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Abstract

The thesis studies dense stereoscopic techniques which are usable for accurate, robust
and fast matching of high-resolution images of complex 3D scenes.

The main contributions are: (1) Image sampling invariant and affine insensitive complex
correlation statistic (CCS) which is based on representing the image point neighbourhood
as a response to complex Gabor filters. The CCS is a complex number with a magnitude
of invariant similarity and a phase of estimated maximum position between pixels.
(2) Methods for refining a disparity to sub-pixel precision - as an outcome of CCS phase,
and alternatively also as a single continuous optimization problem based on a simple
quadratic criterion. (3) A fast matching algorithm which avoids computing correlations
for the entire disparity space by growing promising correspondence hypotheses from
initial (even random) seeds. The growth is coupled with a confidently stable matching
algorithm by Šára, ECCV 2002, which robustly selects the matching among competing
hypotheses. (4) An algorithm for verification of given correspondences by uncalibrated
dense matching. It is destined for selecting correspondences before RANSAC in chal-
lenging matching problems, with low ratio of inliers, in cluttered scenes where standard
descriptor-based approach fails. An efficient procedure driven by Wald’s sequential
decision process grows a given correspondence while collecting statics until the decision
based on learned models.

Some methods presented in the thesis go beyond the scope of 3D reconstruction, and
they are applicable in many problems where the correspondences between images are
sought.



Resumé in Czech

Disertačńı práce studuje techniky hustého stereoskopického párováńı, které jsou použi-
telné pro přesné, robustńı a rychlé párováńı obraz̊u ve vysokém rozlǐseńı zachycuj́ıćıch
složitou 3D scénu.

Hlavńı př́ıspěvky jsou: (1) Na vzorkováńı obrazu invariantńı a affinně necitlivá komplexńı
korelačńı statistika (CCS), která je založena na reprezentaci okoĺı obrazového bodu
pomoćı odezev Gaborových filtr̊u. Statistika CCS je komplexńı č́ıslo, jehož absolutńı
hodnota představuje invariantńı podobnost obrazových okoĺı, fáze představuje odhad
polohy maxima mezi pixely. (2) Metody pro zpřesněńı disparity na pod-pixelovou úroveň
- použit́ım výsledeku z fáze CCS a alternativně jako jediný spojitý optimalizačńı problém,
který je založený na jednoduchém kvadratickém kritériu. (3) Rychlý párovaćı algoritmus,
který se vyhýbá vypoč́ıtáváńı korelaćı pro celý disparitńı prostor tak, že nar̊ustá slibné
korespondenčńı hypotézy z počátečńıch (dokonce i náhodných) semı́nek. Nar̊ustáńı je
spojeno se stabilńım párovaćım algoritmem Šára, ECCV 2002, který nakonec robustně
vybere párováńı mezi soutěž́ıćımi hypotézami. (4) Algoritmus pro ověřeńı správnosti
dané korespondence použit́ım nekalibrovaného hustého párováńı. Algoritmus je navržen
pro výběr korespondenćı před procedurou RANSAC v obt́ıžných párovaćıch problémech,
s ńızkým poměrem korespondenćı vyhovuj́ıćıch modelu, ve scénách se složitým rušivým
pozad́ım, kde standardńı př́ıstup založený na desktriptorech selhává. Efektivńı proce-
dura ř́ızená Waldovým rozhodovaćım procesem nar̊ustá danou korespondenci a sb́ırá
statistiky až do rozhodnut́ı, které je založeno na naučených modelech.

Některé metody představené v disertačńı práci sahaj́ı nad rámec 3D rekonstrukce a jsou
aplikovatelné v mnoha problémech poč́ıtačového viděńı, kde jsou hledány korespon-
dence.
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1 Introduction

This thesis deals with various correspondence problems. Points in the images are said to
be corresponding if they are projections of an identical point in three-dimensional (3D)
scene. In reality, we always search for a correspondence among pixels or larger image
regions, although the correspondence is elementarily defined among image points.

The correspondence problem is one of the fundamental problems in computer vision.
The tasks like 3D scene reconstruction from images, image registration, stitching, object
recognition, image retrieval rely on correspondences among images.

