on average comes at a cost of signifi-
cant drop in accuracy.

5.3 Additional experiments

In addition to the official challenge experiments, the VOT
committee has also performed four additional experiments
on the top five submitted entries that had been attached a
working executable version of the tracker. The aim of the
first experiment was to evaluate the effect of the failure
threshold on the overall ranking outcome. The remaining
four experiments were designed to offer further insights into
the tracker performance.

5.3.1 Effects of the failure threshold Recall that the
evaluation kit proclaimed a failure if the overlap between
the predicted and ground-truth bounding box became zero.
To study how increasing the threshold affects the ranking
of the trackers, we have repeated the baseline experiment
with thresholds 0.1 and 0.2. The results are shown in Fig-
ure 3. We have observed that the failure rate increased with
the threshold, however, the increase is approximately the
same for all five trackers. From Figure 3 we see that the
two top performing trackers do not change rank, but there
is a slight change in ranking of the last three trackers. This
change is due to ranking change in the accuracy rankings,
since the practical difference in accuracy is in fact small
for these trackers. We can conclude that the applied rank-
ing scheme is sufficiently stable across reasonable values of
failure thresholds.

5.3.2 Sequence degradation We have considered four
diverse challenging scenarios of sequence degradation:

Figure 3: Effects of failure threshold on ranking.

Figure 4: Results of top performing trackers on Baseline (E1),
Noise (E2), Gray (E3), Empty frames (E4), Frame skipping (E5),
Frame Resize (E6) and Reverse order (E7) experiments.

• Empty frames: The adaptability of the employed visual
models is tested by replacing every fifth frame in the se-
quence by a black image.

• Skipping frames: To simulate frame-drops that can oc-
cur in video transmission, the original sequences were
modified by removing every third frame from the se-
quence.

• Reduction of image size: To study how the size of the
target affects the tracking, the size of the images is re-
duced by 60%.

• Reversed sequence: To test the importance of the spe-
cific sequence of events in the sequence, the order of the
frames is reversed.

The overall results for the four additional results above
are shown in Figure 4. In all but one experiment the rank-
ing results do not change a lot, meaning that the trackers
are equally well adapted to these degradations. In the ex-
periment with black frames, the performance of the FoT and
PLT significantly decreased relative to other trackers, while
the performance of EDFT relatively increased. Note that the
absolute performance decreased for all trackers, but this re-
duction was greater for FoT and PLT than it was for EDFT.
The significant jump in ranking for the FoT can be explained
by the way this tracker adapts its visual model. In particu-
lar, the FoT performs full adaptation in each frame. Once
a black frame occurs the visual model becomes completely
corrupted, which leads to failure. In case of PLT the de-
crease is most likely a result of fixed color model that is
initialized at the first frame and is used to determine regions
that most likely belong to the object. Once a black frame ar-
rives, the discriminative power of model is rendered useless,
which, may lead to unrepairable false adaptations of the vi-
sual model. EDFT on the other hand is better suited for this
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Figure 5: Scatter plot for the woman sequence shows the failures
for each tracker w.r.t. frame number.

kind of changes, likely because of lazy adaptation of the vi-
sual model and a well designed motion model, which help it
to survive short-term image degradations.

5.4 Sequence analysis
The second part of our analysis focused on the selected se-
quences. In particular, we have first analyzed the difficulty
of each sequence presented to the trackers. Namely, for each
sequence we have recorded if a particular tracker fails at
least once at a particular frame. Using this approach we
have constructed for each sequence a scatterplot of failures
over each tracker (see the example in Figure 5). We visu-
alize the level of difficulty for each sequence by summing
the scatterplots vertically. This yields the failure curve (e.g.,
Figure 6a,b,c,d) which shows how many trackers failed at
each frame. From these curves we derive two objective
measures of sequence difficulty: area and max. The area
is just the sum of frame-wise values from the failure curve
normalized by the number of frames, while the max is the
maximum on this curve, i.e. the maximal number of failed
trackers in a frame. While the area indicates the average
level of difficulty of a sequence, the max is localized and
focuses on a particular frame that presented most difficult
part of the sequence. For example, the area in the failure
curve for the David sequence (Figure 6a) is smaller than
the area for the woman sequence (Figure 6b), which sug-
gests that david sequence is less challenging that the woman
sequence. Furthermore, a significant peak in the woman
sequence (frame 565) suggests that this sequence contains
a subsequence which is challenging to most of the track-
ers. Table 1 summarizes the area and max values for all
sequences.

Given the measures of area, we intuitively clustered the
remaining 15 sequences by hand into three clusters accord-
ing to their level of difficulty: Hard, Intermediate, Easy.
The results are summarized in Table 1. david, face, bicy-
cle, juice, jump, car and cup sequences do not present a sig-
nificant challenge to most of the trackers; on average, less
than a single tracker fails. Surprisingly the david sequence
(Figure 6a) shows a small area in this study, although the
sequence is usually considered in literature to be challeng-
ing. The reason might be that this sequence is so frequently
used for tracker evaluation that the authors might have over-

sequence area max frame difficulty
bolt 4.28 13 242 hard
diving 4.23 9 105 hard
hand 4.22 14 51 hard
gymnastics 3.13 12 98 interm.
woman 2.86 15 565 interm.
sunshade 2.79 11 85 interm.
torus 2.67 8 189 interm.
iceskater 2.38 6 227 interm.
singer 1.68 4 268 interm./easy
david 1.36 4 337 easy
face 1.22 3 140 easy
bicycle 1.22 11 178 easy
juice 1.12 4 242 easy
jump 0.93 4 203 easy
car 0.92 5 253 easy
cup 0.22 2 232 easy

Table 1: The sequence analysis results. The area under the failure
curve (area), the maximal number of simultaneously failed track-
ers (max), the frame number with maximum number of failures
(frame), and the difficulty label (difficulty).

Figure 6: Failure curves for david, woman, bicycle and bolt se-
quences.

fitted to this sequence. The analysis also shows that the bolt,
diving and hand sequences are the most challenging ones,
followed by sequences of intermediate difficulty, in particu-
lar, the gymnastics, woman, sunshade, torus, and iceskater
sequences and the singer sequence which seems to be easy-
to-intermediate.

Most of the difficulties in hard and intermediate se-
quences arise from changes in camera and object motion as
well as from rapid changes in object size. For example, bolt
is hard, as all three aforementioned nuisances occur simulta-
neously in the sequence. The diving sequence shows signif-
icant changes in object size while the hand sequence shows
challenging pose variations of the person’s hand.

Easy to intermediate sequences might remain valuable
for tracker comparison as these sequences still conceal chal-
lenges in particular frames. We can identify those sequences
by considering max in Table 1. For example, the woman
sequence at frame 565 (Figure 6b) shows camera zooming
which lets 15 out of 23 trackers fail. Similarily, the bicy-
cle sequence at frame 178 (Figure 6c) shows a peak in the
failure curve. Here, an object occlusion happens and imme-
diately after that, the tracked object is partially covered by a



Kristan Matej, Pflugfelder Roman, Leonardis Ales, Matas Jiri, Porikli Fatih, Cehovin Luka, Nebehay Georg, Fernandez . . .

65

M. Kristan, R. Pflugfelder, A. Leonardis, J. Matas, F. Porikli, L. Čehovin, G. Nebehay, G. Fernandez, and T. Vojir

shadow. A large peak is also present in the challenging Bolt
sequence (Figure 6d) at frame 242. Almost half of the track-
ers fail here. A closer look at the frame and its neighboring
frames shows significant object motion between frames as a
cause of failures.

6 Conclusions and Future Work

This paper reviewed the VOT2013 challenge and its results.
The challenge provides an evaluation kit comprising an eval-
uation protocol and dataset of 16 sequences which allows
simple and objective tracker comparison. VOT2013 also
provides attributes such as illumination change, occlusion,
etc. on frame level for each sequence. First results show
that trackers tend to specialize either for robustness or ac-
curacy. None of the trackers consistently outperformed the
others by all measures at all sequence attributes. It is cur-
rently impossible to conclusively say what kind of tracker
design works best in general, however, there is some evi-
dence showing that accuracy tends to be better for the track-
ers that do not apply global models, but rather split their
visual models into parts. On the other hand, robustness is
pretty much achieved by discriminative learning where vari-
ants of Structured SVM, e.g. PLT, seems very promising.
The analysis of our dataset showed that some sequences are
challenging on average, other sequences are very challeng-
ing at particular frames and some of them were well tackled
by all the trackers. While we believe that it is difficult to
overfit a tracker to a visually diverse dataset, tuning param-
eters may very likely contribute to higher ranks. Because
of this unavoidable dependence on implementation and pa-
rameter tuning, care has to be taken when deciding for or
against a new tracker based on performance scores. Rather
than waging decision on absolute scores, comparative eval-
uation should be used to position trackers against baseline
implementations and further focus on detailed analysis per
visual properties. Our future work will focus on revising and
carefully enriching the dataset with new sequences, e.g. in-
cluding sequences from related datasets like the recent [36]
with the aim of significantly increasing diversity while keep-
ing the number of sequences on a useful level. We also in-
tend to improve the evaluation kit, allowing faster execution
of more complex experiments. Our work will focus on orga-
nizing further VOT challenges and pushing towards a stan-
dard for tracker comparison.
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two-stage dynamic model for visual tracking. IEEE

Transactions on Systems, Man, and Cybernetics, Part B,
40(6):1505–1520, 2010.
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Abstract We explore the computational bottlenecks of the
affine feature extraction process and show how this process
can be speeded up by 2-3 times with no or very modest
loss of performance. With our improvements the speed of
the Hessian-Affine and MSER detector is comparable with
similarity-invariant SURF and DoG-SIFT detectors.

The improvements presented include a faster anisotropic
patch extraction algorithm which does not depend on the
feature scale, a speed up of a feature dominant orientation
estimation and SIFT descriptor computation using a look-up
table.

In the second part of the paper we explore performance of
the recently proposed first geometrically inconsistent near-
est neighbour criterion and domination orientation genera-
tion process.

1 Introduction
Extraction of local image features is an important part of a
wide variety of computer vision algorithms and significant
effort has been put into speeding up this process. Speed
up efforts have been usually directed at similarity covariant
feature detectors or even only translation invariant detectors.
Affine covariant detectors have been avoided because they
are considered, the paper indicates somewhat unfairly, too
computationally expensive (see Table 1).

Method SIFT SURF HesAff MSER HesAff+ MSER+
Avg. NFeats 1719.23 2192.33 3181.81 1028.02 3787.60 1348.71
Avg. Time [s] 0.90 0.72 5.38 2.83 1.80 0.69

Table 1: Average processing time (without image IO) and
number of features per an image of commonly used feature
extractors and their variants implementing the proposed im-
provements. We compare similarity invariant SIFT (VlFeat
implementation) and SURF (OpenSURF implementation)
and standard implementations of affine invariant Hessian
Affine (HesAff) (implementation by [18]) and MSER [11]
with the improved affine invariant HesAff+ and MSER+.
Values are computed on all images from Mikolajczyk’s
dataset [15] with average image resolution of 0.7MPx.

In the first part of this work, we show that with careful
implementation the processing time of the traditional affine
covariant detectors (such as Hessian-Affine and MSER) is
comparable to similarity covariant detectors. We show that
by loosening the demands on correctness of the patch ex-

I
P

A−1

Detection Patch Extr. Desc. Extr.

Figure 1: The classical local image feature extraction
pipeline. Measurement region (red) of a detected feature
(blue) is warped from image I to a patch P normalising
the region based on the local affine shape of the feature de-
scribed by matrix A. The image data in the patch are used
to compute the SIFT descriptor.

traction process from the signal processing point of view,
the processing time can be significantly reduced with only a
modest loss in the scale invariance of the extracted descrip-
tors.

In the second part, we investigate another bottleneck
which is the conversion of gradients from cartesian to po-
lar coordinates and we examine existing and propose a new
arctan2 approximation which speed up this process.

Finally we examine strategies for generating tentative
correspondences. The traditional method for SIFT match-
ing is based on the second (to first) nearest neighbour (SNN)
distance ratio. We confirm that using the first geometric in-
consistent nearest neighbour [16] can improve the perfor-
mance even on two view matching without view synthesis.
We investigate the tentative correspondences between distin-
guished regions (DRs) and number of their matched domi-
nant orientations. We show that the standard second nearest
neighbour criterion is able to remove most of the inconsis-
tent correspondences (e.g. two dominant orientations of a
single DR matched to two different DRs in the tested im-
age) and that the knowledge of the multiple orientation cor-
respondences can help to avoid some degenerate hypotheses
in RANSAC.

2 Related Work
The feature extraction process consists of several stages that
are visualised in Figure 1. In the first step, distinguished
regions (DRs) are detected using a feature detector. There
are several ways how to perform that: Scale-space detectors
(DoG [10], Hessian or Harris-Affine [13]) start with building
a scale space pyramid and each layer of the pyramid is anal-
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ysed for local maxima of some differential operator; in the
Fast Hessian, which is how we call the detector part of the
SURF system [2], the pyramid consists of integral images,
which are used for computing an approximated Hessian op-
erator with Haar wavelets. In the case of Hessian and Harris
Affine detector, the structure tensor is used to estimate an
affine shape of each DR. Another affine invariant detector,
MSER [11], detects DRs finding maximally stable extremal
regions where the affine shape is defined by their interior’s
second moments.

In order to obtain rotationally invariant descriptions,
dominant orientations of each DR are detected. This is usu-
ally done by collecting a weighted histogram of finite deriva-
tives in the feature’s measurement region, which has m-
times bigger measurement scale. This measurement region
is used for descriptor computation and is then normalised to
a small patch (usually of size 41 pixels) used to form invari-
ant descriptor such as SIFT [10].

The process differs for the SURF descriptor, which uses
Haar wavelets for the computation of both the dominant ori-
entations and for the SURF descriptor; therefore, no patch
needs to be extracted. The main advantage of the SURF
detector is its speed, but like the DoG detector, it does not
offer Affine invariance. However, this can be achieved by
using ASIFT [17] or MODS [16] matching startegy which
synthesise views so that images can be matched across sig-
nificant viewpoint changes without a substantial increase in
the processing time.

Another speed-aware approach to feature detection is the
FAST detector [20], which is a classifier learned for corner
detection. However, it examines a neighbourhood of con-
stant size; therefore, it is not scale invariant. This restriction
was addressed in BRISK detector [9].

The computationally expensive part of estimating domi-
nant orientations or computing SIFT descriptor is the con-
version of gradients from Cartesian to Polar coordinates.
This operation can be accelerated in several ways, e.g. in
[8], a circuit design is proposed to accelerate in hardware
this operation. The arctan2 function can be approximated
well by Taylor series expansions, which is often used in
speed-aware implementations [19], [12]. Indeed, this is used
in practice e.g. in VLFeat library [21], where the 3rd or-
der Taylor polynomial is used to approximate the function
arctan((1 − r)/(1 + r)). Similarly, in OpenCV library1,
the arctan2 is approximated with a 7th degree Taylor series
expansion. Moreover, it is implemented using SSE instruc-
tions.

The extracted local image features are usually used for
image based matching, e.g. in wide baseline stereo prob-
lems. Feature extraction is followed by generation of ten-
tative correspondences, usually using the Lowe’s Second
Nearest Neighbour criterion [10]. Then the tentative cor-
respondences are verified against two-view geometry con-
straints in a RANSAC framework [5].

1http://opencv.org/

3 Speeding up patch extraction process
We start with investigation of the main bottlenecks of the
feature extraction process. In order to compare existing fea-
ture extraction algorithms fairly, we measure time needed
for processing hypothetical 1MPx image where a detector
finds 2000 Distinguished regions and extract 3600 descrip-
tors as each distinguished region has 1.8 dominant orien-
tations on average. Because the processing time can also
depend on the size and shape of the detected features, we
compute an average over 16 images of various scenes.

Figure 2 shows the execution time of each stage of the
VLFeat2 DoG detector [21], OpenSURF3 implementation
of SURF detector [2], improved implementation of Hessian-
Affine [13] by Perdoch et. al. [18] and MSER [11].

All detectors have been configured in such a way that
they detect features within the same range of scales; the
OpenSURF algorithm was used in two configurations:
FHES+SURF where the initial sampling is set to default
2pxs (i.e. the response is computed for every second pixel)
and FHES-1PX+SURF where the sampling is set to 1px.
All measurements in this article are done with measurement
scale m = 3

√
3.

Figure 2: The processing time of feature extraction stages
of commonly used algorithms (VLFeat DoG, OpenSURF,
HessianAffine by Perdoch [18] and authors’ implementa-
tion of MSER [11] which uses same SIFT implementation
as the HessianAffine). The time was measured on a set of
16 1MPx images. Pyr. stands for the time needed for build-
ing a pyramid (the scale space or the integral images for the
SURF detector), Det. is the duration of the feature detec-
tion stage. Both of these stages depend mainly on the image
size. AffAdapt. is the duration of iterative affine adaptation
and DomOri. is the time needed for detection of dominant
orientations. AffAdapt. and and DomOri. are normalised to
2000 DRs. The last two stages, PtchExtr., the time needed
to extract patches used for the description (Desc.) are nor-
malised to 3600 features.

Figure 2 clearly shows that the most expensive stage of
the existing affine invariant feature detectors is the patch ex-
traction process, note that this stage takes longer for MSER
as it generally detects regions with higher scale [15] and
uses the same patch extraction algorithm as Hessian-Affine,
which means that the patch extraction time depends on the
feature size.

In the following, we propose novel algorithms which re-
duce significantly the dependence of patch extraction time

2http://www.vlfeat.org/
3http://www.chrisevansdev.com/

computer-vision-opensurf.html
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on the local image feature scale. Then, several improve-
ments which speed up the feature extraction process are pre-
sented.

3.1 The standard patch extraction process
In order to obtain invariant description of a co-variant local
image feature, the image region corresponding to a feature is
normalised. The local derivatives, used to obtain gradients
for the SIFT descriptor, are computed using a Gaussian ker-
nel of the size determined by differentiation scale σD [13]
and the extracted patches should have σD = const in order
to gain full scale invariance.

In the case of the original Lowe’s [10] SIFT feature
detection and description framework, the patch used for
feature description is extracted from the scale-space layer
where the feature has been located. This means that for a
feature which was found in octave o and in a layer l of a
scale space with O octaves and L layers, the feature can
have a scale in the input image in interval

s ∈
[
σi2o+ l−1

L , σi2o+ l+1
L

]
(1)

where σi is the initial scale (the prior smoothing used for
building the scale-space pyramid) [10]. Then the descriptor
is computed from a measurement region with scale smr =
s · m in the original image where m is the magnification
factor. This method can be used only for similarity-invariant
features as it does not handle anisotropy of affine co-variant
features.

In patch extraction implementations [13] and [18], at
first, an affine image feature is normalised withA−1 ·s from
the input image where A ∈ GL(2) is the de-normalisation
matrix and s =

√
A is the feature scale. In the next step, the

extracted patch is blurred with an isotropic Gaussian kernel
with variance σB = 2σDms/p in order to obtain differenti-
ation scale σD in the down-sampled descriptor patch.

The disadvantage of the method ([13], [18]) is its com-
putational complexity as it works with the original image
data even for features which may cover the whole image.
This can be seen in Figure 3 which clearly shows that even
though there is only a fraction of detected features in higher
octaves, the patch extraction process still takes a significant
amount of time. All the computation times were measured
on a machine with Intel R© CoreTMi7-3517U CPU with 4MB
cache.

Figure 3: Time needed for extraction of patches found at dif-
ferent scale space octaves. OPE is the original patch extrac-
tion method [13], [18]. Results obtained with the Hessian
Affine detector. Average on 18 various 3MPx images.

3.2 Speeding up the affine patch extraction process
We propose a novel algorithm for patch extraction which
uses the pre-blurred layers of the isotropic Gaussian scale
space pyramid. We will refer this algorithm as Pyramid-
Smoothing Patch Extraction (PSPE). Based on the required
σD it operates on the Gaussian scale space pyramid layer
where the differentiation scale is small enough that after the
extraction it would not exceed σD in any direction.

Then, the measurement region of the feature is extracted
to the intermediate patch in its original scale in such a way
that the eigenvectors of the affine transformation are aligned
with the image axes. This transformation is found using
the singular value decomposition. Then, equal differentia-
tion scale in all directions can be achieved by a convolu-
tion with an anisotropic, separable Gaussian kernel, which
has the same computational complexity as isotropic Gaus-
sian blurring. Finally, the patch is downscaled and rotated
to the final patch of size p. Details are given in Algorithm 1.

Algorithm 1 PSPE Pyramid-Smoothing Patch Extraction

Require: I – Input image; Loi,sj
– Gaussian Scale-Space

pyramid with initial image scale σ0, octaves 0 < oi <
O and octaves’ layers 0 ≤ sj < S; A – Local affine
feature; σD – required diff. scale, p – a patch size, m - a
measurement region multiplier.

Ensure: P – Extracted patch.

Get feature scale s =
√
A

Get patch to extr. feature scale ρ = 2 ms
p

Compute Singular Value Decomposition A = U D V T ,
Set l1 = D1,1/s, l2 = D2,2/s
Differentiation blur in l2 direction in I is σl2 = σD ρ l1
if σl2 < σ0 then

σ̂ = 0.5, d̂ = 1
P̂ (x) = I(U diag(l1, l2) x)

else
o = blog2(σl2/σ0)c, v = blog21/S (2−oσl2/σ0)c
σ̂ = σ0 2o+v/S , d̂ = 2o

P̂ (x) = Lo,s(2−o U diag(l1, l2) x)
end if
Ensure correct diff. scale in both x and y directions
σ̂x = l2 σ̂/d̂, σ̂y = l1 σ̂/d̂, σ̂D = σD ρ/d̂

σ̂dx =
√
σ̂2

D − σ̂2
x, σ̂dy =

√
σ̂2

D − σ̂2
y

Blur P̂B(x) = P̂ (x) ∗ g(x,Σ), Σ = diag(σ̂dx, σ̂dy)
where g(x,Σ) is 2D Gaussian filter
Sub-sample to patch: P (x) = P̂B(ρ V T x)

We propose a faster variant of the PSPE algorithm,
PNBPE (Pyramid, No-Blur Patch Extraction), which ig-
nores the anisotropic blurring step. This variant simply
warps the selected pyramid layer to the patch without any
intermediate steps. Unlike the PSPE, the pyramid layer is
not selected according to the affine shape of the feature, but
solely based on the feature scale. With this simplification,
the PNBPE method gets several times faster than the for-
mer PSPE variant. Computation time of this method de-
pends only on the SIFT patch size (usually p = 41). Details
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Algorithm 2 PNBPE Pyramid, No-Blur Patch Extraction

Require: I – Input image; Loi,sj
– Gaussian Scale-Space

pyramid with initial image scale σ0, octaves 0 < oi <
O and octaves’ layers 0 ≤ sj < S; A – Local affine
feature; σD – required diff. scale, p – a patch size, m - a
measurement region multiplier.

Ensure: P – Extracted patch.

Get feature scale s =
√
A

Get patch to extr. feature scale ρ = 2 ms
p

Differentiation blur in I is σ = σD ρ
if σ < σ0 then

P (x) = I(ρ A x)
else

o = blog2(σ/σ0)c, v = blog21/S (2−oσ/σ0)c
P (x) = Lo,s(2−o ρ A x)

end if

of this variant are given in Algorithm 2.
We also test a method, called NBPE (No-Blur Patch Ex-

traction), which simply warps the feature measurement re-
gion to the patch using the original image, not the pyramid.
The speed of NBPE and PNBPE is equal.

With PSPE, PNBPE and NBPE it generally holds that
the time needed for patch extraction is proportional to the
number of the features and does not depend on feature size,
as can be seen in Figure 3. The independence of patch ex-
traction time on feature size is demonstrated in Figure 4.
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Figure 4: Average time needed for extraction of a single
patch. The values are computed as an average over all fea-
tures from 18 different images of a given resolution and is
computed with HessianAffine detector.

3.3 Matching performance of patch extraction
variants

In Figure 7, the comparisons of matching scores of different
patch extraction methods for the Hessian-Affine and MSER
detector are shown. The matching score is measured as de-
fined by [15], with a difference that one-to-one correspon-
dences are computed for descriptors only. In the original
implementation of the matching score benchmark, match is
deemed correct when it is a one-to-one match both based on
descriptor distances and in ellipse overlaps. Though, this is
not usable for DRs with multiple orientations as the ellipse
overlap does not take into consideration the dominant orien-

tations. We use matching score instead of [14] as we want
to measure performance under various geometric transfor-
mations. Matching score has been computed with RootSIFT
[1] descriptor normalisation.

Tests have been performed on datasets from [15] or their
variants from [4] with more precise ground truth where
available. The GRAF and WALL dataset test invariance to
viewpoint change, BOAT and BARK to zoom and rotation
and BIKES are used to test invariance to image blur. In order
to show the invariance to scale changes we have measured
average matching score using 32 images which have been
resized to scales in (1, 0.2〉 (SYNTH. SCALE). Similarly,
to simulate invariance to anisotropic deformations, we have
generated datasets of the same images but scaled only in the
y-axis direction (SYNTH. ANIS. SCALE).

It can be observed that PSPE method obtains in gen-
eral the same performance as the original patch extraction
method. The PNBPE and NBPE methods have similar per-
formance when the features which need to be matched are
relatively small, though they get worse performance on the
Bark and Bikes dataset and with MSER detector which de-
tects bigger features. This is additionally confirmed with the
tests on synthetic images. On synthetic scale dataset, it can
be seen that the PNBPE method has slightly better scale in-
variance as the NBPE method is ignoring Nyquist–Shannon
sampling theorem and in case of bigger scale changes, the
aliasing becomes an issue.

The reason why PNBPE and NBPE has got the same
number of matches is that these methods detects more dom-
inant orientations (1.9 for PNBPE and 2 for NBPE) as the
extracted patch contains higher frequencies. But those ori-
entations are less stable, thus these patch extraction variants
have worse matching score.

4 Speeding up the SIFT

HesAff+OPE+SIFT HesAff+NBPE+SIFT
Convolution (30%) Interpolation (19%)
Interpolation (20%) SIFT sampling (16%)
SIFT sampling (10%) arctan2 (14%)
arctan2 (8%) Gradient comp. (10%)

Table 2: The most time consuming functions (self-cost, per-
centage of the whole program runtime) by profiling Wall-1
[15] feature extraction.

As a significant bottleneck of the feature extraction pro-
cess is the arctan2 function (see Table 2), we have investi-
gated the precision and speed of existing implementations in
VLFeat and OpenCV and proposed a new algorithm which
outperforms these approximations in speed.

We have created a method which approximates the
arctan2 function using look-up table (LUT). This method
divides the interval 〈0, 2π) into octants, and is us-
ing a LUT of 256 bins accordingly for each octant as
arctan(x/y) = π/2 − arctan(y/x), if x > 0 and similar
rule is for x < 0.

The comparison of different methods in single precision
floating point numbers is given in Table 3 where the error
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Impl. RMS Err. [rad×10−3] Max Err. [rad×10−3] Avg. time [ns]
ARCTAN2 0 0 139.1
VLFEAT 4.278 6.136 95.3
OPENCV 0.073 0.167 99.5
LUT-256 1.815 3.922 89.9

Table 3: Speed of different arctan2 implementations and
approximations in single floating point precision. Values are
computed over 2×106 measurements and the error is com-
pared against the arctan2 , standard reference.

is compared against the standard implementation4. It can be
seen that our LUT-256 method outperform the investigated
methods in speed and has smaller error than the method used
in VLFeat library. The error does not have any influence on
descriptor performance. However, as the speed of LUT ap-
proximation depends mostly on memory access speed, for
processors with smaller CPU cache it may be needed to re-
duce the number of bins, partially scarifying the precision.

Method DomOri [µs] (Speed-up) SIFT [µs] (Speed-Up)
Standard 110.35 159.26
LUT-256 47.12 (2.3) 95.06 (1.7)
SSE-OpenCV 38.75 (2.8) 73.38 (2.2)

Table 4: The average speed-up per a single MSER feature
using the arctan2 approximation and SSE instructions in
different patch extraction stages.

However the OPENCV approximation is implemented
using SSE instructions, and in addition it uses SSE for gra-
dient magnitude computation where the SSE instruction for
the square root (SQRTPS) is already an approximation with
rel.err. ≤ 1.5× 10−12 [6] which is more than sufficient for
the feature extraction purposes.

The overall speed-up of the feature extraction stages
in comparison to the original implementation is shown
in Table 4. It can be seen that even speeding up the
arctan2 function with a look-up table can bring a signifi-
cant improvements in the processing time. The advantage
of the LUT-256 is that it has tunable precision by varying
the number of bins which can be chosen in such a way that it
would fit to the CPU cache of the target architecture. How-
ever, in the following experiments we use the SSE-OpenCV
variant.

The processing time of Hessian-Affine and MSER de-
tectors using the proposed improvements are shown in Fig-
ure 5. It can be seen that with the PSPE or NBPE algo-
rithm together with the SSE-OpenCV (referred as SIFT+),
the feature extraction process takes around half the time of
the original implementation. In Table 5 we show the average
processing time per an image from the Mikolajczyk’s dataset
[15] without normalisation to a constant number of features,
i.e. the expected time needed to extract features from a sin-
gle image. From this table it is clear that for example using
the improved MSER+NBPE+SIFT+ for feature extraction is
similarly time consuming as using SURF algorithm.

4Defined by IEEE Std 1003.1, particularly used GNU C Library 2.15
implementation

Variant Detector Patch Extr. Descriptor
A HesAff OPE SIFT+
B HesAff PSPE SIFT+
C HesAff PNBPE SIFT+
D HesAff NBPE SIFT+
E MSER OPE SIFT+
F MSER PSPE SIFT+
G MSER PNBPE SIFT+
H MSER NBPE SIFT+

Figure 5: Processing time of particular feature extraction
stages using the proposed improvements. In all feature ex-
tractors here, the SSE-OpenCV method is used for comput-
ing arctan2 . The values in the graph are measured in the
same way as in Figure 2.

Method Avg. NFeats Avg. Time
DoG+SIFT 1719.23 0.90
FHes+SURF 2192.33 0.72
HesAff+OPE+SIFT 3181.81 5.38
HesAff+PSPE+SIFT+ 3201.98 3.56
HesAff+PNBPE+SIFT+ 3714.40 1.78
HesAff+NBPE+SIFT+ 3787.60 1.80
MSER+OPE+SIFT 1028.02 2.83
MSER+PSPE+SIFT+ 1035.04 2.15
MSER+PNBPE+SIFT+ 1266.79 0.69
MSER+NBPE+SIFT+ 1348.71 0.69

Table 5: Average processing time and number of features
per an image (without image IO) of commonly used extrac-
tors and feature extractors with the proposed speed improve-
ments on all images from Mikolajczyk’s dataset [15]. The
values are computed in the same way as in Table 1.

5 Matching features in multiple-orientation
context

The output of a detection algorithm on input image I is a set
of distinguished regions (DR). Afterwards, dominant orien-
tations A for each region are detected in order to obtain ro-
tation invariance, which creates several local affine features
for each DR. Usually, the number of dominant orientations
is limited to 1 < |AI

u| ≤ 4 and for each dominant orienta-
tion, one descriptor is extracted.

In image matching task, the fact that a single DR
generates more descriptors is usually ignored and it simply
matches all descriptors from a reference image to the
matched image. This has several consequences, e.g. for the
SNN ratio (SNNr) criterion. This criterion is used to filter
correspondences C of the reference image descriptors to the
matched image descriptors and generates a set of tentative
correspondences TC ⊂ C. It computes the distance ratio
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of the first closest to the second closest reference image
descriptor and when this ratio is higher than 0.8, the
correspondence is rejected (i.e. that the correspondence is
not distinguishable enough). On the other hand, in case
of symmetric DRs, the second nearest neighbour can be
located on the same DR in the matched image as the first
nearest neighbour. This issue was tackled by [16] where
the SNN criterion has been revisited. The authors added a
new condition that the SNN ratio is not computed with the
second closest descriptor but with the First Geometrically
Inconsistent Nearest Neighbour (FGI-NN). Two descriptors
are geometrically inconsistent when their centres of gravity
are farther than a given threshold (in our case set to 10px).

In [16], it was used in context of synthesised views, but
we have observed that it has some influence on simple two
view matching as well. In our tests we have matched vari-
ous 85 image pairs (image pairs introduced by [7], [15] and
65 pairs selected from clusters generated by [3]) and we es-
timated a homography between them using LO-RANSAC
algorithm [7]. Descriptors are extracted using the Hessian-
Affine+OPE+SIFT. Inliers I ⊂ TC are TC with symmetric
reprojection error [5] smaller than 4px, and similarly, valid
correspondences VC ⊂ C are all geometrically correct cor-
respondences. We compute precision and recall as:

precision = |I|
|T C| recall = |I|

|VC| (2)
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Figure 6: Precision and recall of SNN and FGINN for
MSER and HessianAffine with QRT-SIFT. Results for 85
image pairs.

Method AP Prec [%] Rec [%] |T C| |I|
MSER SNN 78.42 72.25 79.38 9408 6797
MSER FGI-NN 79.60 70.22 82.43 10039 6940
HesAff SNN 80.12 70.04 82.74 29817 20883
HesAff FGI-NN 81.63 68.12 85.73 31919 21397

Table 6: Precision and recall for SNNr < 0.8 with average
precision (area under the PR curve) for methods for gener-
ating tentative correspondences and two selected detectors
which use SQRT-SIFT as descriptor. Results for 85 image
pairs

We have measured that using the FGI-NN method im-
proves the performance of the system even in the case of
two-view matching without view synthesis. The particular
values of precision and recall for SNNr < 0.8 with aver-
age precision are shown in Table 6. Though it slightly low-
ers the precision, it increases the recall and is able to obtain

more inliers which are important for the accuracy. The FGI-
NN criterion also increases the average precision means that
FGI-NN is a better classifier of tentative correspondences
than SNN without being dependent on the particular SNNr
threshold. The correspondences missed by the SNN method
are usually caused by symmetric features where the SNN
may be on the same DR but with a different orientation. The
precision-recall curve, computed varying the SNNr thresh-
old, is shown in Figure 6.

# dom.orientations |A| 1 2 3 4
% of DRs 44.97 43.09 10.72 1.22

Table 7: Percentage of detected distinguished regions with
a certain number of dominant orientations. Values are com-
puted out of 1.8×105 DRs.

In the next experiment we investigate how dominant ori-
entations of the DRs are matched across the images. At first,
in Table 7, we show the distribution of number of dominant
orientations per a DR detected in the reference images. On
average, each DR is assigned 1.8 dominant orientations.

Dominant orientations |A|
Matched DRs Matched |AD|

1 2 3 4
1 62.49% 30.70% 4.63% 0.38%
2 0.00% 1.37% 0.39% 0.03%

Table 8: Distribution of the DRs in tentative correspon-
dences T C according to their number of matched Dominant
orientations (column) and number of matched unique DRs
from the tested image (row). E.g. a DR which is in the sec-
ond row and third column has three dominant orientations
in T C where two are matched to the same DR in the tested
image. T C are generated using the FGI-NN criterion.

There is clearly a lot of DRs which have more than one
descriptor. But what happens when correspondences are
generated? In Table 8 we show the distribution of the DRs in
T C according to the number of their dominant orientations
in T C and number of matched DRs in the second image. It
can be seen that for many DRs with multiple dominant ori-
entations, only some of them passed the FGI-NN criterion.

More than 30% of the DRs have 2 dominant orientations
where both of them are matched against a single DR in the
tested image (row 1 column 2). Those 30% of DRs are ac-
tually generating more than 42% of correspondences which
are passed to RANSAC algorithm. This also means that in
our dataset, more than 22% of the correspondences are du-
plicates.

This can be exploited by improving the speed of
RANSAC algorithm by passing less tentative correspon-
dences as sampling two correspondences of same image
regions leads to a degenerate solution. This issue is handled
using ”duplicate filtering” procedure in [17], [16]. However,
if the double correspondence is found as inlier, it may be
counted twice as the fact that two dominant orientation
have been matched may bear a prior of the correspondence
quality. Though, we have not investigated those issues.
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From Table 8 it can be observed that most of the inco-
herent correspondences, i.e. ref. image DRs matched to
different DRs in the matched image, does not pass to the list
of T C, thus the Lowe’s (FGI)SNN ratio works well for the
multiple orientation matching by itself.

6 Conclusions
It has been shown shown that a careful implementation of
existing affine invariant feature detectors has a speed com-
parable to existing similarity covariant detectors. Further-
more, using a simplified patch extraction method the speed
of the affine feature extraction becomes comparable to their
approximations, such as SURF. The speed leads to slight de-
crease in the scale invariance of the extracted patches.

The process of patch description is made faster by a sim-
ple approximation of the arctan2 function. We have created
a simple approximations of arctan2 which uses a look-up
table and the terms of speed outperforms the approximations
used in different computer vision libraries.

We have investigated the Lowe’s second nearest neigh-
bour criterion in the context of multiple orientation matches.
We confirmed that using the first geometrically inconsistent
nearest neighbour increases the number of inliers as it allows
to match symmetric features. Furthermore, we have inves-
tigated the way how the second nearest neighbour works in
case of multiple orientations and proposed some improve-
ments which can speed up RANSAC.
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Figure 7: Comparison of the performance of different patch
extraction algorithms using Mikolajczyk’s matching score
protocol [15]. Measurements on synthetic datasets are com-
puted as an average over generated image pairs from 32 var-
ious images. Line colour distinguishes different detectors
and line style signifies the patch extraction algorithm.
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Abstract This paper presents a novel method for real-time
print localization on transparent pharmaceutical capsules
which is a crucial step for automated visual inspection. The
method is based on print segmentation and template match-
ing technique. A print appearance used for template match-
ing is constructed from capsule images without defects dur-
ing the training phase. Print localization during inspection
phase is achieved by combination of phase correlation be-
tween template and sample, and additional criterion to com-
pensate for print overlaps and ambiguities due to capsule’s
transparency. The method was evaluated in terms of ro-
bustness, accuracy and speed on a large image database of
transparent capsules with radial print. Results were com-
pared to the method for standard opaque capsules. The re-
sults indicate that our method shows improved robustness
and accuracy. Moreover, computational time of less than 10
milliseconds allows real time visual inspection of pharma-
ceutical capsules.

1 Introduction
Nowadays, pharmaceutical industry produces vast amount
of different pharmaceutical tablets and capsules. To avoid
dangerous drug mix-ups, every type of product has to be
quickly, easily and unambiguously identified by doctors and
pharmacists as well as by end consumers. Different prod-
ucts should be uniquely characterized by their size, shape,
color, texture, prints, etc. [1]. Demands are enforced by na-
tional regulators in each country such as a regulation code
21CFR206 [7] issued by the Food and Drug Administration
in USA. Besides unambiguous identification, high quality
of visual appearance of pharmaceutical products is required
by pharmaceutical companies since defected products cause
doubts and lower level of trust among consumers.

The most common method for visual quality control of
pharmaceutical capsules is manual inspection by various
methods. The disadvantage of such methods is that the over-
all quality of the whole batch of capsules is estimated by
inspecting only certain sample of capsules. The required
quality of single product can thus not be guaranteed. Fur-
thermore some countries, e.g. Japan, have regulations that
enforce every single product to be visually inspected, either
manually or automatically. The capsules may be inspected

before or after they have been filled with active substance,
however the latter is more common. Since manual visual in-
spection is slow, unreliable, tedious, costly and even harmful
to the operators, fully automated visual inspection of every
single product in a batch is emerging.

Automated visual inspection of pharmaceutical cap-
sules [10, 12] is very challenging, because capsules come
in different sizes, colors and prints and may have various
visual defects. Sophisticated high-tech machine vision
system with fast mechanical capsule manipulation, proper
illumination, fast image acquisition, image analysis, capsule
classification and sorting mechanism is thus required [3].
Speed requirements of such systems are from 20 up to 100
products per second. This calls for fast and efficient image
processing algorithms with low computational complexity
but high reliability and robustness [8, 14].

Beside other visual characteristics, print plays important
role in identification of pharmaceutical capsules, because it
provides fast identification of manufacturer and active sub-
stance [17]. Print can include company logo or name, com-
mercial name of the product, chemical name or even infor-
mation about dosage. Print on pharmaceutical capsules con-
sists of two parts, one on each half of a capsule. Print can be
oriented along the main axis of the capsule, i.e. axial print,
or perpendicular to the main axis, i.e. radial print. Com-
bination of axial and radial print is also possible, wherein
each part of a capsule has different print orientation [15].
Print legibility is the most important criterion for identifica-
tion. Despite optimal choice of print size, shape and content,
print defects made during printing process or transportation,
may affect print legibility. The defects include partly or en-
tirely missing print, multiple prints, blurred print, smudged
print, ink spots, color and size variations of the print, etc.

Capsules with transparent shell are commonly used as
the dose-holding system for breath-actuated dry powder in-
halers [6], devices for delivery of drugs to the lung. Many
disorders affecting the lungs such as asthma are treated by
inhaling drugs to increase the airflow or reduce inflamma-
tion. Transparency of capsule’s shell allows the user to
see the active substance (powder) and to easily check if the
whole dose was properly inhaled. Capsules may be com-
pletely clear (natural gelatin color) or colored and may in-
clude prints.
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There are various automated visual inspection systems
for pharmaceutical capsules on the market from companies
such as Ackley, Eisai, Ikegami, Mutual, Proditec, Seide-
nader, Sensum and Viswill but only a few research articles
on this subject have been published so far. Karloff et al. [10]
and Islam et al. [8, 9] designed a low cost capsule inspection
system that can be integrated into an existing mechanical
capsule sorters. The system is capable of inspecting 20 cap-
sules per second and is able to inspect uni-color, bi-color as
well as transparent capsules. However, their system can only
detect larger defects such as cracks, dents, double caps and
improper length and can only inspect capsules without print.
Visual inspection of printed capsules is even more challeng-
ing task. The main problem is cylindrical shape, which al-
lows capsules to freely rotate around their main axis. Thus,
the spatial location of a print may vary from image to image,
where portions of a print may be hidden. Moreover, due to
the cylindrical shape of capsules, spatial distortions occur
when 3D capsule surface is projected onto 2D image plane.
Distortions are most prominent at the border of a capsule.

Print localization is a crucial element of automated visual
inspection of printed capsules, without which further analy-
sis and classification is not possible. The area of capsule’s
surface containing print is inspected separately from the rest
of a capsule. Successful print localization enables inspection
of print quality as well as inspection of the rest of a capsule.
If the print is not properly localized, portions of print may
be recognized as defects. Špiclin et al. [14] proposed a tem-
plate matching technique for localization of print on opaque
capsules. They eliminated spatial distortions by transform-
ing a capsule image into cylindrical coordinate system and
used template matching technique [16] to localize print. A
print appearance template is constructed from capsule im-
ages without defects during the training phase. Because of
high speed requirements, registration method incorporates
simple two dimensional translation as transformation model
between template and sample image. In general, transforma-
tion is not linear due to different spatial deformations that
can occur during printing process or additional distortions
caused by imperfect image acquisition.

Transparent capsules bring additional challenges to all
segments of automated visual inspection including print lo-
calization. Transparency causes that both the front surface,
i.e. capsule surface faced towards the camera (foreground),
and the back surface, i.e. capsule surface faced to the op-
posite direction (background), are captured (Fig. 1). When
a print is located on the background, it appears mirrored
and has lower contrast. Moreover, portions of the print can
be concurrently visible on the foreground and on the back-
ground and may overlap. Furthermore, spatial deformations
due to printing process and distortions due to imperfect im-
age acquisition are emphasized. Axial capsule movement
during printing process causes radial line to manifest as he-
lix (Fig. 1, left), while slightly tilted capsule causes radial
line to be seen as ellipse (Fig. 1, right).

Due to problems mentioned above, the template match-
ing method described by Špiclin et al. [14] does not achieve
adequate results. In this paper we propose a method for real-
time localization of print on transparent capsules that is ca-

EllipseHelix

Figure 1: Spatial deformations of print on transparent capsules: al-
tered camera viewing angle causes radial line to manifest as elipse
(left), rotated radial line manifests as helix.

pable of matching both foreground and background print si-
multaneously and is robust to spatial deformations and dis-
tortions. We validated our method in terms of robustness,
accuracy and speed on a large image database of transparent
capsules with radial print.

2 Materials and Methods
In this section the method for print localization on trans-
parent pharmaceutical capsules is described. The method
matches a print template to foreground and background print
on sample image where foreground and background print
may overlap significantly (Fig. 2). Our method is based on
segmented print images.

First the entire capsule is segmented by border tracking
algorithm [13] (Fig. 2, left). Then the print is segmented
from color image by max shift segmentation algorithm [5]
(Fig. 2, right) which is based on mean shift clustering [4].
The task of max shift segmentation algorithm is to sepa-
rate the modes of the probability distribution in multidimen-
sional histogram, i.e. to separate clusters in feature space
of a histogram that represent different regions in an im-
age. Color values of image pixels are mapped into a 3D
histogram, a feature space with multivariate and generally
multi-modal probability distribution. The regions in his-
togram with the highest density correspond to clusters cen-
tered on the modes of the underlying probability distribu-
tion. Max shift algorithm uses a cube search kernel to find
the clusters in the histogram. In each iteration the kernel is
shifted in the direction of maximum gradient inside the ker-
nel. The center of a cluster is obtained by convergence of the
kernel from the initial location. Once the center is obtained,
the corresponding feature points that belong to this cluster
are determined by applying the max shift algorithm to the
neighboring points of the cluster center. The procedure is
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repeated until all the feature points are labeled.
Main axis of the capsule is estimated from the cap-

sule’s shape obtained from capsule segmentation and is used
for transformation into cylindrical coordinate system as de-
scribed in [14] , where only capsule region where print pres-
ence is expected is transformed (Fig. 3a).

Figure 2: Segmented color image (left) and corresponding print
segmentation (right) with print regions (rectangles).

Špiclin et al. [14] performed transformation of print re-
gion into cylindrical coordinate system only for visible
(foreground) print, i.e. transformation was performed only
on the interval of [0◦, 180◦]. In contrast, for transparent
capsules both foreground and background print are visible
but inseparable, thus the extended transformation (from 0◦to
360◦) is performed (Fig. 3a). Transformation of print on in-
terval [0◦, 180◦] can be interpreted as foreground print with
visible background, while transformation on interval [180◦,
360◦] represents background print occluded by foreground.
The goal of the method is to match the entire 360◦template
to foreground and background print.

The template is matched to the input image by calculating
phase correlation [11] between template h(x, y) and input
image f(x, y). Phase correlation method is based on Fourier
Shift Theorem [2] and can be efficiently calculated in fre-
quency (Fourier) domain. It computes normalized cross-
power spectrum S(ξ, η) between images:

S(ξ, η) = F (ξ, η)H∗(ξ, η)
|F (ξ, η)H∗(ξ, η)| , (1)

PC(u, v) = F−1{S(ξ, η)}, (2)

where H(ξ, η) and F (ξ, η) are discrete 2D Fourier trans-
forms of template and input image respectively and H∗ is
complex conjugate of H . PC(u, v) denotes inverse Fourier
transform of S(ξ, η) which is ideally (according to Fourier
Shift Theorem) a Dirac delta function δ(x+u0, y+v0) cen-
tered at (u0, v0), where u0 and v0 represent shift between
images. The problem of finding shift (u0, v0) thus translates
to the problem of locating delta peak in PC:

(u0, v0) = argmax
(u,v)

(PC(u, v)). (3)

Phase correlation shows strong robustness against the nar-
row band noise and non-uniform illumination changes [11,
18].

Foreground Background
(a)

(b)

(c)

Figure 3: (a) 360◦input image, (b) template image, (c) template
image matched to input image (red - foreground, blue - back-
ground).

Because of foreground and background print overlap, and
due to similar appearance of individual symbols or charac-
ters, phase correlation often results into more than one dis-
tinct peak, where the most prominent one does not necessar-
ily represents the optimal alignment (Fig. 4). Therefore, ad-
ditional criterion is needed to isolate the optimal peak from
N most distinct peaks (ui, vi; i = 1 . . . N).

Let us define Foreground-Background Overlap

FBOui,vi = FOui,vi +BOui,vi , (4)

that measures overlap of print area between template and
input image separately for foreground (FO) and background
(BO) at given shift (ui, vi). Each of N most distinct peaks
(ui, vi; i = 1 . . . N) can further be evaluated as

Cui,vi
= PCui,vi

FBOui,vi
, (5)

where PCui,vi
represents the value of PC (2) at given peak

location (ui, vi). The optimal alignment, i.e. the shift be-
tween the template and input image, is found as

(u0, v0) = argmax
i

(Cui,vi). (6)

The goal of FO is to measure the overlap between the tem-
plate and input image only on foreground (from 0◦to 180◦).
It is defined as:

FOui,vi =
[∑

x,y ffg hfg∑
x,y hfg

]∑

x,y

ffg hfg (7)
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(a)

(b)

Figure 4: Examples of PC correlation images with several distinct
peaks: (a) cap print correlation image, (b) body print correlation
image.