Our primary motivation is the automatic 3D reconstruction from images. First, we
will introduce the reader to basic notions and concepts of stereoscopic vision. Then we
will give a brief sketch of our approach to the entire task, i.e. getting a complete 3D
model of a scene from unorganized set of its images. Finally, we show where the thesis
contributes.

1.1 Stereoscopic vision

The 3D scene reconstruction is generally1 feasible using at least two images captured
with a camera at displaced viewpoints. This is the case of binocular stereo.

Consider Fig. 1.1: Cl, Cr are centers of projection of perspective cameras, πl, πr are
the camera image planes, where the images Il, Ir are their finite subsets with own local
(pixel) coordinate system. X is a 3D point of the observed scene. The xl ∈ πl, xr ∈ πr

are projections of the scene point X onto respective camera image planes. These points
are said to be corresponding.

The camera projection is algebraically realized as a linear mapping from scene coordi-
nate system into local image coordinate system of vectors in homogenous representation

λx̃ = PX̃, (1.1)

where λ is a non-zero real scalar, the symbol ∼ denotes homogenous coordinates, P is
the camera projection matrix of (3×4) elements, which encapsulates the camera position
and orientation and the camera intrinsic transformation realizing the mapping from the

1Under very strong assumptions about the scene, there exist works producing a simplified and approxi-
mate 3D model from a single image, e.g. [133, 6, 65]. However, this is a completely different approach
to ours.
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1 Introduction

σ

b

X

xl xr

el er

ll lr

Cl Cr

πl πr

Figure 1.1: Binocular stereo setup.

camera coordinates into local image coordinate system; the parameters are focal length
and pixel scales.

First, let us assume the cameras are fully calibrated. We know the projection matrices
Pl,Pr, i.e. we know where Cl, Cr, πl, πr lie in the coordinates of the scene. Then by
intersecting the rays (Cl,xl) and (Cr,xr), we obtain the scene point X. The essential
for the reconstruction is to establish the matching of the corresponding points between
the images.

The line segment connecting camera centers Cl and Cr is called the baseline. Usually,
the wider the baseline is, the more exact triangulation of X can be achieved, but wide
baseline complicates the matching, since image neighbourhoods of corresponding points
are potentially more different for more distant viewpoints.

There exists a geometric relation between the images which significantly simplifies the
matching. This is the epipolar geometry. The triangle Cl, Cr and X defines a plane
σ, called the epipolar plane. The intersection of the baseline with image planes πl, πr

are the epipoles el, er. The epipoles are the images of the other camera centers. The
intersection of the epipolar plane σ with image planes πl, πr are the epipolar lines ll, lr
respectively.

An image point lying on the epipolar line in one camera lies on the corresponding
epipolar line in the other camera. This constraint is called the epipolar constraint.
Algebraically it relates the image points as,

x̃Tr Fx̃l = 0, (1.2)

where F is the fundamental matrix of (3×3) elements. Thanks to the epipolar constraint,

2



1.2 Difficulty of the correspondence problem

the correspondence problem becomes a one-dimensional search along the epipolar lines
only.

Moreover, having the fundamental matrix F, the images may be geometrically trans-
formed such that the epipolar lines coincide with the same row in both images. This
process is called epipolar rectification. After the rectification it holds:

Īr(x, y)↔ Īl(x+ d(x, y), y), (1.3)

where Īl, Īr are rectified images, y is image row coordinate, x is image column coordinate
and d(x, y) is called the disparity. The disparity in the current point (x, y) is inversely
proportional to the depth of the scene. The “↔” is a symbol of the correspondence.
The map of the same size as image Īl, where a pixel (x, y) has a disparity d(x, y) we
call a disparity map d. Note that disparity may not be defined for certain pixels, e.g.
occluded.

A different situation occurs when neither the calibration nor the epipolar geometry
are known. Then one needs to use the corresponding points as well to estimate the
calibration. This is a task of so called Wide Baseline Stereo (WBS). Using (1.2), the
fundamental matrix F can be directly estimated from several corresponding points. Also,
camera matrices Pl,Pr can be estimated from corresponding points. These methods
are described in e.g. [60], where minimal number of correspondences and degenerate
configurations are analyzed.