Input image ffg represents only foreground half of
360◦input image (Fig. 5c):

ffg = f(x, y)m(x, y), (8)

where mask m(x, y) (Fig. 5b) is equal to one at the fore-
ground (interval from 0◦ to 180◦) and zero elsewhere. Sim-
ilarly, template hfg represents only foreground half of the
template at given shift (ui, vi) (Fig. 5e):

hfg = h(x+ ui, y + vi)m(x, y). (9)

The first term of FO (7) represents the overlap factor, i.e.
fraction of template hfg overlapped with input ffg . The
overlap factor is equal to one when the entire foreground
template hfg is overlapped with ffg and zero when they are
completely mismatched. The second term in expression (7)
stands for size of overlap region. Therefore measure FO has
the highest value when the entire foreground template hfg

is overlapped (first term of (7)) and it overlaps as much in-
put ffg as possible (second term of (7)). When background
print dominates on ffg the FO might be highest at shifts
where foreground template overlaps with background print,
especially if the print appearance is very symmetrical. Thus
an additional complementary measure of background over-
lap (BO) is needed.

Similarly to FO the BO is defined as:

BOui,vi
=
[∑

x,y fbg hbg∑
x,y fbg

]∑

x,y

fbg hbg (10)

New input images fbg and hbg are defined by erasing the
overlapping print on ffg and h respectively (Fig. 5d and 5f):

fbg = ffg (1− hfg), (11)

hbg = hF (1− hfg)m, (12)

where hF is vertically flipped background part of the tem-
plate. At optimal shift (u0, v0) fbg represents only the back-
ground print since the foreground print has been erased (11).
Similarly from hF , i.e. the part of the template expected on
the background, the foreground part of the template (hfg)
has been erased (12), because the background print is al-
ways occluded with foreground print. While FO measures
an overlap between foreground print ffg and foreground
template hfg , BO measures an overlap between the rest of
visible print (fbg) and expected template on the background
hbg .

(a) (b)

(c) (d)

(e) (f)

Figure 5: Input images for calculation of FO and BO:
(a) 360◦input image f(x, y), (b) mask image m(x, y), (c) fore-
ground print ffg , (d) background print fbg , (e) foreground template
hfg , (f) background template hbg .

3 Experiments and Results
Performance of the proposed method was evaluated in terms
of robustness, accuracy and speed on a database of 516 im-
ages of transparent orange capsules with radial print on cap
and body. The cap print included radial line with com-
pany logo while the body print included radial line and some
text. The template and input image size was 256 x 128 pix-
els. Gold standard of print locations was obtained by man-
ually determining three pairs of corresponding points be-
tween template and each input image. The localization er-
ror after the matching was defined as RMS of correspond-
ing point distances. The implementation of the method was
done in C++ and executed on a 3.4 GHz Intel Core i7 3770
platform. Speed was measured by the mean execution time
to assess the feasibility of the method for real-time visual
inspection of pharmaceutical capsules. The performance
was compared to the print localization method for opaque
capsules proposed by Špiclin et al. [14] where template
matching technique based on normalized cross-correlation
(NCC) was used. The spatial deformations of the print
in cylindrical coordinate system can be as large as 5 pixels
thus the localization was considered successful if the error
was below 5 pixels. The accuracy was defined as mean er-
ror of all successful print localizations. The performance
of the two methods is presented in Table 1. Additionally,
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Cap print Body print
Method NCC PC FBO NCC PC FBO
Robustness (%) 91.8 99.1 98.6 100
Accuracy (pixel) 1.9 1.4 1.8 1.1
Speed (ms) 4 7 4 7

Table 1: Performance of the proposed method (PC FBO) and
method for opaque capsules (NCC) [14] in terms of robustness
(percentage of successful localizations), accuracy (mean error of
successful localizations in pixels), and speed (mean computation
time in milliseconds).

Fig. 6 shows cumulative fraction of matched samples with
respect to print localization error. Fig. 7 shows an example
of failure of the print localization method for opaque cap-
sules and successful print localization of the same sample
with the proposed method.
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Figure 6: Cumulative fraction of matched samples with respect to
print localization error for cap print (top) and body print (bottom).
Our method (PC FBO) is compared to the method for opaque cap-
sules (NCC) [14]. Localization with error less than 5 pixels was
considered successful.

Figure 7: An example of unsuccessful print localization with NCC
(top) and successful print localization with PC FBO (bottom). The
print template is colored red on the foregorund (from 0◦ to 180◦)
and blue on the background (from 180◦ to 360◦). Similarity be-
tween characters and overlapping of foreground and background
print caused localization with NCC to fail.

4 Discussion and Conclusion

Successful print localization is a crucial element of visual
inspection of pharmaceutical capsules with print. It allows
proper inspection of print validity as well as detection of de-
fects on the rest of the capsule’s surface. A novel method
for print localization on transparent capsules was proposed.
The method was evaluated on real images and showed suffi-
cient performance for defect detection and print quality in-
spection. The method shows high robustness to illumination
changes, small spatial deformations of the print, and over-
lapping of foreground and background print. The method
was compared to the print localization method used for stan-
dard opaque capsules where only foreground print is visible.

The success rate of our method was 99.1 % for the cap
print and 100 % for the body print while the standard method
with NCC achieved 91.8 % and 98.6 % success rate respec-
tively. Our method shows great improvement of cap print
localization. Extremely symmetrical appearance and small
size of cap print made its localization much more difficult
than that of the body print. Furthermore the standard method
often resulted in completely false localization where the
foreground template was matched to the background print
or vice versa. The maximum error of our method was 7.6
pixels which is only a few pixels above the threshold of suc-
cessful localization. Our method is computationally almost
two times more demanding than the standard method but
shows highly improved robustness and accuracy. Further-
more the execution time of 7 milliseconds for one image is
sufficient for real time visual inspection of pharmaceutical
capsules.

The overall measure Cui,vi (5) is only as precise as PC
because FBO only selects the optimal peak amongN peaks
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of PC. Furthermore ifN is too low, none of the peaks might
represent optimal shift. To achieve better precision and ro-
bustness we can calculate the measure FBO at all possible
shifts (ui = 0 . . .W − 1, vi = 0 . . . H − 1) where W is the
width and H is the height of the input image. Calculating
the entire FBO in time domain is computationally very ex-
pensive but it turns out that it can be efficiently calculated in
Fourier domain in real time.

Because of high speed requirements the assumed trans-
formation between template and input image was simple
translation. However spatial deformations of the print
caused the localization error to be as large as 5 pixels on
some parts of the print. That means that during inspection
phase the print template had to be substantially dilated in
order to entirely cover the print. Our future work includes
the calculation of the entire FBO in Fourier domain, the
modeling of the most significant spatial deformations of the
print, and the estimation of non-rigid transformation that
will eliminate spatial deformations (ellipse and helix) on
each sample image.
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Abstract The inspection of high voltage power lines is an
important task in order to prevent failure of the transmis-
sion system. In this work, we present a novel approach to
detect insulators in aerial images and to analyze them au-
tomatically for possible faults. Our detection algorithm is
based on discriminative training of local gradient-based de-
scriptors and a subsequent voting scheme for localization.
Further, we introduce an automatic extraction of the indi-
vidual insulator caps and check them for faults by using a
descriptor with elliptical spatial support.
We demonstrate our approach on an evaluation set of 400
real-world insulator images captured from a helicopter and
evaluate our results with respect to a manually created
ground-truth. The performance of our insulator detector
is comparable to other state-of-the-art object detectors and
our insulator fault detection outperforms existing methods.

1 Introduction
High voltage power lines and transmission systems become
more and more important with the raising demand of energy,
especially in context of renewable resources. Pre-emptive
inspection is an essential maintenance procedure in order to
keep the downtime of a power line low, but it is time- and
money-consuming, requiring much manual labor. Therefore
we propose a machine-aided method for insulator inspection
by automatically analyzing the images taken along a power
line in order to determine faulty insulators, which are among
the most common problems in transmission networks [21].
While there are different types of insulators, we focus on the
most common cap and pin insulator with its characteristic
stacked caps. The insulator can be applied to the pylon in
different orientations, different sizes, or combined parallel
or serial. We thus do not assume a certain orientation, com-
bination or size in our method.

In this paper we present a novel recognition method for
insulators in highly cluttered images (see Fig.1), and we in-
troduce an automatic insulator fault detector. An overview
illustrating the key-features of our work is shown in Fig. 2.
The main contributions of this work are

1. an insulator detector, which is invariant to insulator ori-
entation, size and combinations, partial overlap, illumi-
nation, and background clutter based on a circular de-
scriptor and a noise-tolerant voting scheme, and
1Current affiliation: Google Inc.

Figure 1: Our method detects insulators in highly cluttered
aerial images and performs an automatic fault analysis. The
faults are highlighted in red.

2. an automatic insulator fault detector, which automatically
partitions each insulator into its individual caps and sub-
sequently analyzes each cap for faults based on an ellip-
tical descriptor.

We demonstrate the performance of our approach using an
image set taken from a helicopter inspection, and evaluate
the quality using a manually created groundtruth, which is,
to the best of our knowledge, the first systematic evaluation.

2 Related Work
While different methods for detecting insulator faults ex-
ist, e.g. visual inspection or electrotechnical measurement,
our method can be used complementary with other meth-
ods and especially for identifying mechanical damage and
flashover marks. However, there is no inspection method or
measurement device that is able to detect all possible insu-
lator faults [14].

For insulator detection there are several works, as e.g. [4,
9], who use the detection as enabling method for further pro-
cessing, but these methods’ localization is too inaccurate for
our work and restricted to a certain scenario, e.g. untextured
background or a camera facing the sky, and thus not work-
ing well for our highly cluttered background. Opposing to
these inaccurate methods, Kawamura et al. [11] published
an approach based on 3D template matching for accurate 3D
localization of insulators for robot interaction. The method
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(a)

	

(b)

	

(c)

	

(d)

	

(e)
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Figure 2: An overview of our method. Based on detected keypoints (a) we extract our proposed descriptor (b) and classify
them as insulator cap or background clutter. On the classified keypoints we perform a RANSAC-based voting scheme to locate
insulator detections (c). From these detections we compute the insulator partitioning (d) and extract our elliptical descriptor on
individual caps (e). From these descriptors we determine faulty caps, which are then highlighted in the original image (f). Best
viewed in color.

has high computational costs and is specifically designed for
their task of 3D localization, which is not necessary and not
possible in our case as we neither have range images nor a
suitable model readily available.
A simple method to detect insulators is provided by Zhang et
al. [26] who use color thresholding, but their method is only
capable of detecting tempered glass insulators due to their
characteristic color, and it needs a well adjusted threshold
parameter which limits this method considerably.
Two approaches [24, 13] use edge descriptors for insula-
tor detection. Both calculate the descriptors on a dense
grid, which creates a high number of false positive detec-
tions resulting in a limited applicability in a cluttered en-
vironment. Further, edge descriptors are not discriminative
enough, which is indicated by a high false positive rate.
A completely different method was proposed by Zhao et
al. [27] who use a modified Markov Random Field to model
the repetitive geometric structure of an insulator, which
is more invariant to clutter. They have only shown their
method for combined insulators in groups of two or four.
In our case most of the insulators are attached solely to the
power line and thus their method cannot initialize the geo-
metric models and fails to detect them.

For the task of insulator fault detection, [16] and [8] pro-
posed methods especially for dirt detection based on high
resolution images which cannot be applied in our case, be-
cause our images are taken from a greater distance and thus
the spatial resolution is too low.
For the detection of missing caps from aerial images Zhang
et al. [25] proposed a method predicated on an accurate bi-
nary segmentation of the insulator provided by color thresh-
olding, which is limited by the choice of the threshold. Fur-
ther, they split the insulator into ten parts, but this static par-
titioning does not incorporate differently sized insulators or
partially visible insulators.

Up to now, no work that provides a proper evaluation
which could be used as baseline for our evaluation has been
published, but only practical demonstrations. Next to the
wide applicability of our method, this is another reason to
provide a well documented baseline for further work.

3 Insulator Recognition

We first detect the insulators in the image and based on the
detections we perform the fault detection. From a recog-
nition point of view, insulators are weakly textured objects
and in our case surrounded by clutter, which makes it hard
to detect them. In contrast, insulators have a rigid form
with repetitive geometric structure and a distinctive circu-
lar shape of each cap, which are properties that can be ex-
ploited. Therefore we use a part-based model with a tailored
circular descriptor, where each insulator cap is one part of
the model. The model geometry is a line segment (the major
axis), where all caps belonging to the insulator must lie close
to it and near other detected caps of the insulator. Therefore
we detect Difference of Gaussians (DoG) [15] keypoints in
the image and extract a square image patch around the key-
point according to the size of the keypoint, which fits very
well to the actual cap size. From the patch we calculate our
Circular GLOH-like (CGL) descriptor. It is similar to the
GLOH descriptor [17], which is in turn a circular implemen-
tation of the prevalent SIFT descriptor [15]. Our descriptor
is based on image gradients, which are derived by the Scharr
operator [22]. This operator exhibits better rotational invari-
ance than other gradient operators, which is beneficiary in
our case as the caps are circular. The gradients are assigned
to 17 spatial regions as visualized in Fig. 2b. Note that the
central radial bin does not have any angular bins. Each gra-
dient casts a vote according to its gradient magnitude in the
16-bin orientation histogram of its spatial region, resulting
in 272 dimensions. For rotation and illumination invariance
the methods of [15] are implemented. For scale invariance
we enlarge the spatial support according to the size of the
keypoint.
We employ Principal Component Analysis (PCA) to reduce
the dimensionality of our descriptor for speedup but with-
out loss of classification performance [23]. We calculate
the orthogonal eigenspace from 11.3k cap descriptors and
project the descriptors on the reduced space spanned by the
192 components with the largest eigenvalues.
We train a k-Nearest Neighbors (kNN) classifier with the
descriptors of detected DoG keypoints from the training set.
Keypoints within the ground-truth mask are positive sam-
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ples and randomly selected keypoints from the background
negative samples. For recognition we query the classifier
with the descriptors of the detected keypoints in order to
distinguish between insulator caps and clutter.

From the classified keypoints we determine the bounding
boxes for the insulators. We group the keypoints by their
scale and apply an adapted RANSAC [7] approach on all
keypoints of each scale to robustly fit the insulator model
to the detected keypoints. We have to modify the original
algorithm to handle multiple insulator instances in an im-
age [19]. Therefore we determine two random initial points
p1,p2 from all available keypoints of one scale which sat-
isfy the proximity constraint ‖p1−p2‖ < 4 ·sz(p1), where
sz(p) is the keypoint size. If no point combination satis-
fies the proximity constraint, the algorithm terminates as no
model can be initialized. From these two points we create
an initial model, i.e. the line segment connecting them. We
add keypoints as inliers to the model, whose distance from
point to line is smaller than half the keypoint size. All in-
liers have to be in relative proximity to already added inliers.
This ensures that we do not add false positive detections lo-
cated on the line. Each valid model must contain at least
five inliers. We use the best model, thus having most in-
liers, as detection. The bounding box is created from the
inliers by calculating the minimum bounding rectangle. The
inliers are removed from the available keypoints, thus each
keypoint is only used for one model. We repeat the process
as long as a single iteration generates a valid model, else all
insulators have been detected and the algorithm terminates.
Using the described procedure we first optimize the recall of
the detection. In the next step we use the estimation of the
fundamental period of the insulator partitioning to verify the
detections by evaluating the repetitive structure within the
insulator, which is not present in false positive detections.

4 Insulator Fault Detection
The detected insulators are then analyzed for faults. Each
insulator is described by its major axis and divided into its
individual caps along this axis, as shown in Fig. 2d. Fur-
ther, we calculate an elliptical descriptor from each cap to
generate a score, which serves as a level of faultiness. By
using a cap-wise partitioning of the insulator we can local-
ize faults more accurately and invariant to differently sized
and truncated insulators.

4.1 Insulator Partitioning
The first step of the insulator partitioning is the estimation
of the overall orientation Θ. This orientation estimation and
correction is important in order to provide a fixed layout
for the following cap extraction. Therefore we use a binary
segmentation mask obtained from the actual detection using
GrabCut [20]. On the mask we apply an image moment-
based method which exploits the elongated shape of the in-
sulator. The momentM of order (i+j) is calculated as [10]

Mij =
∑

x

∑

y

xiyjI(x, y) (1)

where x and y are the image coordinates and I(x, y) the
pixel intensity. Using M we calculate the insulator orienta-

tion as

Θ =1
2 atan2
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)
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−
(
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)2
)
.

(2)

The orientation is derived from the covariance matrix of the
normalized second order image moments of the image mask.

In the second step of the partitioning we separate the in-
sulator into its individual caps. Therefore we detect separa-
tion candidates by extracting Canny edges [3] and intersect
them with the major axis of the insulator. Because these can-
didates are noisy, we employ signal processing methods to
estimate and extract the separations. The separation candi-
dates are formed as an impulse in a 1D signal i[u] along the
major axis u using

i[u] =
{

1, if major axis intersects with edge
0, otherwise.

(3)

The signal consists of impulses which are not properly
aligned and thus create high frequency responses. There-
fore we apply a Gaussian filter which provides a low pass
filter and serves as noise estimate. For the Gaussian kernel
we use σ = 1

3b 1
N

∑N−1
i=1 di,i+1c where di,i+1 is the dis-

tance between two consecutive impulses. This kernel has
been chosen to adaptively minimize the leverage on neigh-
boring impulses due to filtering, which is necessary because
of the high variance of cap sizes.
The fundamental period f of the filtered signal x[u] is used
to estimate the repetitive structure within the insulator. From
x[u] we calculate the Nfft-point Fast Fourier Transform
(FFT) as X = F {x} where Nfft = 2dld(length(x[u]))e.
In order to improve the period estimate we use a weight-
ing function w[k] to suppress unwanted frequency parts,
which can be caused by wrong separation candidates. w[k]
is again a Gaussian distribution with σ = kc√

2 centered

at kc = bNfft

w/2 c where w is the width of the insulator
masks bounding box which serves as an estimate. Further,
f = bNfft

kmax
c and kmax is determined by

kmax = arg max
k

(|X| ·w[k] | k > 3) (4)

where k > 3 is used to suppress the dominant constant com-
ponent of the signal. We estimate f on the major axis and
on two lines parallel to this axis and use the median of the
detected frequencies, which improves the robustness.
The alignment of the partitioning within the insulator is cal-
culated using cross-correlation of the filtered input signal
x[u] and an idealized partitioning created from the funda-
mental period. The determined offset is used for matching
the calculated to the nearest detected separations. If a sepa-
ration is missing, e.g. not detected, a separation is thus auto-
matically added at the most likely position.
In Fig. 3a the input signal i[u] is compared to the resulting
partitioning. Note the noisy input signal with multiple re-
sponses for each separation and with noise within the caps,
which are removed in the result. In Fig. 3b the shown spec-
trum exhibits a strong peak at kmax = 67 for aNfft = 1024
point FFT, which correctly results in f = 15px.
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Figure 3: Insulator partitioning (measured f = 15px). (a)
shows the reconstruction of the partitioning and (b) shows
the estimation of the fundamental period.

4.2 EGL Descriptor
Based on the partitioning we extract an elliptical descrip-
tor from each cap, which fits an insulator cap very well and
thus minimizes the influence of neighboring caps or back-
ground clutter. In contrast to the CGL descriptor our El-
liptical GLOH-like (EGL) descriptor contains gradient his-
tograms for elliptical spatial regions (planar elliptical coor-
dinates [18]). The spatial layout of the descriptor is shown
in Fig. 2e, which again is divided into 17 regions with a 16-
bin histogram of gradient orientations for each region. The
axes of the ellipse are given by the size of the insulator cap.
The EGL descriptor is not rotational invariant, which is not
needed, because the insulator tilt can be corrected by using
the insulator orientation. The illumination invariance and
scale invariance are the same as with the CGL descriptor.

4.3 Fault Detection
Based on the extracted descriptors from each insulator cap
we determine outliers, which are the faulty caps. We have to
use an unsupervised outlier detector due to the lack of faulty
caps for training and due to high intraclass variations of the
insulators (background, viewpoint). Further, we do not treat
the faults as binary classification problem, but we assign a
score to each cap of an insulator. A higher score character-
izes a higher dissimilarity to the other caps of the insulator
and thus a more likely faulty cap. Therefore we use the Lo-
cal Outlier Factor (LOF) approach proposed by Breunig et
al. [2], which provides a score for the dissimilarity by using
the distance of a descriptor to the k nearest neighbors as an
estimate for the local descriptor density. We assume that an
outlier has a lower local density in high dimensional space.
The relation of this distance to the distance of its neighbors
is used to identify outliers. As distance measure d(A,B) we
use the normalized L1 distance between two descriptors A
and B in D-dimensional space,

d(A,B) =
D∑

i=1

|Ai −Bi|
maxi −mini

(5)

where maxi and mini are the minimal and maximal values
of dimension i over all descriptors. We use k = 3 neighbors,
initialize the distances with all descriptors of an insulator,
and add each test descriptor separately to the set in order to
preset the distances to a task-specific range [12].
The scores exhibit different ranges for each insulator. For
a global representation we normalize the scores for each in-
sulator to a range of [0 . . . 1]. Further, we enhance the dis-
tinctiveness by thresholding the score sequence and set all
values that do not excess the confidence level of 1√

2 of the
standard deviation above mean to 0. This provides a more
discriminative visualization as shown in Fig. 2f.

5 Evaluation
In this section we present and discuss the results of the eval-
uation. To the best of our knowledge, there is currently no
publicly available dataset for insulator detection. Therefore
we use our own evaluation set, which contains 400 images
(size 2352×1568px) with 375 labeled insulators, whereat 20
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out of over 11.3k caps are labeled faulty (4 flashover dam-
ages and 16 cracked caps). For evaluation and training we
use a segmented ground-truth, which is generated by man-
ually segmenting the insulators using a GrabCut [20] based
labeling tool. Truncated insulators with less than five visible
caps are not labeled. We evaluate on a computer with a Core
2 Duo with 2.6GHz and 4GB of RAM.

5.1 Insulator Recognition
We first evaluate the keypoint classification and subse-
quently the recognition based on the classified keypoints.
For the evaluation of the recognition there has not been pub-
lished a work that provides proper evaluation metrics which
could be used as baseline, but only practical demonstrations.

5.1.1 Keypoint Classification The evaluation of
the keypoint classification is based on the true positive
rate (TPR), the fraction of correctly identified caps to all
caps, and the true negative rate (TNR), the fraction of
correctly identified clutter to all clutter samples. For the
keypoint classification a high TPR and TNR are required
in order to distinguish between cap and clutter keypoints.
From our evaluation set we automatically extract 11.3k
caps located on DoG keypoints within the ground-truth
mask and 11k clutter samples randomly selected from the
background as ground-truth.
Tab. 1 shows the classification results for different descrip-
tor types. The classification rates are obtained by using
a kNN classifier with 2-fold cross-validation. Our CGL
descriptor scores the highest TPR and TNR rate, thus it is
the most suitable descriptor for this task. The high TNR
of 99.7% is essential for efficient clutter suppression, but a
slightly smaller TPR of 92.7% can be tolerated as not all
caps of an insulator must be detected in order to detect the
insulator itself due to our part-based model.

Descriptor CGL SIFT [15] SURF [1]
TPR 92.7% 92.5% 75.8%
TNR 99.7% 92.4% 90.5%
Average runtime 1.4ms 1.9ms 0.25ms

Table 1: Average keypoint classification rates. Our descrip-
tor (CGL) performs best.

The detection of keypoints works best with a DoG [15] de-
tector. A dense grid (e.g. 7 scales from 20 to 100px) is not
applicable because of the high runtime and the high number
of false positive detections. Other detectors as e.g. an ap-
proximated Hessian detector [1] cannot locate the insulator
caps accurately, or detectors that detect corner-like struc-
tures rather locate the keypoints on the boundaries than in
the center of the caps.

5.1.2 Recognition We evaluate the insulator detector on
our evaluation set, where each connected component in the
ground-truth mask is determined as insulator and the min-
imal bounding rectangle is used as ground-truth bounding
box. Note that these are rotated rectangles, therefore they fit
the insulators very well.
In order to evaluate the localization of our method we use

the well-known Pascal score [5], which is calculated from
the overlap of our generated bounding boxBc to the ground-
truth Bgt by

p(Bc, Bgt) = area(Bc ∩Bgt)
area(Bc ∪Bgt)

. (6)

An object is considered detected if p(Bc, Bgt) > 0.5.
As objective we want to maximize the number of correct
detections and minimize the number of false detections. The
two used evaluation metrics are precision, the fraction of
correct detections to the total number of detections made by
our detector, and recall, the fraction of correctly detected
objects to the number of annotated objects. Our detector
provides a score for each detection, which is used to vary the
trade off between these two metrics. The score is calculated
by

score(p, L) =
(

1−
∑N
i=1 dp,L(pi, L)
∑N
i=1 sz(pi)/2

)
·N (7)

where p is the inlier set, L the estimated model, N is the
number of inliers and dp,L the Euclidean distance from in-
lier to model. The score is higher if a model contains more
inliers or better fitting inliers.
We use the Precision-Recall Curve (PRC) as performance
measurement, which is shown in Fig. 4 for our detector. The
curve is constructed in accordance to [5] by using the inter-
polated precision. We perform 2-fold cross-validation and
plot the averaged precision and recall values. The recall
reaches a maximum of 98% and drops rapidly for higher
recall scores. Most false positives are caused by insufficient
overlap of the detected to the ground-truth bounding box.
Only about 7% of the false positives are actually located on
the background or on the pylons, thus showing efficient clut-
ter suppression.
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Figure 4: PRC for insulator detection. The average precision
is over 56%.

Badly detected boxes are identified by a low overlap
value as shown in Fig. 5. For our evaluation the required
Pascal criterion is very strict due to the fact that we use ro-
tated bounding boxes, which is not originally intended [5].
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Subjectively speaking, an overlap score of 0.5 already fits
the insulator very well, whereas a lower threshold might be
concerned, e.g. p(Bc, Bgt) > 0.4 already improves the re-
call to 100%. Using an overlap threshold of 0.5 the insula-
tors in Fig. 5 (a)-(c) would be considered correct detections,
and Fig. 5 (d)-(f) false detections although the first two fit
well. Only the detection in Fig. 5f completely fails, because
the line model is initialized badly and further the detected in-
sulator caps in the upper part are not included into the model
due to a large distance from the model.

(a) 0.9 (b) 0.68 (c) 0.58 (d) 0.48 (e) 0.45 (f) 0.2

Figure 5: Detection results (red) with overlap score
p(Bc, Bgt) stated. Best viewed in color.

5.2 Insulator Fault Detection
For the fault detection, a proper insulator partitioning is es-
sential. Therefore we first evaluate the insulator partitioning
and then the fault detection itself. Fig. 1 shows the fault
detection results for a mechanical damage and Fig. 2f for a
flashover damage.

5.2.1 Insulator Partitioning For the evaluation of the
partitioning we compare the calculated orientation to the ori-
entation of the minimum bounding rectangle of the ground-
truth segmentation mask. We have implemented the Hough-
based method of [25] as baseline. As evaluation criterion
we use the angular error e(Θ,Θgt) = |Θ−Θgt| (mod π

2 ),
where Θgt is the orientation of the ground-truth and Θ the
orientation provided by the method. Only the absolute ori-
entation matters due to the symmetric shape of the insula-
tor. The mean µ(e) and the standard deviation σ(e) of the
angular error are used to compare the methods. A smaller
mean indicates a more accurate orientation estimation and
a smaller standard deviation shows, that the errors are less
scattered.
The evaluation results in Tab. 2 show, that our moment-
based method is more accurate and requires less computa-
tion time than the Hough-based approach. The orientation
of the bounding box of the actual detection requires no addi-
tional computation, but it is less accurate than our proposed
method and prone to outliers. A more precise orientation
provides a higher accuracy of the partitioning.

For the evaluation of the partitioning we measured the
fundamental period from the images and use it as ground-
truth. The fundamental period is correctly computed for
84% of all insulators, w.r.t. a tolerable deviation of ±5px or
10%. For the cap extraction the creation of a ground-truth

Method µ(e) σ(e) Average runtime
Moment-based 0.33◦ 0.48◦ 12ms
Hough-based [25] 1.57◦ 2.03◦ 430ms
Bounding box 1.02◦ 1.24◦ 0ms

Table 2: Insulator orientation evaluation.

is not feasible, thus resulting in manual checks. A proper
partitioning requires a cap width of at least 10px, otherwise
the separation features between the individual caps vanish.
The partitioning works for different perspectives as shown
in Fig. 6a and 6b, but fails if there are no separation features
as depicted in Fig. 6c. For that sample also humans fail to
separate the caps.

(a)

(b)

(c)

Figure 6: Partitioning results. Note the different sizes (red
line is 5px wide). Best viewed in color.

5.2.2 Fault Detection We compare our fault detection
method to the approach of [25] based on Gray-Level Co-
occurrence Matrices (GLCM). In order to make their scores
comparable we use our partitioning to calculate their fea-
tures, instead of constantly ten parts.
A detailed view of a score sequence is given in Fig. 7, which
shows the scores for a flashover damage (see Fig. 2e) at cap
1. The scores are normalized, but not thresholded as de-
scribed in Section 4.3 for a better illustration. The ground-
truth has a value of 1 for a faulty cap and 0 for non-faulty
caps. Both methods score high values for the faulty caps,
but the values scored for non-faulty caps are quite different.
By using our EGL-based approach, we efficiently suppress
background clutter and are invariant to faults in the segmen-
tation mask, in contrast to the GLCM-based method, which
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cannot distinguish between a faulty cap and a defect in the
segmentation mask.
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Figure 7: Score sequence for a flashover damage at cap 1.
Our LOF-based approach can clearly distinguish between
faulty and non-faulty caps.

For the evaluation of our fault detection we use the Re-
ceiver Operating Characteristic (ROC), which is indepen-
dent of class skew [6] and thus advantageous in the case of
fault detection because the faulty samples make up only a
fraction of all samples. Although we use a continuous score
for the fault detection, the evaluation can be seen as a binary
classification problem: faulty caps are the desired positive
class, non-faulty caps are the negative class. As performance
measurements we use the TPR, the fraction of successfully
detected faulty caps to all faulty caps, and the false posi-
tive rate (FPR), the fraction of mistakenly identified faulty
caps to all non-faulty caps. A comparison of different ROC
for insulator fault detection is shown in Fig. 8. The ROC is
created by using the fault score as threshold. Our EGL de-
scriptor with LOF performs best and achieves a TPR of 95%
at a FPR of 12%.

6 Conclusion
In this work we have presented a novel approach for insula-
tor recognition and a subsequent automatic fault detection
from aerial images. We introduced a method for insula-
tor recognition using a part-based model with local image
features and a RANSAC-based clustering approach, which
enables the detection of insulators in a highly cluttered en-
vironment regardless of their orientation, size or combina-
tions.
Further, we proposed a method for insulator fault detection
based on a descriptor with elliptical spatial support. We used
LOF to assign a score of faultiness to each insulator cap ex-
tracted by our automatic partitioning algorithm. This pro-
vides an accurate cap-wise fault assessment of the insulator
under different photometric and geometric conditions.
Both methods have been evaluated thoroughly and we have
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Figure 8: ROC for fault detection, with area under the curve
stated in the caption. Our proposed method (LOF with EGL
descriptor) significantly outperforms GLCM [25].

established a baseline, which can be used for comparison in
future works.
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Abstract Automated localization of a handwritten 

signature in a scanned document is a promising facility 

for many banking and insurance related business 

activities. We describe here a discriminative framework to 

extract signature from a bank service application 

document of any type. The framework is based on the 

classification of segmented image regions using a set of 

representative features. The segmentation is done using a 

two-phase connected component labeling approach. We 

evaluate solely and combined effects of several feature 

representation schemes in distinguishing signature and 

non-signature segments over a Support Vector Machine 

classifier. The experiments on a real banking data set 

have shown that the framework can achieve a reasonably 

good accuracy to be used in real life applications. The 

results can also provide a comparative analysis of 

different image features on signature detection problem. 

 

1  Introduction 

In spite of a drastic increase in the use of electronic data in 

bank applications, a signature in a printed document is 

still considered to be most reliable way of user 

commitment, approval and verification. Bank officers 

usually scan a signed copy of the document to be 

processed and manually inspect the signature.  Manual 

inspection is very suspect to errors and misleading 

interpretations. Furthermore, it requires an additional 

workload, which causes either an increase in the cost of 

human resources for bank managerial or excessive 

working hours for current officers. Therefore, it has 

become essential to use intelligent software techniques for 

automated analysis of documents to perform signature-

related tasks. 
An important task in automated processing of scanned 

bank application forms is to find the position of the 

signature. Although the signature analysis has received a 

great attention of the researchers in the field of document 

analysis and recognition, their effort has been enriched in 

the direction of signature verification problem [8,16,18], 

where it is required to model the identity between two 

previously segmented signature images.  There is too 

fewer attempt in the analysis of signature presence or 

position in documents.  

The task of detecting signatures in scanned documents 

poses several challenges. First, these types of document 

images have usually very low resolution, which makes 

them difficult to enhance. Second, the background of each 

document is different and usually not known beforehand. 

Third, documents are subject to restricted processing time 

due to the urgency of applications. Finally, and maybe the 

most importantly, the documents often contain auxiliary 

lines and other handwritten characters that resemble or 

overlap with signatures.  

In one of the earliest studies, Djeziri et al. [5] tackled 

the signature extraction problem by an intuitive approach 

that is supposed to mimic the human visual perception. 

They introduced the concept of filiformity as a criterion 

for the curvature characteristics of handwritten signatures. 

Though successful in clean bank cheques, this approach 

fails when other filiform objects are present in the 

document. Madasu et al. [12] tried to crop the image 

segment by estimating the area in which the signature lies 

using a sliding window. They then analyzed the local 

entropy derived from the pixel-based density of the region 

to decide its being signature or not. This approach 

disregarded the noise and therefore high-density regions 

are reported as signatures incorrectly. Madasu et al. [13] 

and Chalechale et al. [2] used geometric features including 

area, circularity, aspect ratio, size and position to analyze 

segmented regions. These features are compared using 

pairwise similarity metrics such as Manhattan distance. 

Jayavdean et al. [9] proposed another method based on 

variance analysis in a grid placed on the putative signature 

position in gray-level cheque images. Zhu et al. 

introduced the concept of multi-scale saliency feature to 

define signature characteristics [19] and also used it for 

signature verification [20]. A three-stage procedure was 

proposed by Mandal et al. [14] to extract signatures. First 

stage locates signature segment using word-level feature 

extraction. Second stage separates signature strokes that 

overlap with the printed text. Final stage uses skeleton 

analysis to classify real signature strokes. They used 

gradient-based features to feed a machine learning 

classifier. Ahmet et al. [1] used Speeded Up Robust 

Features (SURF) to classify segmented image blocks. 

Esteban et al. [6] approached the problem with the 

assumption that signature detection is normally followed 

by a verification stage and applied an evidence 

accumulation strategy in order to utilize a set of known 

signatures at hand. Although they achieved a high 

accuracy with this approach, their assumption is not 
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generally true since the bank application forms are often 

filled by new customers and this process is not followed 

by a verification but an archiving step. 

In this study, we propose an automated framework to 

extract handwritten signatures from multi-page bank 

application documents assuming that the customer has no 

previous sign in the current database. The framework is 

discriminative in that a set of model parameters are 

learned through positive and negative signature samples. 

The learning model is built upon Support Vector 

Machines (SVMs) while the feature sets that feed SVM 

are selected using several local and global image feature 

representation schemes. The experiments on real data sets 

have shown that the framework can achieve a reasonably 

good accuracy to be used in real life applications. The 

study can also provide a comprehensive comparison 

analysis of the contributions of different image descriptors 

in signature extraction problem. 

 

2  Materials and Methods 

The general handwritten signature detection framework is 

shown in Figure 1. The process starts with the pre-

processing stage to acquire and get a better view of input 

image. In the second stage, an image segmentation 

procedure is applied to obtain signature candidates. The 

third stage is where the candidate signatures are 

represented by a set of numerical features extracted from 

image content. The feature vectors are fed into machine 

learning classifiers in the final stage. The details of the 

proposed framework are given as follows. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: A brief outline of proposed framework for 

signature extraction 

2.1  Pre-processing 

Pre-processing stage involves acquiring the input image 

and extracting single page samples from multi-page input. 

To enhance the input image, we consider applying a 

simple dilation operator to make the lines more visible and 

a noise removal step by Median filtering to smooth the 

image. No other pre-processing step is applied to keep as 

much as possible information for segmentation phase. 

 

2.2  Segmentation 

Segmentation is a crucial step in signature detection. It is 

desired to catch all true positive (signature-containing) 

segments while allowing false negatives to some degree as 

they are expected to be removed in following steps. For an 

effective segmentation, we follow a two-scan connected 

component labelling approach described in He et al. [7]. 

This approach involves three processes: (1) assigning each 

pixel a provisional label by a 4-neigbor mask and finding 

equivalent labels, (2) recording equivalent labels and 

finding a representative label for each equivalent 

provisional label, (3) replacing each provisional label by 

its representative label. For a more efficient version, the 

image pixels and lines are processed two by two as 

opposed to conventional methods that perform these 

processes one by one. After connected component 

labelling, corresponding image regions are fit into a 

rectangle to record candidate signature segments. The 

segments involving less than 350 pixels are removed since 

the signature regions are often larger.  

 

2.3  Feature Extraction 

Since we follow a discriminative approach for signature 

detection, each segment should be vectorized to be fed 

into a machine learning classifier. This vectorization is 

made by selecting and extracting a set of content-based 

features to represent the segment as being a signature or 

not. Before feature extraction, a number of pre-processing 

steps are performed. First, the segments are re-scaled into 

126x126 pixels. Then, the bitonal image is converted into 

a gray-scale image by applying 2x2 median filtering 5 

times. We evaluate several feature representation schemes 

to distinguish signatures from other connected 

components.  

Gradient-based features: First feature set is based on 

the local pixel representatives that are evaluated by 

gradient vectors. To extract this feature set, the re-scaled 

segment image is partitioned into 9x9 blocks. The arc-

tangent (strength) of the gradient is quantized into 16 

directions and the strength is accumulated with each of the 

quantized direction. This is implemented by a Robert’s 

operator. The histograms of the values of 16 quantized 

directions are computed in each of 9x9 blocks. After a 

down-sampling from 9x9 to 5x5 by a Gaussian filter, the 

resulting feature vector has 400 dimensions.  

HOG: Another popular gradient-based feature called 

HOG (Histogram of Oriented Gradients) [4] is also 

considered with its default parameters. Each HOG vector 

is composed of 8100 features, which includes 9-bin 

gradients on 15x15 blocks with 4 cells each.  
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SIFT: Third feature set is based on interest-point 

descriptors. SIFT (Scale Invariant Feature Transform) 

generates features for gray-level images called keypoints 

which is invariant to image scaling, rotation and partially 

to change in illumination [11]. The statistics of local 

gradient directions of image intensities are accumulated to 

give a summary description of the local structures in a 

neighbourhood around each keypoint. The feature set is 

highly distinctive if a sufficient number of keypoints is 

found. 

LTP: LTP (Local Ternary Patterns) is a spatial method 

for modeling texture in an image. It was recently 

introduced by Suruliandi and Ramar [17] as an extension 

of Local Binary Patterns [15]. LBP is based on 

recognizing certain local binary texture patterns termed 

‘uniform’. The central pixel is compared with P pixels at 

the radius R of a circular neighborhood. The binary level 

comparisons computed along the boundary of the circular 

neighborhood are used to find a uniformity measure. It 

indeed refers to the number of spatial transitions. A 

pattern with uniformity level less than a predefined 

threshold is assigned with a label in the range 0 to P. Non 

uniform patterns are assigned to a single label, e.g. P+1. 

The LBP feature representation consists of a vector of the 

discrete occurrence histogram of these uniform patterns 

computed over the area under consideration. LTP allows 

operating on ternary pattern instead of binary pattern. It 

permits to detect the number of transition or 

discontinuities in the circular presentation of the patterns. 

The uniformity of a pattern is evaluated by such 

transitions that are found to follow a rhythmic pattern. The 

occurrence frequency of these patterns over the larger 

region then represents the LTP feature representation. 

Global features: Last feature set is related to global 

description of segments. This set includes entropy, aspect 

ratio, and energy. Given a block of image i, and pixel 

density of Pi, the entropy is given by Ei=–PilogPi. The 

entropy is a measure of global information contained in 

that region. The energy is calculated by adding up the 

squares of all pixel intensities and dividing by the area of 

the segment. The aspect ratio is another global feature 

that is given by the ratio of width to height of the segment. 

 

2.4  Classification 

The classification of a segment is done using a popular 

machine learning method called Support Vector Machines 

(SVMs). SVM is a binary classifier that works based on 

the structural risk minimization principle. The inputs of an 

SVM in training phase are n-dimensional feature vectors 

which represent the predefined properties of the training 

samples. The SVM non-linearly maps its n-dimensional 

input space into a high dimensional feature space. In this 

high dimensional feature space a linear classifier is 

constructed. In the prediction phase, this linear classifier 

provides a discriminant score corresponding to the sample 

in question. In a binary classification task, a positive value 

of this score indicates that the test sample is belonging to 

that class. In our study, we use SVMs having a linear, 

polynomial and Gaussian kernels with their default input 

parameters in LIBSVM [3]. 

3  Results 

3.1  Datasets 

We used two datasets for performance evaluation. First 

dataset is an extension of a benchmark set, called 

Tobacco-800 [19]. It contains 755 segments, 353 of which 

are signatures and the others are not. It is available at 

www.baskent.edu.tr/~hogul/signds.rar. Second dataset 

contains real document images obtained from a currently 

operating local bank with a bilateral privacy agreement. In 

this dataset, there are 2670 multi-page documents where 

the total number of pages is 9943. In 4082 of the pages, 

there exists at least one handwritten signature. 5861 of the 

pages have no signature on them.  

 

3.2  Experimental setup 

The task in first dataset is to detect if given segment is a 

signature or not. For the second dataset, the task is to 

identify whether a given document contains a signature or 

not. Basically, we set out a rule that; if any of the page 

yields at least a signature segment as a classifier output, 

then this document is labelled as a signature-containing 

page. The actual position of the signature segment in the 

document is reported as the location of the signature. A 5-

fold cross-validation is performed in first dataset for 

evaluation. To discern the practical ability of the 

framework in signature extraction, the system is trained 

using all segments, including positive and negative 

samples, in first data sets, and run through the documents 

in second independent dataset. Two datasets have no 

common documents. The performance evaluation is done 

by measuring the accuracy (the proportion of correctly 

predicted labels), the sensitivity (the proportion of positive 

samples which are correctly identified as such) and the 

specificity (the proportion of negative samples which are 

correctly identified as such).  Here, a sample corresponds 

to an individual segment and a document page in the first 

and second datasets, respectively. The experiments are 

conducted for several classifier models alternating for 

feature representation schemes, noise removal application 

and SVM kernel used. For each model, only the results for 

the kernel that leads to the best accuracy are reported. 

 

3.3  Empirical results 

Table 1 shows the results for signature prediction task in 

the first dataset. The table demonstrates the results 

obtained with single feature representation schemes and 

some their combinations as well. It is obvious that SIFT 

feature set can not contribute so much in signature 

detection; all performance metrics with solely SIFT 

feature is too low in comparison to the others. HOG 

feature set provides the highest specificity with a terrible 

sensitivity and lower accuracy. The gradient-based and 

LTP feature sets can achieve the highest accuracy levels 

with a reasonable balance between specificity and 

sensitivity, whilst the LTP feature set performs slightly 

better. On the other hand, the performance achieved by 

solely use of LTP can not be enhanced with the addition 

of other features in an integrated feature set. Although 
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global feature set looks useless in its single use, it can 

improve the overall accuracy when it is combined with 

gradient-based features. This combination indeed attains 

the highest performance for all metrics. An interesting 

result is that a noise removal step is not useful even 

harmful for signature detection performance. This is 

probably because of the fact that connected lines inside 

the signatures, which are considered to be major indicators 

of being signature, are slightly removed by the noise 

reduction procedure. Knowing this fact, the noise removal 

is not applied in the models of integrated feature sets and 

the experiments for second dataset.  

The experimental results for the task of detecting 

whether a whole document page contains a signature are 

given in Table 2. This experiment is performed on the 

second dataset containing complete document pages with 

a classifier model trained by all signature samples in the 

first data set. The results still suggest that the use of 

gradient-based feature sets with global features can serve 

the most reliable way of detecting signatures in scanned 

documents.  

Manual inspection of individual results reveals some 

difficulties in signature detection problem. It evidently 

appears that there are two major reasons for false 

positives: (1) machine printed texts with highly connected 

fonts, and (2) handwritten initials, marks or other signs to 

check some choices on the application documents (Figure 

2). Missing true positives is usually caused by the 

intervening signatures with other texts or figures of the 

document, especially when the signature is much smaller 

than the other intervened part or the faint fonts due to low 

scan quality or resolution (Figure 3).  

 

Features 
Noise removal 

applied 

SVM 

Kernel* 
Sensitivity Specificity Accuracy 

Gradient 
yes linear 87,0 92,8 90,1 

no linear 90,1 93,0 91,7 

HOG 
yes linear 39,9 94,0 68,7 

no linear 35,1 93,8 66,4 

SIFT 
yes linear 70,5 76,9 73,9 

no linear 77,9 75,9 76,8 

LTP 
yes polynomial 93,8 90,0 91,8 

no polynomial 92,9 91,0 91,9 

Global Features 
yes polynomial 58,9 40,8 49,3 

no polynomial 71,7 66,9 69,1 

Gradient + Global no linear 94,9 95,0 95,0 

LTP + Global no linear 92,9 93,0 92,9 

Gradient + LTP+ Global no polynomial 94,1 91,8 92,8 

 

Table 1: Results with first dataset for signature prediction task in image segments. 

 

 

Features Sensitivity Specificity Accuracy 

Gradient 93,8 47,7 66,6 

LTP 97,6 29,7 57,5 

SIFT 98,5 16,3 51,2 

Global Features 99,8 14,3 49,3 

Gradient + Global 95,0 54,3 71,0 

Gradient + Global + LTP 94,9 44,8 65,4 

LTP + Global 97,8 29,1 57,3 

 

Table 2: Results with second dataset for signature detection task in whole documents. 
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Figure 2: Most common false positives: examples for (a) machine printed texts, (b) handwritten initials or check marks. 

 

 
Figure 3: Most common false negatives: examples for (a) intervened signatures, (b) faint fonts. 

 

4  Conclusion 

A framework is introduced for detecting handwritten 

signatures in scanned documents. The framework involves 

a robust and reliable segmentation stage. A number of 

descriptive image features are studied to discern their 

performances on distinguishing signature and non-

signature images. Based on the empirical results, it is 

shown that gradient-based and LTP features are more 

useful in classifying signature segments in their single 

uses. In some cases, combining feature representation 

schemes can enhance the reliability of the predictions. In 

that sense, global features such as the aspect ratio, energy 

and entropy of the candidate segments can serve as 

lucrative complementary properties. The experimental 

results on real daily bank operation documents motivate 

the use of the framework in real life applications. The 

framework is quite extensible with the use of additional 

domain-specific local image features. Our feature work 

involves adding various rule-bases into different stages of 

the current framework to filter out improbably signature 

segments to obtain higher accuracy in predictions. We 

also anticipate that integrating the predicted document 

type from entire page content as a latent variable into 

feature sets will probably improve the detection 

performance. 
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Abstract The recent advance in mobile processing power
and imaging devices opened the door to a wide range of
mobile vision applications. However, in contrast to typical
specially designed machine vision systems in industrial en-
vironment, the mobile devices, expected to address the same
mobile vision problems, significantly vary in imaging sen-
sors as well as processing power. In this paper we present
the results of the experimental study in which we evaluated
22 smart mobile devices in terms of accuracy that can be
achieved when using these devices for measuring distances
between points in the plane. The results show that smart
phones and tablet computers can be used as a high pre-
cision measuring device, achieving sub-milimeter accuracy
for measurement in the plane defined by a commonly acces-
sible reference object such as an A4 sheet of paper.

1 Introduction

In recent years we have witnessed a huge growth in popular-
ity of mobile devices such as smart phones and tablet com-
puters. As is often the case, this popularity growth comes
hand in hand with the constant growth in performance of
the mobile devices in terms of size, processing speed, inter-
action with the user, integrated sensors, etc. Among sen-
sors, the integrated camera is one of the most important
and prominent ones. Nowadays, owning a decently pow-
erful computer and a decent camera, encapsulated in a small
mobile device, is often considered a basic social necessity.
It seems only natural that these devices are becoming an
important platform for application of computer vision and
machine vision solutions. These range from devices to aid
visually-impaired [6], scene reconstruction [8], augmented
reality [11], mobile text translation [9] to visual landmark
identification [1]. It is to be expected even a greater use of
mobile vision applications in the future.