Since the epipolar geometry is unknown, the correspondence problem remains a two-
dimensional search, which is susceptible to mismatches. Therefore a robust estimation of
the model is necessary. A usual approach is to generate a set of promising tentative corre-
spondences and then fit the model in a robust manner using methods like RANSAC [40]
to detect the mismatches, which are outliers from the model. This procedure is ex-
ponentially dependent on the complexity of the model, therefore minimal number of
correspondences to determine the model is desired. And it is polynomial in the ratio of
outliers, therefore obtaining high quality tentative correspondences is important.

1.2 Difficulty of the correspondence problem

As we have seen, a correspondence problem is crucial for the 3D reconstruction and
appears in both cases with and without the epipolar geometry. However, matching the
correspondences in the images is generally a tough ill-conditioned problem. The main
sources of difficulty are the following:

• Non-Lambertian scene

Lambertian bidirectional reflectance distribution function (BRDF) [110] is re-
quired. It means the surface point radiance is uniform with respect to viewing
direction. This is an abstraction which can never be fulfilled. The model is a

3



1 Introduction

good approximation for opaque dielectric surfaces with subsurface scattering and
no boundary reflection.

The only known method for visual stereopsis with arbitrary BRDFs of the scene is
using a special configuration of illumination and camera, exploiting the Helmholtz
reciprocity principle. Loosely, it says that swapping the position of the light source
and the camera, the outgoing radiance is the same for both original and swapped
camera positions regardless the surface BRDF [184].

• Constant intensity regions in the images

There is an inherent ambiguity in stereo. Baker et al. [5] demonstrated this fact
constructing the same lightfield (set of all measurements that could be used by a
stereo algorithm) via albedo (the ratio of reflected to absorbed power) alteration
for different depth object surfaces. Weakly-textured regions, regions with low SNR
are ambiguous, since their image points are not distinguishable for matching.

• Repetitive pattern in the images

When there is a repetitive texture in the images, the matching may be ambiguous,
due to pattern self-similarity. The probability of occurrence of such event can be
reduced using more (calibrated) cameras for matching [115].

• Occlusions

There may exist parts of the scene which are visible in one camera only and not
in the other. Then the correspondence does not exist for the occluded regions.
Matching algorithm must tackle this problem. This may be caused by an object
in front of the background or an abrupt change in the scene depth.

In a multi-view case, there are even more types of occlusions. The scene part may
be visible by a subset of the cameras only.

There are several other causes of difficulty, e.g. noise in the images, discretization
artifacts, perspective or non-linear distortion of the images, etc.

1.3 From unorganized images to a 3D model

In this section, we briefly introduce an automatic 3D reconstruction pipeline which was
developed in Center for Machine Perception [31, 69]. The algorithm produces a 3D
model from a set of unorganized images.

There exist other 3D reconstruction pipelines in literature, e.g. the method [1] pro-
duces a dense 3D model of urban environment from uncalibrated video sequences, or
Microsoft’s product Photosynth2 started as Photo tourism project [144] which works
with Internet photo-collections. The original idea was that the algorithm calculates
the camera position and a sparse reconstruction and a user navigates inside the virtual

2http://livelabs.com/photosynth/

4



1.3 From unorganized images to a 3D model

reconstruction

detection + description
distinguished regions of image pairs

sub-pixel
surface

calibration
of cameras

selection

+ rectification

disparity

Fij Pi,X
pairwise

matching of

Pi

triangulation
correction

distinguished regions

dense
matching

3D model

maps
3D point disparity

subpix. disparity
mapscloud

input images regions
described sparse corresp.

pairs

rectified
image

Figure 1.2: 3D reconstruction data processing pipeline. Blocks where the thesis con-
tributes are highlighted by a green color.

Figure 1.3: Input images of Henri Miller’s statue L’écoute in Paris. The entire set used
for 3D reconstruction contains 26 images.

space and the system then offers the closest virtual view from a set of stored images.
Recently, the authors added a dense multi-view stereo to produce a dense 3D model
automatically [52].