The history of machine vision has seen many successful
industrial applications; part of this success, however, can be
certainly attributed to the controllable environment they are
usually operating in. When designing a classical machine
vision system, such as quality control or a system for optical
measurement, there are always three major factors we have
to consider: (i) the imaging device we are using, (ii) the
environment (especially the illumination of the object and
scene), and (iii) the position and the orientation of the object
with respect to the scene and the camera. Based on these
three factors we can optimize our selection of software and

hardware for a specific task (e.g. we can select the camera
and the lenses that suit to the problem most). Sometimes,
we can (or have to) even adapt the original environmental
conditions to meet the requirements of a specific solution.
When some of these factors can not be controlled enough,
we have to compensate that by robustifying the methods ap-
plied.

In contrast, when designing machine vision applications
for mobile devices, we have very little control over the fac-
tors mentioned above, since it is the global market that dic-
tates the choice of software and hardware (camera included)
our application has to run on. All we can do is to state the
minimal requirements, which again have to be often as min-
imal as possible. It can be quite a shock to replace a ded-
icated industrial camera with a plethora of different mobile
phone cameras, primarily designed for social networking.
Clearly, in this case the robustness of our machine vision
methods faces much greater challenges. In addition our ap-
plications are now supposed to be used by non-expert users,
and must, hence, be easy-to-use and possibly conform to
other related requirements.

In this paper we discuss some of the challenges we face
when implementing machine vision applications on smart
mobile devices. Our focus is on applications that require
very accurate image formation and detection, as well as lo-
calization of the individual parts of the image (e. g. for
accurately measuring the size of the captured objects). We
conducted an experimental study in which we assessed the
ability of different models of mobile devices to handle such
tasks.

Several authors have studied computer vision algorithms
in the context of the processing power of modern mobile
devices. Recently [2] have published results of a large-scale
experiment that benchmarks computer vision algorithms po-
tentially interesting for mobile applications. They analyze
single and multi-thread implementations of these algorithms
and identify major areas where architecture can improve the
performance. Wang et al. [10] consider the possibility of
levereging the GPU in mobile phones to speed up computer
vision algorithms. Our focus was on the analysis of imag-
ing capabilities of these devices in the context of machine
vision tasks. In total we evaluated 22 mobile devices. We
present the results on their appropriateness for using them
as vision-based measuring devices.

The paper is organized as follows. In Section 2 we
present the methods that were used to evaluate the smart mo-
bile devices. In Section 3 we describe the evaluation proto-
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col and then present the evaluation results in Section 4. We
conclude with the final remarks and the future work.

2 Methods
2.1 Problem description
We can instantiate the general questions stated in the intro-
duction with the following specific problems: How accu-
rately can we measure distances between points in a plane
with smart mobile devices and how do different mobile de-
vices differ in their performance? Since no additional infor-
mation about various devices is known in realistic scenarios,
we are restricted to the information that can be obtained di-
rectly from the device and the captured image. No explicit
calibration of the camera is therefore allowed.

Since we want to measure the distances in the metric ab-
solute space, we need the means of determining the scale of
the elements in the captured image. In principle, we could
obtain that information from the integrated accelerometers
and gyroscopes, however the results obtained in this way are
not very accurate [7]. Therefore we allow the use of a refer-
ence object of a known size to determine the scale. We also
assume the widespread use of our application, which means
not only that this object is supposed to be of a standard size,
but also be very ordinary an easily accessible. Considering
all this an A4 sheet of paper seems like a natural choice.
Therefore all the measurements that we will make will be
done with respect to the A4 sheet of paper. The application
has first to automatically detect the edges and the corners
of the sheet of the paper from which the camera external
parameters can be estimated using standard solutions from
camera geometry.

In the following subsections we briefly describe the
methods that are used to implement this process. We used
the fundamental and well established computer vision tech-
niques. The primary purpose of this implementation was to
evaluate a wide range of mobile devices and to empirically
estimate the upper bound of the error, and not to advance the
individual methods used (which could be done and would
slightly improve the overall results).

2.2 Detection of reference object
The procedure for robust detection of the paper sheet edges
consists of the following well-known computer vision steps:
We first apply the Canny edge detection algorithm to the
grayscale image containing the reference object. Next, we
detect the lines in the binary edge image using the Hough
transform. Lines that lie within each others’ delta regions
are grouped together. Lines that withstand the filtering pro-
cess are then fitted to the points in the binary edge image,
using the least squares method. To ensure robust and pre-
cise line fitting, we discard the points lying in delta regions
of other lines. The remaining set of points is then sorted ac-
cording to the point-to-line distances. Finally, the lines are
fitted to a fraction of their closest points, thus eliminating
outliers from the line fitting process. In this way we detect
the four edges of the reference object and then calculate their
intersections with subpixel accuracy. The four intersection
points are then subjects of further processing.

2.3 Estimation of camera parameters
The origin of the world coordinate system is placed in the
top-left corner of the reference object, with X and Y axes
running along its shorter and longer edge, respectively. To
determine the camera orientation, we apply a flat-marker ap-
proach often used in augmented reality applications. The
pinhole camera model [3] establishes the following relation
between the 3D paper-sheet corners Xi and their 2D image
projections xi:

xi = K[R|t]Xi, (1)

where K, R and t are the camera calibration, rotation and
translation matrices, respectively. The calibration matrix
can be estimated directly, by reading the relevant parame-
ters from the mobile device. We assume that the camera
sensor matrix is not skewed and that the principal point is
well approximated by the image center. The only unknown
parameters are then the focal lengths in pixels (fx,fy) which
can be estimated indirectly from the x and y field-of-view
angles αx and αy , respectively,

fx = 1
2W tan−1(αx

2 ) ; fy = 1
2H tan−1(αx

2 ), (2)

whereW andH are sensor width and height, respectively, in
pixels. These parameters fully define the camera calibration
matrix.

With the calibration matrix estimated, we use the stan-
dard approach by noting that the 3D cornersXi of the paper-
sheet lie on a plane with Z coordinates equal to zero. This
means that the transformation of 3D points on the sheet of
paper and their projected image points is governed by a ho-
mography matrix H, i.e.,

H = K[r1, r2, t], (3)

where r1 and r2 are the first two columns of the rotation
matrix. The homography is calculated directly from the 2D-
3D correspondences. Since H and K are known, we can
calculate r1, r2 and t by inversion of (3) and from the or-
thogonality constraint we get the last column of the rotation
matrix as r3 = r1 × r2.

3 Experimental protocol
3.1 Calibration
In our experimental study we used a reference object with
a printed checkerboard pattern with a known size of the
squares. Similar calibration patterns are commonly used in
computer vision for camera calibration. In fact, as a first step
of our study we calibrated the camera of every device using
this pattern and estimated the intrinsic and extrinsic camera
parameters. Calibration was performed using the Camera
Calibration Toolbox for Matlab1. Since the calibration was
done in a controlled environment we considered these pa-
rameters as as accurate as possible and used them as a refer-
ence.

1http://www.vision.caltech.edu/bouguetj/calib doc/index.html
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3.2 Test application
To standardize the process of capturing evaluation images,
we developed a special Android application that guides the
user through the process of image acquisition (see Fig. 1).
Besides ensuring the uniformity of image acquisition, this
approach also simulates potential real mobile applications.
A blue wireframe that was supposed to be approximately
aligned with the paper sheet edges guided the user how to
position the camera. 18 images were captured from the
hemisphere above the calibration pattern. All of these im-
ages were used in the processes of camera calibration and
evaluation.

In addition, we implemented several standard computer
vision algorithms that were run on every Android mobile
device to test the CPU performance. OpenCV2 implementa-
tion of these algorithms was used.

Figure 1: Test application.

3.3 Evaluation procedure
After the evaluation images were captured, we applied the
procedures described in Section 2 to calculate the homogra-
phy, that mapped the image points into the world coordinate
frame defined by the reference object. The following esti-
mates and errors were then calculated:

• Error in corner detection. Corner points of the indi-
vidual squares that were detected in the process of cali-
bration were mapped to the world coordinate frame using
the estimated homography. We calculated the distance (in
mm) between the detected corner points and the ground
truth. In this way we estimated the error that was caused
by the approximative estimation of homography, reflect-
ing the inaccuracies in image formation and reference ob-
ject corner points detection.

• Error of estimated checkerboard width. We calculated
the distance between two specific points in the image, i.e.
the width of the checkerboard (the distance between the
first and the last column of squares) and compared it to
the ground truth.

We also wanted to estimate the influence of the radial
distortion in the images. We therefore calculated the above
mentioned errors in three ways, i.e. by processing three
types of images:

2http://docs.opencv.org

• Original images. We used the original captured images
without any preprocessing; no image undistortion was
considered.

• Images undistorted with specific distortion coeffi-
cients. We processed the original images, however
we corrected all the detected image points (before we
mapped them into the metric world coordinate frame)
using the estimated camera matrix and distortion co-
efficients obtained in the process of the calibration of
the same camera that was used to capture the image.
We therefore achieved a similar result as it would be
achieved by processing images undistorted with the
specific distortion coefficients.

• Images undistorted with generic distortion coeffi-
cients. In general use, the specific distortion coefficients
are not known. We therefore also performed the evalu-
ation using generic distortion coefficients (obtained as
a median of the distortion coefficients of all evaluated
cameras). These parameters were fixed and used with all
evaluated devices.

We also evaluated the obtained camera parameters:

• Intrinsic parameters. We estimated the intrinsic cam-
era parameters and compared them with the parameters
obtained in the calibration process.

• Camera position. By using the estimated intrinsic cam-
era parameters and the estimated homography we esti-
mated the positions of cameras during the image acqui-
sition with respect to the reference object. We compared
these positions with the extrinsic camera parameters ob-
tained in the calibration process.

Finally, we measured the processing power of the indi-
vidual devices. We therefore measured the performance of
the CPUs. On every Android device we run four tests com-
posed of the algorithms commonly used in computer vision:

• Canny. Canny edge detection.

• Hough. Line detection with Hough transform.

• GrabCut. Image segmentation with GrabCut method.

• Gauss. Image smoothing with Gaussian kernel.

Every test was executed on different images with different
resolutions. The same images and algorithms were used on
all evaluated devices.

4 Evaluation results
In this section we present the results of the experimental
evaluation. We tried to estimate the errors up to 0.1 mm ac-
curacy. However, since we did not have an adequate highly
accurate measuring device to measure the ground truth data
on the reference object, we probably also made small mea-
surement errors, which, however, did not significantly in-
fluence the overall results and the main conclusions we can
draw from them.
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There was also a small number of images (around 3%),
were the homography estimation process described in Sec-
tion 2 failed due to several reasons, mainly due to bad qual-
ity of the captured images. Since the robustness of the
homography estimation process was not a topic of this re-
search, the results obtained on such images were not consid-
ered in this experimental study.

4.1 Evaluated devices
We evaluated 22 smart mobile devices; 12 Android phones,
6 Android tablets, and 4 iOS devices. The list of the devices
is presented in Table 1.

Table 1: Evaluated smart mobile devices, CPU type, version of
operating system.

No Device CPU OS
1 Samsung Nexus v7a 4.1
2 Samsung Galaxy Note 2 v7a 4.1
3 Samsung Galaxy S4 v7a 4.2
4 Sony Xperia v7a 2.3
5 Huawei U8850 v7a 2.3
6 HTC Desire HD A9191 v7a 2.3
7 Samsung Galaxy S3 mini v7a 4.1
8 Samsung Galaxy S2 GT-I9100 v7a 4.1
9 Sony Xperia ST27i v7a 2.3

10 HTC Sensation v7a 4.0
11 HTC Wildfire v6j 2.3
12 Samsung Galaxy Mini GT-S5570 v6 2.3
13 Samsung Galaxy Tab 10.1 GT-P7500 v7a 3.2
14 Asus TF300T v7a 4.2
15 Samsung Galaxy Tab 10.1 GT-P7500 v7a 3.1
16 ASUS Transformer TF201 v7a 4.1
17 Samsung Galaxy Note 10 v7a 4.1
18 Samsung Galaxy Tab 2 7.0 GT-P3110 v7a 4.1
19 Apple iPhone 4 A4 6.1
20 Apple iPhone4S A5 6.1
21 Apple iPhone 5 A6 6.0
22 Apple iPad 2 A5 6.1

4.2 Checkerboard detection
4.2.1 Error in corner detection. In the first experiment
we compared the locations of the detected corners of the
checkerboard pattern (in mm) with the reference (known)
coordinates. The results obtained by processing the original
images are presented in Fig. 2.

The average error was 0.34 mm (with st. deviation
0.35 mm) and the median error was 0.28 mm. The system
was therefore able to very accurately detect the corners of
the A4 paper sheet and to correctly estimate the homogra-
phy. The top-left plot in Fig. 2 presents the error histogram;
most of the errors are smaller than 0.5 mm, almost all of
them are smaller than 1 mm.

The top-right plot presents the errors obtained with the
individual devices; the device numbers correspond to the
numbers listed in Table 1. With the exception of a couple of
devices, the results do not differ to a large extent. One has to

note that we have to be rather careful when interpreting these
results. Although the images were taken from the approxi-
mately same directions on all devices, they were taken by
different persons, with different vigilance in different illu-
mination conditions, therefore a direct comparison between
the results of different devices is not very appropriate.

The bottom-left plot presents the average error by image
numbers (i.e., viewing angles) while the bottom-right plot
depicts the average error for all 48 points (corners) on the
checkerboard (listed from top left to bottom right). The lat-
ter plot indicates that the error in the middle of the checker-
board is smaller than the error at its edges, which could be
caused by a different influence of the radial distortion.

We wanted to better check the role of the radial distor-
tion, therefore we undistorted the images (i.e., the detected
points) before estimating the homography and projecting the
detected points in the world coordinate frame as described
in Section 3. The results are shown in Fig. 3(a). The bars
depict the mean error for all three types of input data: origi-
nal images (orig), points corrected using specific (undSpec)
and generic distortion coefficients (undGen). The red lines
depict the error median. The first plot shows the mean error
in localisation of pattern corners. The mean error slightly
reduces when the distortion coefficients are considered.

Fig. 4 shows more detailed results obtained with the
generic distortion coefficients. By comparing this figure
with Fig. 2 we can see that the results improve for most of
the devices. There are a few exceptions, however; the de-
vices where the distortion coefficients deviate from the gen-
eral trend, and they should be treated separately.

4.2.2 Error of estimated checkerboard width. The er-
rors in estimating the checkerboard width are presented in
Fig. 3(b). In this task the correction of the radial distortion
proved to be very useful; the mean width error decreased
from the 0.91 mm to 0.55 mm. This is probably due to the
fact that two points between which we measured the dis-
tance lay on the edge of the reference object where the in-
fluence of the radial distortion is bigger. A very similar im-
provement of the results we obtained in both cases; when
the specific as well when the generic distortion coefficients
were used. This is rather a positive finding, since this means
that the cameras on mobile devices are sufficiently similar
that can be modelled using the same set of distortion coeffi-
cients.

4.3 Camera parameters
4.3.1 Image resolution Fig. 5 depicts image sizes that
were used when capturing images with different devices. We
can see that the resolution (width and height of images) con-
siderably vary across devices. This is partially due to differ-
ent resolution of the camera sensors. Additionally, we did
not always use the maximal camera sensor size due to lim-
itations of certain devices, where the ratio of the width ver-
sus the height must match with the selected camera preview
size and with the actual captured picture size, otherwise the
device would produce invalid picture or it would not pro-
duce the same picture as seen on the display (preview may
have been cropped). Being restricted by those limitations in
some cases we selected smaller picture sizes than maximal
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Figure 2: Results obtained on original images: histogram of all errors, error by device, error by image number and error by points.
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Figure 3: Results obtained by processing different types of images (i.e., points): (a) corner error, (b) checkerboard width error.

supported by the camera.

4.3.2 Intrinsic camera parameters. In this experiment
we tried to estimate the intrinsic camera parameters from the
information provided by the mobile device (as described in
Section 2) and compare these parameters with the reference
values obtained in the calibration process.

Fig. 6 depicts the results for the individual devices. The
top-left plot compares the calibrated and the estimated focal
lengths. We can see that the estimates are mostly sufficiently
close to the reference values. A similar observation we can
also make about the top-right plot, which shows the coordi-
nates of the principal points.

The bottom-left plot shows the pixel ”squareness”, i.e.
the ratio between the width and the height of the individ-
ual imaging element. Our assumption (that the elements are
square) is mostly confirmed with the parameters obtained in
the calibration process. We can see that squareness is almost

always very close to 1; small deviations are probably caused
by the imperfect calibration.

The bottom-right plot depicts the calculated ratios be-
tween the width and the height of the imaging sensor ob-
tained by considering viewing angles as reported by the
imaging device as well as the ratios obtained by consider-
ing the maximal resolution of the images as offered by the
camera. We can see that at certain devices there is a con-
siderable deviation, mainly due to not sufficiently accurate
specification of the viewing angles.

Nevertheless, we can conclude that only by considering
the data provided by the imaging device we can construct
a reasonably credible camera matrix. However, it would be
worth comparing the estimated focal length with the focal
length obtained directly from the images by, e.g., consider-
ing the detected known four or five points in the reference
object [5, 4].
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Figure 4: Results obtained on images undistorted with generic distortion coefficients: histogram of all errors, error by device, error by image
number and error by points.
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Figure 5: Image resolution that was used when capturing images.

4.3.3 Camera position In this experiment we compared
the estimated camera positions (obtained as explained in
Section 2) with the camera extrinsic parameters obtained in
the calibration process. The overall mean results are pre-
sented in Fig. 7(a). The mean euclidian distance between
the estimated and calibrated camera positions are presented,
as well as the distances along the x, y, and z axes. We can
see that the error is relatively small, since it does not exceed
1 cm along individual axis. Fig. 7(b) plots mean errors for
every device. Except a few exceptions, there are no large
deviations.

4.4 CPU performance
To conclude the experimental section, we present the results
of CPU performance evaluation on the Androind smart mo-
bile devices presented in Table 1. Rather than relying on
many publicly available performance comparisons of mo-
bile devices, we decided to do our own performance evalu-
ation, using typical computer vision algorithms. Hence we
developed a test application where we implemented the four
standard computer vision algorithms as described in Sec-
tion 3.3.

We measured processing times for each evaluation image
and calculated the weighted means for all four algorithms.
The weight was determined based on the size of the corre-
sponding image. The results are expressed in terms of mil-
liseconds necessary to process 1000 pixels. They are pre-
sented in Figure 8. As the processing time depends on the
content of the image, the absolute values are not very infor-
mative. However, the relative comparison of these results
indicates well the differences in the performance of the in-
dividual devices. As we can see two devices (no. 11 and 12)
stand out from the rest. We can see from Table 1 that these
are the only two devices that do not feature the armeabi-v7a
architecture, but an older one. The other platforms achieved
comparable results: a few exceptions apart, they were less
than 2.5 times slower than the fastest. Based on these eval-
uation results we can deem the armeabi-v7a mobile archi-
tecture suitable for running relatively demanding machine
vision application. The version of the Android operating
system had no influence on the evaluation results.
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Figure 6: Intrinsic camera parameters. Comparison between parameters obtained with calibration and estimated from the factory settings.
(a) Focal length in pixels. (b) Principal point. (c) Pixel squareness. (d) The ratio between the image width and height.

5 Conclusion

In this paper we have explored the feasibility of using a
modern mobile phone or a tablet as an integrated device for
performing visual measurements. We have constrained our
scope of applications to flat-marker-based systems. Such a
system uses a known reference object to estimate the camera
parameters. To maximize the applicability we have chosen a
widely-available reference object – the A4 paper sheet. We
have developed a simple processing pipeline that detects the
sheet of the paper. Using known dimensions of the sheet,
we estimate the external parameters, while the camera in-
ternal parameters are constructed by reading the parameters
provided by the device.

We have performed an in-depth analysis of accuracy of
our mobile measuring system, using 22 different mobile de-
vices. The results show that the error in detecting the corners
of the checkerboard pattern is below 0.5 mm in all devices.
Considering the size of the reference object, the relative er-
ror is below 0.2%. We have observed that the radial dis-
tortion is indeed significant when considering sub-milimeter
measurements. A notable result is that generic distortion pa-
rameters (obtained from calibration results over all devices)
reduce the errors induced by the radial distortion. This im-
plies similar lens across the different phones. The analysis
of approximation of internal parameters showed that the fo-
cal length is sufficiently well approximated by reading the
viewing angle directly from the device, as well as the prin-
cipal point is well approximated by the image center. The
analysis of the extrinsic parameters estimation shows that
homography-based approach introduces errors that are be-

low 10 mm in all three coordinate axes, making the overall
camera position error smaller than 15 mm. We have further
measured the variability of the processing capabilities of the
tested mobile devices by running some basic computer vi-
sion operations. Results show that the processing power
does not prohibitively vary in this respect for the newer ar-
chitectures, however, the processing is significantly slower
for the older ones.

Our results show that modern smart phones and tablets
can indeed be used as a high-precision measuring device
even using a simple flat-caliber-based approach, achieving
sub-milimeter accuracy in measurements in the reference
object plane. An important result is also the fact that in-
trinsic camera parameters, along with radial distortion co-
efficients, may be estimated without specialized calibration
procedures. This is especially important property as it sig-
nificantly widens the application domain of mobile-phone-
based measuring systems.

Our future work will extend in several directions. We will
study accuracy of more advanced approaches for camera pa-
rameters estimation (e.g., [5, 4]) in our setting. Another di-
rection of further research will be to conduct the feasibility
study of high-precision measuring of 3D objects placed in
the center of the sheet of paper.
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Abstract This paper introduces a novel method for on-
line recognition of handwritten mathematical formulas. The
method is based on the combination of a structural analy-
sis with a statistical model specifying relations of individual
symbols. A description of all recognition phases is given,
focusing mostly on the structural analysis stage. The recog-
nition process following a bottom-up manner is driven by
a spatial grammar, which expresses mathematical formu-
las unambiguously. As the grammar describes the relative
positions only roughly, a statistical model learned from a
database of annotated formulas is employed to refine the de-
scription. Several experimental results are also reported.

1 Introduction
Recognition of mathematical formulas has been widely
studied in past years [1, 16]. There are two main motiva-
tions for dealing with it. Firstly, there is a need of interpret-
ing mathematical expressions found in scanned documents
including books and handwritten notes. In this case, the of-
fline source data are formed by a set of images. On the other
hand, we also may want to recognize formulas captured by a
mouse, a tablet or a touch screen. Here we deal with online
data in a form of strokes of points ordered in a time manner.
The main motivation for online formulas recognition is the
ability of entering mathematical expressions to a computer
using handwriting. It is far more natural then utilizing an ar-
bitrary existing format for math description (TEX, MathML).
Once such an expression gets correctly interpreted, it can be
pasted to an article, evaluated by a mathematical program or
plotted as a graph. Recognition of online handwritten math-
ematical formulas is a subject of this paper.

Algorithms for formulas recognition are originally based
on conventional methods for recognition of a simple text
[9]. However, recognition of mathematical expressions is a
more challenging task, as they usually comprise a rich spa-
tial structure. For this reason, even the top performing rec-
ognizers are able to correctly recognize only approximately
2 out of 3 formulas [8]. So there is still much room for im-
provements.

( ) q

9
2_

T

1

x-3

x-3( )

2

Figure 1: Ambiguities in segmentation (fraction vs. combinatorial
number), symbol recognition (digit 9 vs. letter q) and structure
(subtraction vs. power).

Online recognition of a handwritten mathematical for-
mula can be usually separated into three relatively indepen-
dent phases. In the first phase, the input strokes are seg-
mented into groups potentially forming individual symbols.
During the second phase, each symbol candidate is passed to
a character recognizer. This is another source of errors and
ambiguities, as it may be difficult to recognize the symbol
properly. Finally in the third phase, spatial positions of the
identified symbols are examined to reveal the whole expres-
sion. This is the last main source of ambiguities, as it may
be difficult to decide what is the exact relation of two or
more symbols. The sources of ambiguities are summarized
in Figure 1.

There are two approaches of dealing with the presented
ambiguities. The first approach finds the suboptimal solu-
tion in each of these phases [2, 4]. It identifies only one con-
crete segmentation of the strokes and interprets each group
as one particular character. It is obvious that if this is done
incorrectly then the formula cannot be successfully recog-
nized. Thus we rather try to find all reasonable, possibly
mutually conflicting, segmentations and we let each segment
to be interpreted as various characters. The ambiguities are
then solved during the third phase of recognition when the
structure of a formula is analyzed [10, 11]. The general idea
of this approach has been explicated as the structural con-
struction paradigm in [12].

Quite common formalisms used to model the recursive
character of mathematical formulas are constituted by var-
ious types of spatial grammars [3, 6]. Two-dimensional
grammars are a quite powerful tool, however, they also bring
a large challenge which is the computational complexity [5].
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The planar placement of terminal units can easily cause that
the worst-case parsing time grows exponentially (in contrast
to the parsing of terminals in a linear sequence). The gram-
mars thus require careful design and usage.

The main contribution of this paper is in four areas:

• We introduce a spatial grammar which describes math-
ematical formulas unambiguously. In contrast to previ-
ous approaches with productions which relate at most
two nonterminals, our grammar contains production rules
with many target terminal and nonterminal symbols.
These more complex production rules enable more pre-
cise spatial analysis of symbols’ positions.

• We present how to enhance capabilities of a spatial gram-
mar by combining productions with statistical models re-
fining the description of symbol alignments. The experi-
ments prove that this leads to a significant increase of the
correct rate of the structural analysis.

• We show that parsing of two-dimensional structures can
be done efficiently. This is demonstrated by measuring
time performance of the experiments.

• We further develop our recent work on structurally driven
symbols segmentation. New methods for the creation of
segmentation hypothesis are given.

The text is organized as follows. Section 2 emphasizes
the most important components of our recognizer. Section 3
introduces the spatial grammar and describes how it is used
to drive the structural analysis. Section 4 explains the sta-
tistical model of individual symbols relations. Section 5
provides experimental results achieved on databases of col-
lected formulas. Finally, Section 6 summarizes presented
ideas and proposes potential future improvements.

2 Overview
The input of the recognizer is formed by sequences of points
in a plane, which were captured by a certain input device.
The sequences are called strokes and they are ordered in a
manner they were written. On the output, we provide the
recognized formula in TEX and Presentation MathML for-
mat. The resulting formula is also rendered using a third-
party library.

The recognizer was implemented as a web application. It
can be seen in Figure 2. The application employs a HTML5
interface running in any modern web browser and a recog-
nition engine implemented as a web service running at a
server. The client part is capable of capturing the hand-
written input, which is continuously being sent to the server.
The received strokes are being recognized by the server in
a background and their interpretation is sent back to the
client. The interface is responsible for visualizing the rec-
ognized formula. The user is also allowed to erase previ-
ously written strokes or interactively correct misrecognized
symbols which makes the process of recognition truly in-
teractive. Moreover, correcting a few symbols usually leads
to the successful recognition of the entered formula. More
details about the web application can be found in [14].

Figure 2: User interface of web application for mathematical for-
mulas recognition. It provides a functionality of selecting and cor-
recting a misrecognized symbol.

In the first phase of recognition, the input strokes are seg-
mented into groups forming candidates for individual sym-
bols. We allow one stroke to be a part of more symbol candi-
dates. However, we allow one symbol to comprehend three
strokes at most to avoid creation of too big groups. This
constraint seems reasonable as perhaps no character requires
more than three strokes when written in a standard way.
The segmentation algorithm is based on finding two near-
est neighbors of each stroke. Then each stroke forms one
group by itself, two groups of two with each of its neighbors
and one group of three with both of its neighbors.

The obtained groups of strokes are further checked to re-
move the non-perspective ones. The first heuristic algorithm
relies on an empirically learned fact that strokes forming one
symbol overlap horizontally or they are at least very close.
The second heuristic rejects candidates whose strokes sig-
nificantly intersect with strokes from other candidates. This
rejects e.g. the horizontal and the vertical stroke in + oper-
ator to form their own single-stroke groups.

The identified symbol candidates are then examined by
two character recognizers. The first of them is the recog-
nizer included in Microsoft Tablet PC platform. Its main
advantage is the independence on the writing style. How-
ever, it is not able to handle special mathematical notation.
Moreover, there is no way how to extend it. It grants up
to ten characters for each candidate which are evaluated by
a confidence as strong, intermediate or poor. These heuris-
tics restrict the amount of symbol candidates significantly as
shown in Figure 3.

The second recognizer is based on template matching.
It searches for k-nearest classes of template symbols for
each symbol candidate. One class corresponds to the unique
character contained in the database of handwritten symbols,
which was extracted from the database of annotated formu-
las. We store ten symbols per single class, i.e. character. To
cover various writing styles of individual characters, all the
extracted symbols belonging to the same class are hierarchi-
cally clustered and only one symbol is selected from each
cluster. The distance used in the hierarchical clustering is
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Figure 3: Average amounts of identified symbol candidates given
the amount of individual symbols and strokes. Both amounts gen-
erated by the original segmentation algorithm and amounts after
filtering are shown.

the same as the one used for finding the nearest classes. It is
based on a so called elastic matching algorithm of the indi-
vidual strokes where the optimal matching of strokes’ points
is found utilizing a dynamic programming approach [15].

The Tablet PC recognizer and our template matching rec-
ognizer are combined in the following way. Each symbol
candidate is passed to the Tablet PC recognizer and the rec-
ognized characters are used as a filter for template matching.
Moreover, characters unsupported by Tablet PC recognizer
are also considered for template matching. This ensures that
each symbol candidate is evaluated by the same algorithm
and so there is no problem how to combine evaluations ob-
tained from two different recognizers.

3 Structural analysis
Mathematical formulas can have very complex spatial struc-
ture. However, there are rigid constraints on a correctly for-
matted expression. These constraints can be naturally de-
scribed using a 2D grammar. The grammar is defined in a
separate text file as demonstrated on the following snippet:

Sum->[sum]|LowBound@B|UpBound@T|Expr@R

AddSub->AddSubOp|Term@L|Expr@R

AddSubOp->[+]

Expr->Sum
Each line corresponds to one production rule. There is a

source nonterminal on the left side and a sequence of target
nonterminal and terminal elements on the right side. The left
side and the right side are separated by an arrow ->. The ele-
ments on the right side are separated by vertical lines |. The
terminals are enclosed in brackets and the nonterminals al-
ways start with a capital letter. In the first listed production,
there is a nonterminal Expr representing an expression and
a terminal [sum] representing a summation symbol. The
terminals correspond to individual characters identified by
the symbol recognizer. The nonterminals denote classes of
terminals (e.g. AddSubOp or Digit) or logical parts of the
formula (e.g. Sum or Expr) There is also a special axiom
nonterminal Formula which represents a correct formula.

The productions are of two types. If there is only
one target element on the right side, we speak about a 1-
production (the last two lines of the snippet). By contrast, a
n-production comprehends more than one target element on
its right side (the first two lines). The 1-productions make it
possible to maintain the grammar simple and readable. By
contrast, the n-productions describe spatial relations of sev-

Digit->[3]

[3]

AddSub->AddSubOp|Term@L|Expr@R

AddSubOp->[+]

[+]

[2] [y]

[x]

Letter->[x]

Power->Elem|Expr@TR

Expr->TermElem->Var

Var->Letter

Expr->TermTerm->NopMult

Figure 4: Handwritten formula interpreted as a derivation tree
(with some nodes omitted for simplicity). Each node is assigned
a terminal or a production. Nodes representing the same subset of
strokes belong to the same segment.

eral target terminal and nonterminal elements, which form
a more complex source nonterminal. The spatial relations
of target elements are expressed relatively to the first target
element, which is called a main element.

Consider the first production describing a summation.
The main element is a terminal [sum] denoting a summa-
tion symbol. The nonterminal LowBound expresses a lower
bound of the summation. The suffix @B says that the lower
bound is placed at the bottom of the main element. The
UpBound@T expresses an upper bound of the summation
placed at the top of the summation symbol. Totally, eight
different relative positions are distinguished: left, right, top,
bottom, top-left, top-right, bottom-right and inside.

The complete version of the grammar comprises approx-
imately 200 terminals, 120 nonterminals and 370 produc-
tions. Approximately 100 of them are n-productions and
270 are 1-productions. There is also a reduced version of the
grammar comprising approximately 100 terminals and 80
n-productions. The reduced grammar omits characters and
constructs which are not supplied in the available databases
of handwritten formulas. Both grammars describe the for-
mulas unambiguously, i.e. for each formula there is only
one possible description based on the grammar. The gram-
mars were created manually by a human.

The proposed grammar drives the structural analysis of
a handwritten formula, which consists of an iterated con-
struction of derivation trees in a bottom-up manner. Fig-
ure 4 shows an example of such a derivation tree. The
construction begins with an assignment of the appropriate
terminals to symbols identified in the character recogni-
tion phase. Such symbols form leaf nodes of the deriva-
tion tree. All nodes sharing the same group of strokes are
joined to a so called segment, i.e. derivation nodes belong-
ing to one segment express various interpretations of that
segment’s strokes. Subsequently, 1-productions are repeat-
edly applied on each node, deriving new nodes having the
original ones as their children. Consider that a node derived
by 1-production belongs to the same segment as the original
node.

The n-production nodes are derived by joining several
existing nodes according to a certain n-production. The re-
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Figure 5: Various types of terminals based on their vertical posi-
tioning on four horizontal lines related to a writing line.

sulting node belongs to a segment created by joining seg-
ments of the original nodes. The original nodes become chil-
dren of the derived node. There are several constraints on the
original segments. First of all, their sets of strokes have to
be pairwise disjoint because each stroke can participate only
in a unique symbol of one derivation tree. Other constraints
serve for reducing the amount of derived nodes. Based on
the bounding rectangles of joint nodes and their relative po-
sitions, various polygons are constructed. These polygons
are checked for an intersection with bounding rectangles of
strokes not participating in the nodes. If the relative size
of the intersection area is above a predefined threshold, the
derivation is rejected.

The parsing algorithm is driven by the amount of strokes
in nodes derived by n-productions. The nodes compris-
ing k strokes are constructed in the k-th step. This sys-
tematic approach ensures derivation of more complex struc-
tures from less complex ones. It begins with derivation of
nodes comprising two strokes and ends with nodes compris-
ing all the input strokes. It should be obvious that many trees
are constructed in parallel sharing common subtrees. Each
derivation node is assigned a value. This value is equal to
the belief obtained by the character recognizer for terminal
nodes which correspond to individual symbols. For nodes
derived by n-productions, the value is based on values of
the child nodes and on their relative positions as described
in Section 4. The derivation tree having the highest evalu-
ated root node is chosen at the end of the parsing algorithm.

4 Statistical model
The productions describe relative positions of target termi-
nal and nonterminal elements with respect to the main tar-
get element, as described in Section 3. However, the rela-
tive positions are only expressed as several discrete values
(left, right, top, bottom, top-left, top-right, bottom-right and
inside). To be able to define the spatial relations more pre-
cisely, we employ a statistical model of the expected posi-
tions. The model is extracted from the training database of
1500 handwritten formulas. Because some productions oc-
cur only sparsely in the database, it is not possible to store
separate distributions for each of them. It is rather neces-
sary to categorize derivation nodes to classes based on the
properties of the involved terminals.

We distinguish various types of terminals (i.e. charac-
ters) based on their positioning on a writing line which is
determined with respect to four horizontal lines: descender,
baseline, midline and ascender. It can be seen in Figure 5.
The ascending terminals (e.g. digit 2) are written between

H

V

Ly

L5

LN

VH

Figure 6: Relative distances and size of bind symbols. For a power
y5, the position mid segment of y and base segment of 5 are consid-
ered to determine their horizontal distance H and vertical distance
V . The distance are normalized by the estimated line height Ly .
The relative size is computed from L5 and Ly . For the numerator
2x3 and the fraction line, their bounding rectangles are considered.

the baseline and ascender, the lower terminals (e.g. letter x)
between the baseline and midline, the descending terminals
(e.g. letter y) between the descender and midline, etc. The
type of the terminal determines the base, mid and ascender
segment for each terminal node. Not all segments can be
determined for each terminal (e.g. there is only the mid seg-
ment for the operator + because it is not aligned with the
baseline or the ascender line). The vertical position of each
segment is aligned with the appropriate horizontal line. The
horizontal coordinates of the mid segment are coordinates of
its strokes bounding rectangle. The horizontal coordinates
of the base and ascender segments are determined based on
the vertically local minimum and maximum of the strokes
horizontal coordinates. If two of the segments are defined
for the node at least, it is possible to estimate its line height.

The proposed segments and bounding rectangles of sym-
bols are utilized to measure their relative horizontal and ver-
tical distance and their size ratio. All these values are mea-
sured relatively to the estimated line height to deal with var-
iously sized handwriting styles. The employed productions
as well as the types of the terminals determinate which seg-
ments or bounding rectangles are considered. E.g. for the
node representing a power y5, we utilize the mid segment of
the node y and the base segment of the node 5 to compute the
horizontal distance H and the vertical distance V , as shown
in Figure 6. The relative distances are computed by normal-
izing H and V with the estimated line height Ly . The ratio
of the estimated line heights L5 and Ly gives the relative
height of the exponent 5 with respect to the base y. Figure 6
also shows how the bounding rectangles of a numerator and
a fraction line are used to evaluate their distance. Here the
vertical distance V of bounding rectangles and the horizon-
tal distance H of bounding rectangles’ centers are normal-
ized by the estimated line height of the numerator LN .

While evaluating nodes in left, right, top-left, top-right
and bottom-right relative positions, only the segments of the
neighboring side terminal nodes are considered. E.g. while
evaluating positions in the addition 2y + x3 from Figure 4,
we utilize node y which is the rightmost terminal in 2y, node
+, and node x which is the leftmost terminal in x3. We call
every sidemost terminal subnode of its parent node as a bind
node, because it is responsible for binding its parent node to
the other nodes. E.g. in the addition 2y + x3, the node 2
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-0.4  0  0.4  0.8

Horizontal

-0.7 -0.3  0.1  0.5

Vertical

 0.1  0.5  0.9  1.3

Size

Figure 7: Examples of histograms of relative horizontal and ver-
tical distance and relative size of a variable and its subscript. The
histograms for various pairs of terminals and their relative positions
form a statistical model.

is the left bind node and the node x is the right bind node
because the addition cannot be bound via the exponent 3.

Totally, we distinguish 26 various categories, for which
we evaluate the relative distances and the relative heights
separately. The classification is based on the applied produc-
tion and on the types of the terminal bind nodes. We store
up to three distributions (relative horizontal and vertical dis-
tance and relative size) per each class as 1D histograms, as
shown in Figure 7. It would be also possible to store the
joint distribution for horizontal and vertical distance as 2D
histogram. However, it would require more training data.
Moreover, the relative horizontal and vertical distance are
largely independent on each other, as the absolute value of
the correlation coefficient is mostly around 0.1 and always
under 0.2 for all 26 classes.

When evaluating a relative position of two nodes, we
compute the appropriate horizontal and vertical distance and
the height ratio. We also select the appropriate distributions
among the aforementioned 26 classes. They give us beliefs
for the computed relative values. These beliefs are com-
bined linearly with evaluation of the individual child nodes
to get the evaluation of the derived node. The derived node
is constructed only if its value is over a predefined threshold.
This strategy prevents deriving many poorly evaluated false
nodes.

5 Experiments
To verify the proposed methods for online math recognition,
we have tested them on databases of handwritten formulas
containing rather challenging samples. The first of them is
our own database called MfrDB which is publicly available
[13]. It contains 2000 formulas, comprising 185 various ex-
pressions obtained from 232 users. The dataset was ran-
domly split into 1500 training and 500 testing samples. The
formulas were obtained using a web interface and then they
were annotated semi-automatically. The semantics of for-
mulas are described in an extended MathML format.

The second database is the one used in CROHME com-
petitions. The CROHME 2012 [7] database contains 1366
training and 488 testing samples. Both training and test-
ing samples are split into three parts based on the complex-
ity of expressions (in a sense of average count of strokes
per formula, number of various symbols included in formu-
las and complexity of a grammar describing formulas in a
dataset). The latest CROHME 2013 [8] database contains
8836 training and 671 testing samples. They are even more

Results
CROHME 2012

MfrDB
Part I Part II Part III

Symbol 67.6 67.8 65.6 67.3

Structure 74.0 58.8 54.9 65.4
Formula 9.7 5.8 3.9 5.2

Table 1: Recognition results on testing samples of CROHME 2012
and MfrDB databases. First row presents accuracy of isolated sym-
bol classification. Second row gives independent performance of
structural analysis given perfect segmentation and symbol classifi-
cation. The third row shows rates of completely recognized formu-
las.

System
2012 2013

0 err. 0 err. 1 err. 3 err.

MFR (our system) 3.9 2.7 9.7 20.7

Tokyo Univ. 24.0 20.0 34.1 42.9

Univ. of São Paulo 6.4 9.4 18.5 27.3

Univ. of Valencia 24.9 23.4 37.9 47.8

Tech. Inst. Rochester 12.6 14.3 24.7 36.2

Sabanaci Univ. 11.9 8.4 19.1 26.2

Vision Objects 70.2 60.4 80.3 86.1

Univ. of Nantes 32.9 18.3 32.0 42.9

Table 2: Results of CROHME 2013 competition for all 8 partic-
ipants. For the previous 2012 dataset, only the overall accuracy
expressing rates of completely correctly recognized formulas is
stated. For the latest 2013 dataset, also rates of formulas recog-
nized with at most 1 and 3 errors are stated.

complex than those included in CROHME 2012 database.
Both training and testing samples are publicly available for
CROHME 2012, however only training samples are avail-
able for CROHME 2013. That is why we do not use
CROHME 2013 for a detailed evaluation.

To train our system, we have used 1500 training samples
from MfrDB and 8836 training samples from CROHME
2013. The experiments were performed on three CROHME
2012 testing datasets comprising 108, 301 and 488 formulas
(part II comprises all formulas from part I and part III com-
prises both parts I and II), as well as on 500 testing formulas
from MfrDB.

The recognition results are shown in Table 1. The first
row shows rates of correctly recognized symbols in all
three CROHME 2012 testing datasets and in MfrDB testing
dataset. The symbols were extracted from formulas con-
tained in the datasets and classified independently on their
context in formulas. The symbol is considered to be cor-
rectly recognized if the symbol recognizer is able to as-
sign a correct label to its strokes. The third row of Table 1
presents overall rates of fully recognized formulas. The for-
mula is considered to be fully correctly recognized if the
resulting derivation tree corresponds to the annotation and
all the strokes are correctly assigned to their symbols. We
have also tested the structural analyzer independently on the
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Figure 8: Examples of formulas which were correctly parsed by
our structural analyzer.

Figure 9: Example of the same handwritten formula written by
two various users. The left one was parsed successfully as eiπ +
1 = 0. The right one was misinterpreted as ei

π+1 = 0.

strokes segmentation and symbol recognition. To accom-
plish that we have assigned correct labels to all actual sym-
bols. It simulates a case of having perfectly identified and
recognized symbols. The results of structural analysis are
presented in the second row of Table 1. Some of the cor-
rectly and incorrectly parsed formulas are shown in Figure 8
and Figure 9.

Table 2 presents results from the most recent CROHME
2013 competition. Totally 8 systems including ours were
evaluated on part III of CROHME 2012 database and on
CROHME 2013 database. Ratios of completely recognized
formulas were published for both databases. For the latter
also ratios of formulas recognized with 1 and 3 errors were
published [8]. There were two winners of CROHME 2013
competition: non-commercial system developed at Univer-
sity of Valencia and commercial software by Vision Objects
company. Both of them outperform our system by an order
of a magnitude.

The main reason for a poor overall recognition rate of our
system is the symbol classifier. It is only able to recognize
approximately 2/3 of all symbols compared to 85–98 % ac-
complished by other systems [7]. Unfortunately, one unrec-
ognized symbol makes it impossible to recognize the whole
formula correctly.

On the other hand, the structural analysis gives very

 0
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Figure 10: Performance of the structural analyzer expressed as an
average time (in seconds) spent on analyzing formulas comprising
the specified amount of symbols and strokes. The times on the
vertical axes are measured in seconds.

promising results. We believe that an improvement of the
symbol recognizer will make the overall results more satis-
fying. By that time, the user of our application can inter-
actively select the misrecognized symbols and correct them
manually while using the web application [14].

Figure 10 shows an average parsing time spent on analyz-
ing formulas comprising the specified amount of symbols. It
was evaluated on a notebook with Intel Core i5 M430 2.27
GHz processor and 8 GB RAM. It can be seen that the re-
sults are provided in real time, almost immediately. This
proves that although the parsing algorithm has theoretically
an exponential complexity, it can be used in practice thanks
to the described restrictions on the derived nodes.

6 Conclusion
We have introduced an algorithm for the structural analysis
of mathematical formulas. It is driven by a rigid descrip-
tion of formulas employing an unambiguous spatial gram-
mar. However, it also utilizes a statistical model of the ex-
pected mutual relative positions of individual symbols. The
introduced probability distributions give natural evaluations
of derivation nodes. We have tested the proposed method
on two independent databases and we obtained promising
results.

In future, we would like to focus on the first two phases
of online handwritten math recognition. The amount of
the symbol candidates generated in the segmentation phase
should be reduced, omitting the non-perspective candidates
which obviously do not form a symbol. In the symbol recog-
nition phase, amount of the recognized alternative characters
per one symbol candidate should be also reduced. Besides,
we would like to improve the character recognition itself,
perhaps by replacing the template matching algorithm by a
better performing one.
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Abstract In this paper we propose a method to extract dis-
criminative information from a generative model produced
by a compositional hierarchical approach. We present
discriminative information as a score computed from a
weighted summation of the activation vector. We base the
activation vector on individual activations of features from
a parse tree of the detection. We utilize the score to re-
duce false positive detections by removing generative mod-
els with poor discriminative information from the vocabu-
lary and by thresholding the detections with low discrimina-
tive score. We evaluate our approach on the ETHZ Shape
Classes database where we show a reduction in the num-
ber of false positives and a decrees in detection time without
reducing the detection rate.

1 Introduction

In the field of the visual object class detection, many com-
plex descriptors have been proposed that produce excellent
results, e.g. [12], but such descriptors are computationally
expensive. This problem becomes even more apparent in
the combination with sliding windows therefore additional
preprocessing steps are required to eliminate as many irrele-
vant windows as possible before applying complex descrip-
tors. Alexe et. al. have addressed this issue to some extent
but there are other alternatives such as hierarchical meth-
ods [13, 9, 4, 5, 8] with their generative models that do not
require any preprocessing at all. In this case, each visual
category is represented by multiple object models that cover
visual variability within a category. An object model is a
composition, consisting of increasingly complex features,
that captures the complexity of objects through hierarchical
arrangement of features. Due to hierarchical nature of object
models each detection is a parse tree of features. One benefit
of hierarchical arrangement is shareability of simple features
across different visual categories. Common and simpler fea-
tures are formed in the lower layers of the hierarchy and can
then be used by the higher layers as needed for specific cat-
egories. This allows for more compact representation of ob-
jects on the one hand and on the other hand brings efficient
scalability when introducing more categories, since detected
simple features for one category can immediately be re-used
by any other category.

Having shearability is one important benefit that in some
hierarchical approaches originates from generativeness of

models. However, the generative nature of construction
leads to models that tend to overgeneralize and may not cap-
italize on discriminative information. For instance, a gener-
ative model of a horse must capture different variability of
a horse seen from different viewpoints. We may be able to
capture this by using multiple object models for different
viewpoints, but models will still have to capture variability
among different configurations of head and legs positions,
while at the same time encompassing the variability between
different breeds of horses. Generative models will be able to
capture such variations but they will also capture represen-
tation of many other categories, especially visually similar
ones. This can quickly lead to over-generalization. In the
case of a horse the model will frequently misidentify a cow
for a horse as both categories are similar. Additionally, we
have also observed that some object models frequently hal-
lucinate on the background objects that have low visual sim-
ilarities with the detected object. The effect is most promi-
nent on highly textured backgrounds. This allows a gen-
erative model to find enough features for a (false) positive
match but at the same time the model does not capitalize on
the discriminative features present in the representation that
could point to an absence of detected object. Not consid-
ering such discriminative information in the end introduces
noise into the detection process and can significantly reduce
performance of the detector.

This problem was partially addressed in our previous
work. In [10], we introduced a global HoC descriptor and
included the discrimination of categories through non-linear
support vector machine. As shown in [11], using such an ap-
proach as an additional hypothesis verification step applied
after the detection stage, produces excellent results in the
ETHZ Shape Classes dataset but adding non-linear decision
boundary breaks the hierarchical approach and introduces
computational complexity due to expensive computation of
non-linear support vectors.