A flowchart of our 3D reconstruction pipeline is sketched in Fig. 1.2. The algorithms
works with unorganized images, which are captured by a consumer camera. An example
is shown in Fig. 1.3. Notice, the object is occluded by people walking around and
climbing the statue. This occurs in many images. However, the algorithm is robust to
this type of occlusions too.

First, distinguished regions are detected in all n input images. These are the regions
which are repeatably-detectable under image transformations induced by various view-
points. We used Maximally Stable Extremal Regions (MSERs) [99] or Hessian Affine
points [134]. An example of distinguished regions detected in a stereopair is in Fig. 1.4.

5



1 Introduction

Figure 1.4: Distinguished regions detected in the images of a stereopair; MSER+ are in
green and MSER- in red color [99].

Figure 1.5: The stereopair with estimated epipolar geometry; distinguished regions which
are inliers of the epipolar geometry, epipolar lines in blue color.

These regions are geometrically normalized according to regions’s local affine coordi-
nates constructed from local characteristics of the region. The normalized regions are
then described with SIFT image descriptor [95]. The descriptor carries the viewpoint
invariant (modelled as affine transformation invariant) information about the region’s
neighbourhood in the image.

Next, under no assumptions about the acquisition of images, each of
(
n
2

)
image pairs

are attempted to match in order to establish their epipolar geometry.3 Loosely speaking,
the pairs of regions with closest descriptors are inserted into a set of tentative correspon-
dences for each image pair [99]. The epipolar geometry is found by fitting the model of
fundamental matrix F in (1.2) into the set of tentative correspondences using RANSAC.
The estimated epipolar geometry for the stereopair is shown in Fig. 1.5. However, before
the RANSAC is applied, we propose to verify the tentative correspondences first using
an efficient dense matching-based algorithm which tries to match image neighbourhoods
of tentative correspondences and evaluates their quality. This is important in difficult

3We are aware that this is too expensive for a large set of images. This can be avoided by image
retrieval techniques, clustering the space of descriptors, e.g. [143, 121].

6



1.3 From unorganized images to a 3D model

Figure 1.6: Estimated cameras Pi and sparsely reconstructed points X. Courtesy Daniel
Martinec.

matching problems, where compact descriptors do not perform well, problems with high
ratio (above 90 percent) of outliers among tentative correspondences, typically complex
3D structure with many occlusions. This method is described in Chapter 6, originally
published in [23].

The correspondences between pairs of images which are inliers of the epipolar ge-
ometries are used for calibration of cameras. This is done by an algorithm described
in [98, 97]. The procedure robustly estimates the camera matrices Pi and sparse 3D
points X. The estimate of camera parameters and 3D points is refined by bundle-
adjustment [157], which minimizes the reprojection error, i.e. the least squares error
between the points detected in the images and reprojection of reconstructed points by
estimated cameras. Reconstructed cameras together with sparse 3D points for the ex-
emplar scene are shown in Fig. 1.6.

Next, suitable image pairs for subsequent rectification and dense matching are selected.
These are the image pairs with large number of sparse correspondences. The selected
pairs are epipolarly rectified, i.e. the images are warped by homographies such that the
epipolar lines are aligned with common image rows. A review of the rectification methods
can be found in [101]. The rectification is important since it makes the distortion of local
image neighbourhoods due to slanted surfaces well defined and allows the subsequent
dense matching algorithm to be computationally efficient. The rectified stereopair from
Fig. 1.5 is shown in Fig. 1.7(a).

The dense matching algorithm finds correspondences between pixels. For each rectified
image pair, it produces a disparity map, see (1.3). We use the algorithm described in
Chapter 5 which was originally published in [26]. The disparity map for the above
stereopair is shown in 1.7(b). Our approach is that the dense matching algorithm must
not make too many errors, since the matching errors make the 3D model reconstruction
difficult. However, the effort of making fewer matching errors is at the cost of a lower

7



1 Introduction

(a) (b)

Figure 1.7: The rectified stereo-pair with epipolar lines shown in a blue color (a). The
color-coded disparity map; warmer colors correspond to higher disparities, colder color
to lower disparities, gray color means unassigned disparity (b).

Figure 1.8: Resulting 3D model as fish-scales [132]. The first view is untextured while
the other is textured.

8



1.3 From unorganized images to a 3D model

density of the disparity map. The matching algorithm has the ‘reject option’, i.e. it does
not decide a disparity in case of ambiguous data.

Integer disparity maps are refined to sub-pixel precision. Although we are using rela-
tively high-resolution images (above 1 MPx), the sub-pixel disparity correction visually
improves the 3D model. This is possible by several approaches, our methods are de-
scribed in Chapter 4, and partially published in [25].

Resulting sub-pixel disparity maps are ‘unrectified’, i.e. the correspondences are recal-
culated with respect to images before rectification, and triangulated using the estimated
cameras. This results in a dense 3D point cloud.

The simplest version of the surface reconstruction is based on ‘fish-scales’ [132]. Loosely,
they are small planar discs tangent to the surface, spanned by two largest eigenvectors
of covariance matrices found by the K-means algorithm. This simple method reduces
the amount of data without significant loss of detail and it is able to eliminate certain
mismatches. The resulting 3D fish-scale model of the exemplar scene is shown in Fig. 1.8
in two different views both untextured and textured. If needed, the triangulated mesh
is obtained by standard methods [4, 73].

The cardinal techniques which will be described in the thesis are related to dense
stereoscopic matching algorithms. Therefore, we first review the state-of-the-art meth-
ods, identify the problems and formulate the program of the thesis.

9
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2 State of the art

This chapter overviews state of the art in the dense stereoscopic matching. The following
description is not intended to be complete due to enormous number of research papers in
the field, however we will try to characterize the fundamental methods which represent
different paradigms. There exists several papers reviewing the stereo algorithms, e.g.
[36, 80, 19].

The adjective stereoscopic comes from a stereoscope which is derived from two Greek
words στε%εóς meaning solid and σκoπει̃υ which means to observe. The stereoscope is
an instrument which allows a human to perceive a depth of the virtual scene from two
pictures with a disparity. The stereoscope was invented and named by Wheatstone [172]
in 1838 and further improved by Brewster [18], see Fig. 2.1. Nevertheless, the binocular
projection was studied even earlier, which is referred in [18], by Euclid in ancient Greece
and later for instance by Leonardo da Vinci in renaissance. A large development of
stereoscopy followed after the invention of photography by Niépce and Daguerre around
1830. The photography initiated a discipline closely related to stereoscopy called a
photogrammetry around 1850 [21]. The photogrammetry employs methods for estimating
3D coordinates of the scene from 2D measurements in two or more of its photographs,
i.e. basically, identification of correspondences and triangulation.

The research of stereoscopic vision in the 20th century was firstly driven by neuro-
physiologists and psychologists studying the human stereo-vision, Julesz [68], and an
effort to construct stereo algorithms which mimic it, Marr [96].

The early beginnings of stereoscopic matching were based on matching distinctive
features (regions) of images, e.g. edges, corners, zero-crossings of local image Laplacian,
etc. The reason was the low computational power of machines in the seventies of the last
century. The results were sparse, a disparity was assigned to few pixels only. The review
of these feature-based methods can be found in [36]. Nowadays, feature-based methods
are used in wide baseline stereo (WBS) as discussed in the previous chapter. We will
not discuss feature-based methods in detail. We are interested in dense-matching, i.e.
in algorithms which find correspondences between pixels as densely as possible up to
occlusions or ambiguity.

11



2 State of the art

(a) (b)

Figure 2.1: The stereoscope (a) and a pair of stereo-images (b). A trained person is
able to perceive the depth of the stereo-pair directly by crossing the eyes. Reproduction
from [18].

2.1 Taxonomy of dense matching methods

In the following section we will try outlining a taxonomy of the dense matching methods.
The taxonomy is not strict and captures our view of the field.

There exist two basic approaches in dense matching methods: First, methods for-
mulating the task as an explicit global optimization problem incorporating the prior
model (A). Second, the methods where no explicit prior is employed and the correspon-
dences are selected according to a certain principle (B). In the middle, there are heuristic
methods, which try to improve the matching iteratively.