In [6], we eliminated the need for a non-linear SVM
which allowed for principled integration into the concept of
hierarchies. Using a sparse logistic regression we searched
for weights to differentiate between two categories and used
a score from weights to re-score the final detection. But the
method still relied upon a global descriptor computed from
histograms of activations of parse within detected bounding
box. This constrained us to a discriminative information of
a whole category and prevented us from obtaining discrim-
inative information for specific object model. At the same
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Figure 1: Overview of our method in learning and detection stage. In step 1 we extract discriminative information in form of
weights, in step 2 we optimize vocabulary by removing object parts with poor discriminative information, in step 3 we produce
detections with optimized vocabulary and in step 4 we filter out detections with low discriminative score.

time global descriptor may have also removed parts of spa-
tial information important for the discrimination.

In this paper, we focus on finding discriminative informa-
tion within a category by analyzing each object model. Our
contribution can be divided into two parts: (i) introduction
of discriminative information extracted from activation vec-
tors of detection parse tree and (ii) vocabulary optimization
of the object models. We introduce discriminative informa-
tion in form of linear combination of weights applied to the
activation vector of the parse tree. Weights are computed
for each object model separately which slows to fully cap-
ture spatial information of the activated features of the parse
tree and get better precision in identifying features that are
responsible for the discrimination. With the vocabulary op-
timization we eliminate object models that have poor dis-
criminative capabilities and often activate on false positive
detections. As a last step we also perform hypothesis verifi-
cation with the HoC descriptor to re-score detections.

The benefits of our approach are two-fold. We eliminate
many false positive detections through vocabulary optimiza-
tion by removing non-discriminative object models. False
positives are also removed by thresholding the weighted
combination of parse tree response values and removing de-
tections with low discriminative score. The second benefit
is detection speedup that comes with the reduced number of
detections. This translates into less computation time spent
in the hypothesis verification step with the non-linear HoC
classifier and less computation time in the inference stage.
Additionally, having less positive detections also slightly in-
creases the final detection rate. As in both [11] and [6] we
apply our solution to the learnt-hierarchy-of-parts (LHOP)
model [4].

The remainder of the paper is structured as follows. In

Section 2 we introduce discriminative node of whole parse
tree and provide further details of how we integrate discrim-
inative information into vocabulary optimization. In Sec-
tion 3 we present our evaluation procedure with final results
and we conclude with the discussion in Section 4.

2 LHOP with discriminative information

We introduce discriminative information and vocabulary
optimization into the learnt-hierarchy-of-parts process as
shown in Figure 1. In the learning stage we start with the
learned vocabulary containing object models and extract de-
tections of object models in a form of parse tree. For each
object model we learn linear classifier on positive and neg-
ative activation vectors of the detections and obtain weights
used in the filtering stage of the detection. This process is
detailed in Section 2.2. The optimization process, detailed
in Section 2.3, is then applied to the vocabulary contain-
ing object models with their corresponding weights to ob-
tain a smaller vocabulary with removed object models that
produce too many false detections.

The detection stage starts with inference of the image
with the optimized vocabulary. This produces a set of detec-
tions for each image together with its parse tree containing
activation parts. Based on detected object model we apply
appropriate weights to the activation vector of each detection
and calculate its discriminative score. We perform filtering
based on the score and remove as many false positive detec-
tions as possible. Finally, we calculate HoC descriptor from
each detection and compute its final score by applying HoC
classifier to it.
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2.1 Learnt hierarchy of parts
We first provide a notation for LHOP model and refer the
reader to [4] for further details. In the following we will
denote the vocabulary of hierarchical parts trained for up
to L layers as a set of N compositions L = {P li }i=1:N ,
where P li is an identifier of i-th composition and belongs
to the l-th layer of the vocabulary. At the last layer L each
composition directly identifies one trained category, i.e. for
each category we have only one corresponding composition
on the L-th layer. We also define a set of Links(P li ) which
holds a list of linked sub-compositions on l− 1 layer for the
P li part:

Links(P li ) = {(indj , P l−1
j )}j=1..num_subparts(P l

i
),

where P l−1
j is the linked sub-composition type and indj

is the local index number for this sub-compositional (indj
goes through 0 and num_subparts(P li ) − 1). For cate-
gory layer parts (L-th layer), this subset holds object parts
(indo, PL−1

o ) ∈ Links(PLi ) where each object part models
a different view or an object of a category associated with
the PLi part.

Applying the vocabulary L on a given image I, the algo-
rithm of hierarchical models infers a set ofK detected parts,
C(I,L),

C(I,L) = {πlk}k=1:K ,

where the k-th detected part on the l-th layer
πlk = [Pk, cπk

, λk] is defined by its vocabulary identi-
fier P lk, its location cπk

in the image and its response
values λk. All the inferred parts of the last layer L directly
correspond to detected objects in the image:

D(I,L) = {πLj }j=1:J ,

where D(I,L) is a set of J detected objects in the image
I processed with the vocabulary L. We also define a set of
links Λ(πlk) with a list of subparts for πlk defined on previous
layer l − 1:

Λ(πlk) = {(offp, indp, πl−1
p ))}P=1..num_subparts(πl

k
),

where πl−1
p is the linked subpart, offp is offset location

(x, y) relative to πlk and indp is the index matching to
the corresponding sub-composition in Links(P lp). For a
detected category this always corresponds to one subpart
representing detected object part (offp, indp, πL−1

p ) =
Λ(πLk ). Note, that we can have multiple detections of the
same category in an image but they will have different loca-
tion cπk

.
While each detected category part is defined the same as

detected part at L-th layer πLj = [PLj , cπj
, λj ], we can also

add a category information since a vocabulary identifier PLj
from the L-th layer always directly matches to one learning
category. We can use Λ(πLk ) to recursively obtain list of all
subparts for πLk on all layers. List of all subparts obtained
this way is called an inferred parse tree, while using the
Links(P li ) in the same recursive process would yield a list
of all recursively traced compositions of vocabulary called a
vocabulary parse tree. Minimal and maximal locations of all

traced sub-parts in inferred parse tree define a bounding box
of detected image. We can therefore define a set of detected
objects from a given image I as:

D = {(πLj , cj , rj)}j=1:J ,

where cj is detected category and rj = (x, y, w, h) is a de-
tection bounding box.

2.2 Discriminative interpretation of parse tree
We perform analysis on a set of training images I ∈
training_set inferred with the initial vocabulary L. This
gives us a set of detectionsD(I,L) with their corresponding
parse trees for each image I. We focus on analyzing each
object model PL−1

o individually and extract only detections
for that specific model:

DPL−1
o

= { (πLj , cj , rj) | [PL−1
o , cπo

, λo] = Λ(πLj ) }.

From each parse tree of detection πLj ∈ DPL−1
o

we construct
a discriminative descriptor hj . We define hj as activation
vector where components of the vector correspond to the
activated parts in the parse tree. We collect all activation
parts from an inferred parse tree and create activation vector
using parts response values. Additionally, we also include
relative offset location of each activated part relative to its
parent into the activation vector. Based on discriminative
descriptor hj of size G we calculate a discriminative score
using a weighted summation:

f(hj ; Θo) =
G∑

g=1
θ(g)
o h

(g)
j + θ(0)

o ,

where Θo = [θ(0)
o , ..., θ

(G)
o ] is a vector of weights defining

linear hyperplane between model object PL−1
o and a back-

ground clutter or any other model. Calculated discriminative
score f(hj ; Θo) is later used in filtering process during the
detection stage to retain only detections with high score.

We estimate the weights Θo via a linear Support Vec-
tor Machine from positive and negative detections of object
model PL−1

o . Additionally, we adjust bias by changing θ(0)
o

to eliminate as many potential false detections in the filtering
stage as possible.

2.3 Vocabulary optimization
We start the vocabulary optimization process by assessing
how well each object model PL−1

o performs on our training
dataset. Using discriminative descriptor hj we obtain a dis-
criminative scoring from a parse tree of all detections of ob-
ject model PL−1

o and evaluate it according to its groundtruth
data. We remove an object model if it does not contribute to
the detection rate and produce mostly false positive detec-
tions. The optimization process tries to minimize the num-
ber of object models while retaining as high score as possi-
ble. The optimization is performed using a greedy approach
with the following procedure: we start with an empty vocab-
ulary and simulate individually adding every object model
PL−1
o to the current vocabulary separately and calculate a

performance score with added candidate model. Perfor-
mance score is measured as an area under the ROC curve
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Figure 2: Number of detections shown for original vocabulary (blue) and our method (red) with left figure (2a) showing
detections before any non-maxima suppression and right figure (2b) showing detections after non-maxima suppression. We
used HoC scoring in non-maxima suppression.

score (AUC) over all training images but only counting de-
tections from current vocabulary objects plus the current
candidate object model. Out of all possible candidates we
add only the model which improves performance score the
most and repeat the procedure until performance cannot be
improved any more. Using this iterative process we produce
optimized vocabulary Lopt. With current optimization we
only remove parts from the L− 1 layer and fix L-th layer to
account for now missing parts, while we leave parts on other
layers unchanged.

2.4 Hypothesis verification with HoC
Using optimized vocabulary we perform another inference
of training images and calculate the HoC descriptor for ev-
ery detected objectDopt(I,Lopt). From detection we obtain
category information cj and detected bounding box rj and
within this bounding box we calculate a HoC descriptor Hj
from all activated parts of second and third layer. We calcu-
late HoC using second and third layer of the vocabulary. All
computed descriptors Hj are then re-scored by a non-linear
Support Vector Machine for a category model cj . We used
libSVM [1] with an RBF kernel and χ2 distance function.
As the final step we perform a non-maxima suppression.

3 Experiments and results
We evaluated our method on the ETHZ Shape Classes [2]
dataset with the same procedure as in [11]. Each category
was evaluated independently and experiments were repeated
five times to account for randomness in selecting training ex-
amples. Single experiment for each category was performed
as follows. As training set we randomly selected half of the
images that contained evaluated category and used as test-
ing set used the other half combined with other images that
did not contain any objects of the evaluated category. Simi-
larly as in [11], we trained LHOP vocabulary L up to sixth
layer, where 6th layer parts represent a category models and
5th layer parts represent an object models. We then ran an

inference process with the LHOP vocabulary L on training
images only and produced a set of initial training detections.
Before the inference we also resized all the images by a fac-
tor of 1.2 and then started scaling them by a factor of

√
2 to

produce around 4-7 scales per image.

3.1 Learning discriminative weights
From ETHZ Shape Classes training set we learn weights Θo

for each object model P 5
o from initial vocabulary. We first

produce detections with the initial vocabulary L on all train-
ing images. All detections with the overlap (using PASCAL
intersection/union function) of less than 0.3 are classified as
negative while all detections with overlap over 0.7 are clas-
sified as positives. Any other detection that falls in between
is classified as undefined and we avoid using them. From
positive and negative detections we create activation vector
hj and use linear libSVM [1] to obtain final weights Θo. We
additionally adjust bias for discriminative weights by per-
forming detections on independent set of negative images.
We randomly select 20% of images from Caltech-101 as in-
dependent set of images. In the detection stage weights are
used to calculate discriminative score f(hj ; Θo) of each de-
tection and any detection with score below threshold value
of zero is filtered out.

3.2 Vocabulary optimization
In the vocabulary optimization step we used initial vocabu-
lary L augmented with the discriminative weights for each
object model and ran optimization process to produce opti-
mized vocabulary Lopt. As training set we used detections
from all training images of ETHZ Shape Classes dataset
for the specific category plus additional hard-negative detec-
tions from an independent set of images. The same criteria
of 0.3 and 0.7 overlap threshold is used to select positive and
negative detections. Similarly as in bias adjustment we also
randomly selected 20% of images from Caltech-101 dataset.
The object parts of both optimized and unoptimized vocab-
ulary are show in Figure 6.
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Figure 3: Number of object parts in 5th layer of our opti-
mized vocabulary (red) compared to original vocabulary
(blue).

3.3 Learning HoC classifier
In this process we used optimized vocabulary Lopt to pro-
duce hard-negative examples on ETHZ Shape Classes train-
ing set. Similarly as before we used detections overlapping
less than 0.3 with the groundtruth as negative and examples
overlapping more than 0.7 as positive. Together with the
extracted original positive examples (regions were scaled to
120 pixels before inference process) we trained HoC classi-
fier for each category.

3.4 Evaluation and results
In Figures 2 we measured the absolute number of all de-
tections for each category separately. Figure 2a shows the
number of detections before the non-maxima suppression
and Figure 2b shows detections after the non-maxima sup-
pression process. By looking at the detections before non-
maxima suppression we see that the our method produces
approximately 50% of all detections compared to the origi-
nal vocabulary. The reductions is highest in the apple logo,
giraffe and swan categories with only 45% of original detec-
tions while in categories bottle and mug there we retained
60% of all original detections. After the non-maxima sup-
pression step this difference becomes less significant but we
still produce by approximately 10% less detections.

We also measured a number of object models retained
in the vocabulary after the optimization process. Figure 3
shows the absolute number of parts in 5th layer for each
category compared to the number of parts from the origi-
nal vocabulary. We can see that in each category we were
able to significantly reduce number of parts. In particu-
lar the category apple logo has retained only 40% of orig-
inal parts while category giraffe has around 52% of original
parts. Slightly less parts were removed for other categories
with 73% of original parts for bottle, 61% for mug and 58%
of original parts for category swan.

Our optimizations also improved processing time in the
detection stage. In Figure 4 we report for each category the
time required for LHOP stage and for HoC verification stage
in percent of the time required by the original vocabulary.
Focusing on HoC verification stage (red bar), the biggest

applelogo bottle giraffe mug swan
0

10

20

30

40

50

60

70

80

90

100
Detection time (in % of original LHOP time)

P
er

ce
nt

 o
f b

as
el

in
e

 

 
LHOP detection stage
HoC verification stage

Figure 4: Computation time speedup. We report time re-
quired to complete LHOP detection stage (blue) and HoC
verification stage (red) when using optimized vocabulary
expressed in percent of the time taken by the unoptimized
vocabulary.

speedup has been achieved for the apple logo category with
45% of original time. With other categories the improve-
ments are: 75% for bottle, 62% for giraffe, 63% for mug
and 57% for category swan. We can also notice slight im-
provements in the LHOP inference stage (blue bar) with the
averaged time of 83% of original time. Note, that we have
optimized only 5th layer while other layers remained un-
changed with the same number of parts. Considering that
only 1/5th of the vocabulary has been optimized, the 17%
speedup is quite significant. Overall we still need to take
into account that LHOP inference stage takes most of the
time and therefore overall speedup combined with HoC ver-
ification time is still around 17%.

We also evaluate overall detection rate to ensure we did
not remove any information that is crucial for the detection.
Looking at the result of Table 1 we see similar detection rate
of our method and original method of [11]. In some cases
our method performed by a percent or two better, while in
other cases it performed slightly worse. In particular, our
method achieved higher scores in categories apple logo and
mug, while original method performed better in categories
bottle, giraffe and swan. On average our method performed
by less then half a percent worse, but still by almost 3% bet-
ter then LHOP without any HoC verification step. We also
noticed that both methods produced high variance, particu-
larly in categories bottle and swan. The variations between
different iterations are observable from Figure 5, where we
see detection rate of category bottle varied between 70% and
90% and detection rate of category swan varied almost be-
tween 60% and 90%. Low performance is particularly no-
ticeable in our method where at least two iterations in swan
category produced detection rate of only 60%. This also
explains a significant drop in overall performance of this
category compared to the original method. Note, however
overall performance is still at least at the same level as the
results from [11].

We also report detection rate at 1.0 FPPI in Table 2 to
compare our approach to the discriminative nodes of Kris-
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Figure 5: Detection rate over different FPPI rates (false positives per image) for each category from the ETHZ Shape Classes
dataset. We ran five iterations and sampled examples randomly in each iteration to obtain different training/testing splits.
Results are separated into row (a) for unoptimized vocabulary and row (b) for optimized vocabulary (our). Note, we used
identical training/testing split for evaluation of both libraries.

Apple logo Bottle Giraffe Mug Swan Average
our method 94.0 (5.6) 83.1 (8.2) 86.1 (6.1) 94.5 (3,9) 83.7 (11.4) 88.3

LHOP + HoC verification [11] 93.9 (3.8) 84.5 (4.4) 87.9 (4.0) 93.9 (3.8) 85.0 (10.5) 89.0
LHOP only [3] 88.2 (3.4) 87.6 (1.5) 83.5 (1.1) 86.1 (2.0) 80.0 (3.5) 85.1
Maji et al. [7] 95.0 96.4 89.6 96.7 88.2 93.2

Table 1: Evaluation result on ETHZ Shape Classes with reported detection-rate (%) at 0.4 FPPI averaged over five iterations
(standard deviation values are shown in parentheses)
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[6] our method
Apple logo 92.5 95.7

Bottle 85.4 86.6
Giraffe 82.3 87.0
Mug 86.5 96.0
Swan 70.5 87.5

Average 83.4 90.4

Table 2: Performance comparison to LHOP with discrimi-
native node from [6] on ETHZ Shape Classes with reported
detection-rate (%) at 1 FPPI averaged over five iterations.

tan et al. [6]. We notice considerable improvements in the
performance across all categories, with our average detec-
tion rate of 90.4% compared to detection rate of 83.4% in
[6].

4 Discussion and conclusion
In this paper we introduced filtering with the discriminative
information and vocabulary optimization to reduce num-
ber of false positive detections produced by hierarchical
method learnt-hierarchy-of-parts (LHOP) [4]. We achieve
this through vocabulary optimization to eliminate object
models with poor discriminative information and through
additional detection filtering step with the discriminative in-
formation. In contrast to [6] we introduce a discriminative
information based on activation vector computed from re-
sponse values and spatial information of activations from a
detection’s parse tree.

Using the ETHZ Shape Classes [2] database we have
demonstrated that our method does not reduce performance
in terms of detection rate but considerably reduces number
of false positive detections while retaining only smaller set
of object models in the vocabulary. In some cases, such
as apple logo category, we are able to even increase the
detection rate while we reduce false positives and the vo-
cabulary of 5th layer by more then 60%. While detections
before non-maxima suppression get reduced considerably,
detections after non-maxima suppression are reduced only
slightly. This indicates that in original method the false posi-
tive detections were handled mostly by good scoring of HoC
descriptor and proper non-maxima suppression, while in our
method they are now reduced even before non-maxima sup-
pression. Additionally, we showed that our method also pos-
itively affect computation time. We were able to decrease
computation time of LHOP inference stage by around 17%
and by around 40% for the HoC verification stage. Low-
ered computation time of the HoC verification comes di-
rectly from the lower number of detections as there are less
detections required to compute theirs HoC score with the
non-linear kernel of support vectors. In the LHOP infer-
ence stage, saved computation time comes directly from the
reduced number of object models in the optimized vocabu-
lary. But since we optimize only 5th layer of the vocabulary
we are only able to achieve 17% improvements in speedup.

In the future work we plan to reduce vocabulary parts in
lower layers as well, in particular, we could remove parts

connected to the 5th layer object parts that have been re-
moved by our optimization method. We also plan to incor-
porate optimization step directly into learning of object lay-
ers to immediately select and reduce to the most optimal set
of vocabulary parts.

Acknowledgments. This work was supported in part
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(a) Applelogo - unoptimized vocabulary

(b) Bottle - unoptimized vocabulary

(c) Giraffe - unoptimized vocabulary

(d) Applelogo - optimized vo-
cabulary (our) (e) Bottle - optimized vocabu-

lary (our)

(f) Giraffe - optimized vocabulary
(our)

(g) Mug - unoptimized vocabulary (h) Swan - unoptimized vocabulary

(i) Mug - optimized vocabulary (our)

(j) Swan - optimized vocabulary
(our)

Figure 6: Examples of 5th layer object parts for each category. In the first and third row are parts of the original vocabulary
while in the second and fourth row are parts of our optimized vocabulary.
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Abstract This paper presents a novel encoding scheme for
a combinatorial pyramid. A combinatorial pyramid is a hi-
erarchy of successively reduced combinatorial maps. Im-
portant properties of the combinatorial pyramids such as
topology preservation, the process global and local features
within the same data structure, etc. made them useful for
image processing and pattern recognition tasks. Their ad-
vantages have been widely proved in the literature. Never-
theless, the main disadvantage of this approach is the high
rate of memory requirement. A combinatorial map of an im-
age maybe stored in an array of size approximately equal to
four times the number of pixels of the image. Furthermore,
every level of the combinatorial pyramid stores a different
combinatorial map. In respond to this problem a canoni-
cal encoding of the combinatorial pyramid is provided. It
consists of a single array where its elements are ordered
with respect to the construction history of the pyramid. In
this manner the memory consumptions are equal to the size
of the initial combinatorial map and do not depend on the
number of pyramid’s levels. In addition, this canonical en-
coding allows the whole reconstruction of the pyramid in
both directions: from the base to the top level and from the
top to the base level, without additional information.

1 Introduction
A 2D combinatorial map [11, 15] defines a data structure
to encode the subdivision of the plane in different regions.
It has more advantages compared to the traditional Region
Adjacency Graphs (RAG):

• The combinatorial maps represent topological informa-
tion (multi-adjacency or inclusion relations). Unlike the
RAG, where two topologically different images could be
represented by the same RAG.

• They can be extended to higher dimensions (nD).

• They allow efficient algorithms to retrieve information
and modify the partition.

The combinatorial pyramid [4] is a stack of successively
reduced combinatorial maps. Such structure takes advan-
tages of the combinatorial maps as well as benefits from ad-
ditional properties:

• The combinatorial pyramids preserve topology.

• They process global and local features within the same
data structure.

Nowadays, the combinatorial maps and the combinato-
rial pyramids are applied for various tasks such as image
segmentation [1, 8], map matching [9, 14, 13, 17], 3D
mesh representation [10], etc. These structures require high
memory consumptions, and this requirement is even more
exacerbated by the pyramid -the pyramid structure stores
one combinatorial map at each level of its hierarchy.
The literature reports several methods to reduce the memory
consumptions [12, 16, 5].
Goffe et al [12] segment the initial image -they pre-process
the initial image. They find the combinatorial map for this
segmented image -it is the top level of the pyramid. And
they progressively create the lower levels of the hierarchy
by increasing the size of the combinatorial maps.
[16] and [5] define the implicit encoding of the 2-
dimensional and n-dimensional combinatorial pyramid,
respectively. For the 2D implicit encoding, Brun et al [5]
store the combinatorial map of the initial image and two
functions which describe the construction history -one
function specifies the type of operation done over each
element of the initial combinatorial map and the other
function defines the highest level of the pyramid until which
the element survives.

The canonical encoding of the combinatorial pyramid
stores the whole pyramid and its construction history in
the same memory space than the initial combinatorial map.
The operation applied to each element of the initial com-
binatorial map is implicitly encoded in the representation;
and the highest level until which the element survive are
implicitly encoded in the order of the elements. In this
manner the memory consumptions are equal to the initial
combinatorial map and do not depend on the number of
levels of the pyramid, as previous works. It allows the
construction of the pyramid from the top to the base level
without additional information. Meanwhile Goffe et al [12]
require additional information (parent/child relations).

The rest of this paper is organized as follows: Basic def-
initions on combinatorial maps and combinatorial pyramids
are recalled in sections 2 and 3. Section 4 describes our
contribution -the canonical encoding of the combinatorial
pyramid. The experimental results proving the theoretical
concept of the canonical encoding are described in Section
5. Finally, conclusions and future work are unfolded at Sec-



Torres Fuensanta, Kropatsch Walter

119

Canonical Encoding of the Combinatorial Pyramid

Figure 1: Combinatorial map example.

Table 1: Combinatorial Map (G=(D,α,σ)) of Fig. 1.
darts (d) 1 2 3 4 5 6 7 8 9 10
α 2 1 4 3 6 5 8 7 10 9
σ 3 5 1 7 2 10 9 6 4 8

tion 6.

2 Recalls on Combinatorial Maps
Definition 1. 2D Combinatorial Map: A 2D combinato-
rial map encodes the subdivision of the plane in different
regions. It represents the inclusion and adjacency relations
between the regions. This principle enables to fully describe
the topology of the plane partition [11, 15]. The 2D combi-
natorial map (G) is defined by a triplet G=(D, α, σ), where:

• D is a finite set of darts.

• α is an involution on the set D.

• σ is a permutation on the set D.

An additional explanations of the definition above: The
edges (paths connecting two vertices) are divided into
two half edges called darts. α is an one-to-one mapping
between consecutive darts forming the same edge, such
that α(α(d))=d). σ is a mapping between consecutive darts
around the same vertex while turning counterclockwise.

Example. 2D Combinatorial Map: Fig. 1 and Tab. 1
give an example of a 2D combinatorial map. Where:

• D = { 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 }.

• α(4) = 3.

• σ(4) = 7.