2.1.1 Energy minimization methods (A)

These methods are formulated as an inverse problem with a shape prior. They are also
sometimes called global since the matching task is formulated as an optimization of a
single criterion. The inherent ambiguity of the stereo matching is solved by regularization
via incorporating a prior model of the scene.

The common justification of these methods is a probabilistic formulation in a Bayesian
framework. The optimal disparity map d∗ has the maximum aposteriori probability
(MAP), i.e. the most probable solution given the input images Il and Ir

d∗ = arg max
d∈D

p(d | Il, Ir). (2.1)

We denote D a domain of disparity map d, see (1.3). Using the Bayes law, the problem
becomes

d∗ = arg max
d∈D

p(Il, Ir | d)p(d). (2.2)

12
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The data term, which reflects an agreement of the solution with data, is of the form

p(Il, Ir | d) =
1
ZD

e
−D(Il,Ir,d)

λD , (2.3)

where D(Il, Ir,d) is a non-negative function which measures how well the current dis-
parity map d maps the images Il, Ir onto each other, λD is the scale (dispersion of the
distribution) and ZD is a normalization constant.

The prior term is of the form

p(d) =
1
ZR

e
−R(d)

λR , (2.4)

where R(d) is a non-negative regularizing function which penalizes the current disparity
map d, λR is the scale, and ZR is a normalization constant.

Substituting terms (2.3) and (2.4) into (2.2), applying logarithm, setting λD = 1 and
renaming λ = 1

λR
, we get the original problem in the energy minimization form

d∗ = arg min
d∈D

[
D(Il, Ir,d) + λR(d)

]
= arg min

d∈D
E(d), (2.5)

where a non-negative scalar λ is the parameter which controls a relative strength of the
prior term.

Now, according to the domain D of the disparity map which is considered, we further
distinguish the energy minimization methods. If domainD is a space of discrete functions
of a discrete variable, we are speaking about discrete optimization methods (A.1). If
domain D is a space of continuous (differentiable) functions, we are speaking about
variational methods (A.2).

Discrete optimization methods (A.1) The domain D is considered a space of discrete
functions of discrete variables. Then, the disparity map is a finite set of pixels with
assigned discrete labels. We denote L a finite set of possible labels, which consists of
a range of integer disparity values, and possibly some extra labels for occlusions and
missing correspondences. We denote dt ∈ L a label which is assigned at pixel t ∈ T
located at position (x, y), where T is a finite set of all disparity map pixels. Linearized
notation dt is a shortcut for dx,y. The problem is often modeled using a Markov Random
Field (MRF). The data term (2.3) factorizes over pixels

p(Il, Ir | d) =
1
ZD

∏
t

e
− δ(Il,Ir,dt)

λD , (2.6)

where δ(Il, Ir, dt) is unary potential, a function which measures similarity of pixel inten-
sities for disparity at pixel t. For instance using Gaussian error distribution, its simple
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form is δ(Il, Ir, dt) = δ(Il, Ir, dx,y) =
(
Il(x+dx,y, y)−Ir(x, y)

)2. The prior term factorizes
over cliques (pairs of neighbouring pixels t,t′)

p(d) =
1
ZR

∏
t,t′

e
−
ρ(dt,dt′ )
λR , (2.7)

where ρ(dt, dt′) is binary potential, a function reflecting compatibilities of labels ar neigh-
bouring pixels. For instance, the simple example is ρ(dt, dt′) = 0 if dt = dt′ , otherwise
ρ(dt, dt′) = 1. The prior then becomes Potts model [7].

Performing the same manipulation as above, the original problem written in the energy
minimization form is

d∗ = arg min
d∈L|T |

∑
t

δ(Il, Ir, dt) + λ
∑
t,t′

ρ(dt, dt′). (2.8)

All these methods typically use very simple data models, such as the mentioned
squared difference of pixel intensities, or some robust alternative of it. Various methods
differ in the way they model occlusions (by introducing extra labels) or the methods
differ in the algorithm how they solve the discrete optimization problem (2.8).

The problem (2.8) is NP-hard in general. The brute-force approach is of complex-
ity O(|L||T |). There exist solvable sub-classes of the problem which are applicable to
stereo [42, 138]. Solvability depends on the problem topology, structure of label set
and the form of pairwise potentials. For the remaining problems, one can use approxi-
mate algorithms which find a sub-optimal solution. This is e.g. (loopy) belief propaga-
tion [120, 38], Kolmogorov’s TRW-S algorithm [75], max-sum diffusion by Kovalevsky
and Flach [86, 41], Schlesinger’s linear programming relaxation [137, 170, 171] or recent
method via dual decomposition by Komodakis et al. [79].

Other approach to avoid NP-hard optimization is to decompose 2D problem into a
collection of independent problems along scanlines, i.e. image rows which are epipolar
lines in rectified images. It leads to a search of the shortest path through the correlation
table1 with an extra penalty for occlusions. This is found by dynamic programming.
The early representatives are by Gimel’farb [51] and Cox et al. [32].

Belhumeur [8] proposed three different prior models: smooth surfaces, piecewise smooth
surfaces, and piecewise smooth surfaces with steeply sloping surfaces. He also proposed
an extension to this approach incorporating a inter-scanline (vertical) smoothing via
iterative optimization initialized from the independent-scanline solution.

Bobick [14] noticed a large sensitivity of the solution to the cost of occlusions and
proposed using Ground Control Points, it means highly-reliable matches. Sensitivity
to the occlusion penalty is reduced, as well as the computational complexity. Bobick
also proposed exploiting the possible coincidence of occlusion boundaries with intensity
discontinuities in the images.

1Correlation table is a set of all potential matches with assigned (dis)similarity.
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Torr and Criminisi [156] pointed out that traditional approach using separate scanline
dynamic programming suffers from streaky disparity map. To avoid these artifacts, the
authors try to exploit the information from previously applied corner and edge detector
to establish “pivots.” The trajectory is not forced to go through the pivots, they have
set a low cost in order to attract the path to them. They observed a speedup of the
algorithm due to the pivoting.

Gong and Yang [54] proposed reliability based dynamic programming. The reliability
of each potential match is computed, such that it is the cost difference of the best path
that goes through the match and the best path that does not go through that match.
Hereby, there is a reliability threshold which rejects ambiguous matches, beside the
parameter for smoothness. This thresholding is in fact an incomplete version of stable
matching [129]. Stability alone as a matching criterion has been used by Šára, as will
be discussed in Sec. 2.1.2.

Several authors made an effort to approximate the isotropic 2D prior encoded in the
four connected neighbourhood graph of MRF by its acyclic sub-graph, which is optimized
using dynamic programming. The idea is that the dynamic programming is run along
different directions, not only along epipolar lines and the cost of the paths is aggregated.
This approach is applied for instance by Mozerov [106] or recently by Hirschmüller [63]
in a successful algorithm applied to high-resolution aerial images of cities. Alternatively,
similar mechanism with trees are presented for instance by Veksler [165] or by Bleyer
and Gelautz [13]. This approach is promising, since it is fast and results are still good.

A relatively successful is the algorithm which transforms the optimization (2.8) into
finding a minimum cut in a graph constructed above image pixels. Boykov et al. [17]
demonstrate a stereo algorithm via energy minimization with graph cuts. It was one
of the first proper formulations with fully isotropic prior model. The class of functions
which can be optimized via graph cuts is specified by Kolmogorov and Zabih [78]. The
authors designed stereo matching algorithm with explicitly modeling occlusion using this
optimization technique [76, 77]. Graph cuts have become a popular technique which is
applied in various stereo algorithms combined with other methods or monocular cues.
For instance, high-quality results are reported by Bleyer and Gelautz [12], where the im-
age segmentation is employed. It positively effects the accuracy of occlusion boundaries
and the regions of a weak texture.

The drawback of graph cuts is a relatively narrow class of problems where this algo-
rithm is applicable. In certain methods, the problem (2.8) is optimized by belief propa-
gation, e.g. the algorithm by Sun et al. [149] or by Felzenszwalb and Huttenlocher [38].
The problem of belief propagation is that the convergence is not guaranteed in graphs
containing cycles, which is the case of problem (2.8). Tappen and Freeman [153] com-
pared the optimization of problem (2.8) with identical parameters using graph cuts with
belief propagation in a controlled setup with ground truth. They concluded that results
are comparable, although Graph Cuts finds a disparity map with lower energy, not nec-
essarily better with respect to the ground truth. Another similar comparative study is
given by Szeliski et al. [152]. The authors compare minimization with graph cuts, belief
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propagation and TRW-S algorithm in various benchmark discrete minimization tasks,
including stereo.