3 Recalls on Combinatorial Pyramids
Definition 2. Combinatorial Pyramid: A combinatorial
pyramid is a stack of successively reduced combinatorial
maps (Fig. 2). The size of the combinatorial maps is
successively reduced by contractions and removals. The

Figure 2: Combinatorial pyramid example.

contraction and the removal kernels specify a set of darts,
which will be contracted and removed, respectively, between
two consecutive levels (as previously described [7]). Given
an initial combinatorial map G0=(D,α,σ) and the sequence
of kernels (k1, k2, k3,..., kn) we can build the stack of
successively reduced combinatorial maps G1, G2,..., Gn.
The combinatorial maps at all the levels preserve the
topology of the initial combinatorial map [3, 6].

Example. Combinatorial Pyramid: Fig. 2 gives an ex-
ample of a combinatorial pyramid. Where:

• G0 (the base level in the pyramid) is equal to the combi-
natorial map of Fig. 1.

• We reduce the number of darts in G0 by the removal ker-
nel k1 = {9, 10} and we obtain G1.

• We apply on G1 the contraction kernel k2 = {7, 8} and
we get the top level (G2) of the pyramid.

4 Folding and Unfolding the Pyramid
The aim of this section is to explain the canonical encoding
of the combinatorial pyramid.

4.1 Folding the Pyramid
The operations used to build a pyramid are the removal and
contraction operations. The kernels K (as described in Sec.
3) selects the darts which will be removed or contracted.
The removal and contraction involve 6 dependent darts
(Fig. 3): d, α(d), f= σ−1(d), g= σ(d), h= σ−1(α(d)), i=
σ(α(d)). Special cases are the empty self-loop and the
pending edge where σ(d) = α(d) and σ(α(d)) = α(d),
respectively.
We need additional definitions in order to be able to define
the contraction and removal operations [2]:

Definition 3. σ∗ is the σ orbit, which defines all the darts
belonging to the same vertex.
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Figure 3: Dependent Darts in the operations.

NOTE: σ−1(d)= σn(d) with n= min{i | σi(d) = d};
where n is the number of successive applications of σ on the
dart d.

Definition 4. α∗ is the α orbit, which defines the pair of
darts belonging to the same edge.

Definition 5. Empty Self loop: A pair of darts are an empty
self loop, iff σ(d) = α(d) for d ∈ α∗.

Definition 6. Pending edge: A pair of darts are a pending
edge, iff σ(α(d)) = α(d) for d ∈ α∗.

Definition 7. Removal Operation [2]: We remove a pair
of darts α∗(d) from G=(D,α,σ), D′= D \α∗(d). And in
addition, we modify the permutation σ and we obtain σ′.
The values of σ′ for the all the d’ ∈ D′ are:

• if α∗(d) is not an empty self loop (σ(d) = α(d)) and
neither a pending edge (σ(α(d)) = α(d)):

σ′(σ−1(d)) = σ(d) (1)

σ′(σ−1(α(d))) = σ(α(d)) (2)

• if α∗(d) is an empty self loop (σ(d) = α(d)):

σ′(σ−1(d)) = σ(α(d)) (3)

• For the rest of darts, which are not included in the cases
above:

∀d′ ∈ D \ {σ−1(d), σ−1(α(d))}σ′(d′) = σ(d′) (4)

Parts disappearing from G are saved as left over of the
removal (LoR). LoR is a quadruplet {p, q, r, s} ∈D 4, where
p= d, q= α(d) r=σ(d) and s=σ(α(d)).

Proposition 1.

1. The triplet (D′, α, σ′) form a valid combinatorial
map(G’).

2. In an empty self-loop:

r = q (5)

3. In a pending edge:

s = q (6)

Proof. (1) The proof that G′ is a valid combinatorial map
without α∗(d) can be found in [2]

Proof. (2) r = σ(d), q = α(d)⇒ σ(d)= α(d) is an empty
self-loop.

Proof. (3) s = σ(α(d)), q = α(d) ⇒ σ(α(d))= α(d) is a
pending edge.

Definition 8. Contraction Operation [2]:
We remove a pair of darts α∗(d) from G=(D,α,σ), D′ =

D \α∗(d). And in addition, we modify the permutation σ
and we obtain σ′. The values of σ′ for the all the d’ ∈ D′
are:

• if α∗(d) is not an empty self loop (σ(d) = α(d)) and
neither a pending edge (σ(α(d)) = α(d)):

σ′(σ−1(d)) = σ(α(d)) (7)

σ′(σ−1(α(d))) = σ(d) (8)

• if α∗(d) is a pending edge (σ(α(d)) = α(d)):

σ′(σ−1(d)) = σ(d) (9)

• For the rest of darts, which are not included in the cases
above:

∀d′ ∈ D \ {σ−1(d), σ−1(α(d))}σ′(d′) = σ(d′) (10)

Parts disappearing from G are saved as left over of the
contraction (LoC). LoC is a quadruplet {p, q, r, s} ∈ D 4,
where p= d, q= α(d) r=σ(d) and s=σ(α(d)).

Proposition 2.

1. The triplet (D′, α, σ′) form a valid combinatorial
map(G’).

2. In an empty self-loop:

r = q (11)

3. In a pending edge:

s = q (12)

Proof. (1) The proof that G′ is a valid combinatorial map
without α∗(d) can be found in [2]

Proof. (2) r = σ(d), q = α(d)⇒ σ(d)= α(d) is an empty
self-loop.

Proof. (3) s = σ(α(d)), q = α(d) ⇒ σ(α(d))= α(d) is a
pending edge.

Tab. 2 summarize the contraction and removal opera-
tions.

Example. Remove Empty Self-Loop: Fig. 4 gives
an example of an empty self-loop removal. It shows the
combinatorial map before the removal (Fig. 4 on the left)
and after the removal (Fig. 4 on the right). Where we can
see that the value of σ′(3) changes according to Tab. 2,
σ′(σ−1(d)) := σ(α(d)) (eq. 3) (σ(3)=d, σ′(3)=1).
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Table 2: Removal and Contraction operations.
case REDUCE (d, α(d))
pending edge if σ(α(d)) = α(d) then

σ′(σ−1(d)) := σ(d) (eq. 9)
empty-self-loop if σ(d) = α(d) then

σ′(σ−1(d)) := σ(α(d)) (eq. 3)
remove σ′(σ−1(d)) := σ(d) (eq. 1)

σ′(σ−1(α(d))) := σ(α(d)) (eq. 2)
contract σ′(σ−1(d)) := σ(α(d)) (eq. 7)

σ′(σ−1(α(d))) := σ(d) (eq. 8)

Figure 4: Remove Empty-Self-Loop(d,α(d)).

Definition 9. The canonical encoding: The canonical en-
coding of the combinatorial pyramid is an ordered sequence
of darts which fully encodes the combinatorial map G at any
level and its construction history. The darts are encoded by
even and odd integers; in a way that the involution α could
be implicitly encoded by eq. 13.

α(d) =
{
d+ 1 if d odd
d− 1 if d even (13)

The pyramid is built by a sequence of contraction and
removal operations. Each one producing a smaller com-
binatorial map and the quadruplet of the Lo (Left over).
The canonical encoding reorder the darts of the Lo in the
chronological order. The surviving darts constitute the ac-
tive part of the canonical encoding. Meanwhile, the ordered
Lo constitute the passive part.

We assume that we have executed n operations in total,
then we have n Lo (Tab. 3). The Π function (Π: D → E)
(eq. 14, 15) gives the new order of this darts in the pas-
sive part of the canonical encoding. The unique identifier of
each pt and qt is assigned to its position in the passive part,
therefore we only need to store Π (rt) and Π (st) (such that
E 1=Π (r1), E 2=Π (s1), etc.).

Π(pt) = 2t− 1 (14)

Π(qt) = 2t (15)

Table 3: Left over table.
t Left over (Lo)
1 p1, q1, r1, s1
2 p2, q2, r2, s2
3 p3, q3, r3, s3
4 p4, q4, r4, s4

n pn, qn, rn, sn

Property. Canonical Encoding (Folding the pyramid):
The canonical encoding of the combinatorial pyramid en-
codes the whole pyramid with the same memory as in the
base level -it does not increase with the height of the pyra-
mid. Traditional methods (also called explicit encoding)
store the initial combinatorial map at the base level; but they
also need additional memory every new level -they store a
new combinatorial map per level. The implicit encoding [5]
also needs additional memory every new level to describe
the construction history of the pyramid.

4.2 Unfolding the Pyramid
In order to retrieve the initial combinatorial map (G0) from
the combinatorial map at any level, the darts in the passive
part are moving to the active part. In the folding previous
to the unfolding operation, the darts have been ordered with
respect to the construction history. Therefore, we only have
to shift the boundary between the active and the passive part;
and to apply -re-insertion or de-contraction.

Definition 10. Re-insertion Operation: We add the
LoR(t)={p, q, r, s} to G′=(D′,α,σ′), D′′= D′ ∪ {p, q}. And
in addition, we modify the permutation σ′ and we obtain
σ′′. The values of σ′′ for the all the d” ∈ D′′ are:

• if r 6= q(eq. 5) and s 6= q (eq. 6):

σ′′(σ′−1(r)) := p (16)

σ′′(σ′−1(s)) := q (17)

• if r = q (eq. 5):

σ′′(σ′−1(s)) := p (18)

• For the rest of darts, which are not included in the cases
above:

∀d′′ ∈ D′′ \ {σ′−1(p), σ′−1(q)}σ′′(d′′) = σ′(d′′) (19)

The values of α′′ for the all the d” ∈ D′′ are:

∀d′′ ∈ D′′ \ {p, q}α′′(d′′) = α′(d′′) (20)

{p, q} ∈ LoR(t)′′α′′(p) = q;α′′(q) = p (21)

Proposition 3.

1. The triplet (D′′, α′′, σ′′) form a valid combinatorial
map(G”).

2. G”(Def. 10)= G (Def. 7).

Proof. (1)

• D′′= D′ ∪{p, q} is a finite set of darts.

• ∀d′′ ∈ D′⇒ α′′ (d′′)= α′ (d′′) (eq. 20) is an involution.

• ∀d′′ /∈ D′ ⇒ d′′ = p ∈ LoR and α′′ (d′′) = q ∈ LoR
⇒ q = α′′(p) (eq. 21) is an involution.
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• ∀d′′ such that σ′(d′′) 6= r and σ′(d′′) 6= s⇒ σ′′ (d′′)=
σ′ (d′′) (eq. 19) is a permutation.

• if σ′(d′′) = r and r 6= q (eq. 5) and s 6= q (eq. 6)
⇒ σ′′(d′′) = p (eq. 16) and σ′′(p) = r (Def. 7) is a
permutation.

• if σ′(d′′) = s and r 6= q (eq. 5) and s 6= q (eq. 6)
⇒ σ′′(d′′) = q (eq. 17) and σ′′(q) = s (Def. 7) is a
permutation.

• if σ′(d′′) = s and r = q (eq. 5)⇒ σ′′(d′′) = p (eq. 18)
and σ′′(q) = s (Def. 7) is a permutation.

Proof. (2)

• if r 6= q (eq. 5) and s 6= q (eq. 6):

Given σ′′(σ′−1(r)) := p (eq. 16). We have
r = σ′(σ−1(p)) (eq. 1) thus:
σ′′(σ′−1(σ′(σ−1(d))) = σ′′((σ−1(p))) := p

Given σ′′(σ′−1(s)) := q (eq. 17). We have
s = σ′(σ−1(q)) (eq. 2) thus:
σ′′(σ′−1(σ′(σ−1(q)))) = σ′′(σ−1(q)) := q

• if r = q (eq. 5):

Given σ′′(σ′−1(s)) := p (eq. 18). We have
s = σ′(σ−1(p)) (eq. 3) thus:
σ′′(σ′−1(σ′(σ−1(p)))) = σ′′(σ−1(p)) := p

• ∀d′′ ∈ D′′ \{σ′−1(r), σ′−1(s)} σ′′(d′′) = σ′(d′′) (eq.
19). We have ∀d′ ∈ D \{σ−1(d), σ−1(α(d))} σ′(d′) =
σ(d′) (eq. 4) thus:
σ′′(d′′) = σ(d′′)

Definition 11. De-contraction Operation: We add the
LoC(t)={p, q, r, s} toG′=(D′,α, σ′),D′′=D′ ∪ {p, q}. And
in addition, we modify the permutation σ′ and we obtain σ′′.
The values of σ′′ for the all the d” ∈ D′′ are:

• if r 6= q (eq. 11) and s 6= q (eq. 12):

σ′′(σ′−1(r)) := q (22)

σ′′(σ′−1(s)) := p (23)

• if s = q (eq. 12):

σ′′(σ′−1(r)) := p (24)

• For the rest of darts, which are not included in the cases
above:

∀d′′ ∈ D \ {σ′−1(p), σ′−1(q)}σ′′(d′′) = σ′(d′′) (25)

The values of α′′ for the all the d” ∈ D′′ are:

∀d′′ ∈ D′′ \ {p, q}α′′(d′′) = α′(d′′) (26)

{p, q} ∈ LoC(t)′′α′′(p) = q;α′′(q) = p (27)

Proposition 4.

1. The triplet (D′′, α′′, σ′′) form a valid combinatorial
map(G”).

2. G”(Def. 11)= G (Def. 8).

Proof. (1)

• D′′= D′ ∪{p, q} is a finite set of darts.

• ∀d′′ ∈ D′ ⇒ α′′ (d′′)= α′ (d′′) (eq. 26) is an involution.

• ∀d′′ /∈ D′ ⇒ d′′ = p ∈ LoC and α′′ (d′′) = q ∈ LoC
⇒ q = α′′(p) (eq. 27) is an involution.

• ∀d′′ such that σ′(d′′) 6= r and σ′(d′′) 6= s⇒ σ′′ (d′′)=
σ′ (d′′) (eq. 25) is a permutation.

• if σ′(d′′) = r and r 6= q (eq. 11) and s 6= q (eq. 12)
⇒ σ′′(d′′) = p (eq. 23) and σ′′(p) = r (Def. 8) is a
permutation.

• if σ′(d′′) = s and r 6= q (eq. 11) and s 6= q (eq. 12)
⇒ σ′′(d′′) = q (eq. 22) and σ′′(q) = s (Def. 8) is a
permutation.

• if σ′(d′′) = r and s = q (eq. 12)⇒ σ′′(d′′) = p (eq. 24)
and σ′′(q) = s (Def. 8) is a permutation.

Proof. (2)

• if r 6= q (eq. 11) and s 6= q (eq. 12):

Given σ′′(σ′−1(r)) := q (eq. 22). We have
r = σ′(σ−1(q)) (eq. 8) thus:
σ′′(σ′−1(σ′(σ−1(q)))) = σ′′(σ−1(q)) := q

Given σ′′(σ′−1(s)) := p (eq. 23). We have
s = σ′(σ−1(p)) (eq. 7) thus:
σ′′(σ′−1(σ′(σ−1(p)))) = σ′′(σ−1(p)) := p

• if s = q (eq. 12):

Given σ′′(σ′−1(r)) := p (eq. 24). We have
σ′(σ−1(p)) = r (eq. 9).
σ′′(σ′−1(σ′(σ−1(p)))) = σ′′(σ−1(p)) := p

• ∀d′′ ∈ D \{σ′−1(d), σ′−1(α(d))} σ′′(d′′) = σ′(d′′)
(eq. 25). We have ∀d′ ∈ D \{σ−1(d), σ−1(α(d))}
σ′(d′) = σ(d′) (eq. 10) thus:
σ′′(d′′) = σ(d′′)
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Table 4: Re-insert and De-contract operations.
case EXPAND (p, q)

if s = q then
σ′′(σ′−1(r)) := p (eq. 24)

if r = q then
σ′′(σ′−1(s)) := p (eq. 18)

re-insert if σ′(q) 6∈ σ′∗(σ′(p))
-conditions or σ′(p) 6∈ σ′∗(σ′(q))

if σ′∗(p) = σ′∗(q)
-operations σ′′(σ′−1(s)) := q (eq. 16)

σ′′(σ′−1(s)) := q (eq. 17)
de-contract if σ′(q) ∈ σ′∗(σ′(p))
-conditions or σ′(p) ∈ σ′∗(σ′(q))
-operations σ′′(σ′−1(r)) := q (eq. 22)

σ′′(σ′−1(s)) := p (eq. 23)

Figure 5: Re-Insert Empty-Self-Loop(d, α(d)).

Tab. 4 summarizes the re-insertions and de-contractions.
It gives the conditions to recognize whether the pair of
darts were previously either removed (re-insert conditions)
or contracted (de-contract conditions) in the folding proce-
dure.

Example. Re-Insert Empty-Self-Loop: Fig. 5 gives an
example of an empty self-loop re-insertion. It shows the
combinatorial map before the re-insertion (Fig. 5 on the
left) and after the re-insertion (Fig. 5 on the right). Where
we can see that the value of σ′′(3) changes according to
Tab. 4, σ′′(σ′−1(σ′(α(d)))) := d (eq. 18) (σ′(3) = 1,
σ′′(3) = d).

Property. Canonical Encoding (Unfolding the pyra-
mid): Given the canonical encoding of the combinatorial
pyramid at any level, the initial combinatorial map (G0) can
be retrieved -without extra information. Traditional meth-
ods store the parent/child relations to be able to unfold the
pyramid. In the canonical encoding, we detect if we should
either re-insert or de-contract the pair of darts, of the passive
part, according with Tab. 4. And we apply the corresponding
operation either re-insertion or de-contraction.

5 Proof of concepts
Application (Connected component labeling). The
canonical encoding of the combinatorial pyramid has been
used for connected components labeling. At the base level
G0, a pair of darts (d, α(d)) connects a pixel of the initial
image with its 4-neighbors. Each dart stores the color of
its related pixel. In the connected component application,

Figure 6: Input Image.

the contraction kernels are composed of darts all having the
same color. The contraction may create redundant edges,
which constitutes the removal kernels.

Example (Connected components labeling). Fig. 6
is the input image of the combinatorial pyramid. Fig. 7
shows the first level of the pyramid, where the pixels which
have all their related darts in the passive part have black
color. Fig. 8 shows the combinatorial map at the top level
of the pyramid. Each connected component is contracted
to a single vertex. The combinatorial map encodes the
inclusion and adjacency relations among these connected
components. It fully describes the topology of the plane
partition.

Property (Memory requirements). A combinatorial
map with |D| darts maybe stored in one array of dimensions
equal to |D| × log2(D) bits (assuming that the unique
identifier of each dart (d) is assigned to its position in the
array, we only need to store σ(d)). If the reduction factor
between any two levels of the pyramid is K. The number of
darts at one level of the pyramid Gl is |D|

kl . Therefore, the
bits used to store the pyramid explicitly is log2(D)

∑n
l=0|D|

kl . It also needs in addition the parent/child relations to
unfold the pyramid. The implicit encoding [16, 5] requires
the storage of the combinatorial map at the base level and
one integer for each pair darts. The bits used to store the
implicit encoding is |D| log2(D) + 1

2 |D| (log2(n)). The
canonical implementation requires only the storage of the
combinatorial map at the base level |D| × log2(D) bits.

6 Conclusions and Future work
In the present work, we propose a canonical encoding of a
combinatorial pyramid. This new structure stores the whole
combinatorial pyramid and its construction history in the
same memory as the initial combinatorial map. We use the
order of the darts to encode the information about the pyra-
mid structure. It allows the full reconstruction of the pyra-
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Figure 7: Darts at the first level(D1).

Figure 8: Combinatorial Map at the top level(G9).

mid in both directions (folding and unfolding the pyramid).
Different ways to construct a combinatorial pyramid can be
found in the literature. Such methods either store a stack of
successively reduced maps; or they store the initial combi-
natorial map and additional information to describe the con-
struction history of the pyramid. The canonical encoding
of the combinatorial pyramid reduces the memory require-
ments of the previous works without loss the functionality.
In our proposed framework to encode the combinatorial
pyramid the darts ranked according to its importance on the
initial image (i.e. most of the darts of the uniform regions
are contracted at the firsts level of the pyramid. They will be
in the lasts positions of the canonical encoding). Now, we
plan to study this property of our canonical encoding and to
build signatures for image matching applications such as in
[14, 13].

Acknowledgement
The first author thanks to Doctoral College on Computa-
tional Perception (Vienna University of Technology, Aus-
tria) for funding.

References
[1] E. Antunez, R. Marfil, J. P. Bandera, and A. Bandera.

Part-based object detection into a hierarchy of image
segmentations combining color and topology. Pattern

Recognition Letters, 2013.
[2] L. Brun and W. Kropatsch. Dual contraction of

combinatorial maps. Technical report, Pattern
Recognition and Image Processing Group. Vienna
University of Technology, 1999.

[3] L. Brun and W. G. Kropatsch. Dual contraction of
combinatorial maps. Workshop on Graph-based

Representations, 1999.
[4] L. Brun and W. G. Kropatsch. Introduction to

combinatorial pyramids. Lecture Notes in Computer Science

2243., 2001.
[5] L Brun and W. G. Kropatsch. Combinatorial

pyramids. International Conference on Image Processing (ICIP),

Barcelona, Spain, 2003.
[6] L. Brun and W. G. Kropatsch. Construction of

combinatorial pyramids. Hancock, E.R., Vento,M. (eds.)

GbRPR 2003. LNCS, vol. 2726, pp. 112. Springer, 2003.
[7] L. Brun and W. G. Kropatsch. Contraction kernels

and combinatorial maps. Pattern Recognition Letters, 2003.
[8] L. Brun, M. Mokhtari, and F. Meyer. Hierarchical

watersheds within the combinatorial pyramid
framework. Discrete Geometry for Computer Imagery. Springer

Berlin Heidelberg, 2005.
[9] L. Brun and J. H. Pruvot. Hierarchical matching using

combinatorial pyramid framework. Lecture Notes in

Computer Science, vol. 5099. Springer, pp. 346355, 2008.
[10] X. Feng, Y. Wang, Y. Weng, and Y. Tong. Compact

combinatorial maps in 3d. Computational Visual Media.

Springer Berlin, 2012.
[11] A. J. Gareth and D. Singerman. Theory of maps on

orientable surfaces. Proceedings of the London Mathematical

Society, 1978.



Torres Fuensanta, Kropatsch Walter

125

Canonical Encoding of the Combinatorial Pyramid

[12] R. Goffe, L. Brun, and G. Damiand. Tiled topdown
combinatorial pyramids for large images
representation. International Journal of Imaging Systems and

Technology, 2011.
[13] S. Gosselin, G. Damiand, and C. Solnon. Efficient

search of combinatorial maps. Unknown Journal, 2011.
[14] S. Gosselin, G. Damiand, and C. Solnon. Frequent

submap discovery. Combinatorial Pattern Matching, Springer

Berlin Heidelberg, 2011.
[15] P. Lienhardt. Topological models for boundary

representation: a comparison with n-dimensional
generalized maps. Computer-Aided Design 23(1), 1991.

[16] F. Sbastien and Luc Brun. Efficient encoding of nd
combinatorial pyramids. International Conference on Pattern

Recognition (ICPR), 2010.
[17] T. Wang, G. Dai, B. Ni, D. Xu, and F. Siewe. A

distance measure between labeled combinatorial
maps. Computer Vision and Image Understanding,
116(12):1168 – 1177, 2012.



126



127

Author Index

Albouy-Kissi Adélaïde 6
Ali Abder-Rahman 6
Aoki Terumasa 27

Bischof Horst 81
Boben Marko 110
Boire Jean-Yves 6
Borovec Jiří 14
Bukovec Marko 75
Busch Wolfgang 43

Cehovin Luka 59
Chen Yunjin 19
Cuceloglu Ilkhan 89

Donner Rene 35

Fernandez Gustavo 59

Goto Shinichi 27
Grand-brochier Manuel 6

Hegedic Matjaz 95

Heipke Christian 51
Hlavac Vaclav 103
Holzer Markus 35

Janusch Ines 43

Klinger Tobias 51
Kristan Matej 59, 95, 110
Kropatsch Walter 43, 118
Kybic Jan 14

Lenc Karel 67
Leonardis Ales 59, 110
Likar Bostjan 75

Matas Jiri 59, 67
Mehle Andraž 75
Mishkin Dmytro 67

Nebehay Georg 59

Oberweger Markus 81
Ogul Hasan 89

Pernuš Franjo 75
Pflugfelder Roman 59
Pock Tomas 19
Porikli Fatih 59
Prusa Daniel 103

Racki Domen 95
Ranftl René 19
Rottensteiner Franz 51

Skocaj Danijel 95
Stria Jan 103

Tabernik Domen 95, 110
Tomaževič Dejan 75
Torres Fuensanta 118

Vacavant Antoine 6
Vojir Tomaš 59
Vrecko Alen 95

Wendel Andreas 81