The main drawback of the methods using a strong prior model is their tendency
to smooth out occlusion boundaries and interpolate through regions with significantly
low data support. This regularization of the matching problem is often erroneous and
misleading for a structure reconstruction problem. The prior used is usually too simple
and does not capture the natural scene statistics well. This is due to a difficulty to design
and to minimize more complex priors. Nevertheless, methods that learn the priors has
appeared, e.g. Scharstein and Pal [135] learn parameters of the (conditional) MRF from
ground truth dataset. Recently, Woodford et al. [173] reported an improvement when
incorporating second-order smoothness, which requires higher-order cliques in MRF.

What is also missing is a reject option, since in many applications the algorithm
should not assign a doubtful disparity. It should identify the ambiguous regions instead.
However, this is not easy to introduce into MAP methods.

The consequent artifacts are demonstrated in Fig. 2.2 and Fig. 2.3. There are two
representatives of class A methods (employing a strong prior model): independent scan-
line search using a dynamic programming by Cox et al. [32] Fig. 2.2(a), Fig. 2.3(a) and a
method with isotropic prior using graph cuts by Kolmogorov and Zabih [76] Fig. 2.2(b),
Fig. 2.3(b). The parameters were tuned to give visually the best results. Notice the
streaks in the dynamic programming results and assigning an incorrect disparity in the
regions of the sky where there is no data. Graph cuts produce a disparity map with
a few patches of a constant disparity, which is not accurate and mostly erroneous, e.g.
the regions around the the apple tree trunk and poor results for the larch grove. On
the other hand class B methods, described later, represented here by Confidently Stable
Matching algorithm [129] Fig. 2.2(c), Fig. 2.3(c) and GCS matching [26] (described in
Chapter 5 of the thesis) Fig. 2.2(d), Fig. 2.3(d) do not suffer from such artifacts.

Variational methods (A.2) The following methods consider the domain of disparity
map a space of continuous differentiable functions and express the problem (2.5) as a
variational task

d(x, y)∗ = arg min
d(x,y)

∫∫
D
(
Il, Ir,d(x, y)

)
+ λR

(
∇d(x, y)

)
dxdy. (2.9)

To solve the problem, Euler-Lagrange equation, a necessary condition, is written. This is
a partial differential equation (PDE). There are two main approaches to solve the PDE.
It can be solved such that d becomes also a function of time d(x, y, t). It results in a
gradient descent diffusion process which starts from an initial estimate of disparity map
d(x, y, 0) = d0(x, y) and should converge to the optimum d∗ when time t→∞. This is
for instance the case of work of Robert and Deriche [126], Alvarez et al. [2] or Strecha
et al. [147]. Alternatively, the solution of PDE is found by the level set method, see e.g.
Deriche et al. [34], Faugeras and Keriven [37], or more recently Lhuiller and Quan [94].
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left rectified image right rectified image

(a) (b)

(c) (d)

Figure 2.2: Apple tree data set. Disparity maps from (a) Dynamic Programming [32],
(b) Graph Cuts [76], (c) Confidently Stable Matching [129], (d) Growing Correspondence
Seeds [26] (the proposed method described in Chapter 5). Disparity maps (a) and (b)
by courtesy of Jana Kostlivá.
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left rectified image right rectified image

(a) (b)

(c) (d)

Figure 2.3: Larch grove data set. Disparity maps from (a) Dynamic Programming [32],
(b) Graph Cuts [76], (c) Confidently Stable Matching [129], (d) Growing Correspondence
Seeds [26] (the proposed method described in Chapter 5). Disparity maps (a) and (b)
by courtesy of Jana Kostlivá.
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Variational methods are suitable for reconstruction of a single surface, rather than for
reconstruction of a scene which contains multiple objects. They are often used in multi-
view surface reconstruction. A criticism is that they produce over-smoothed results,
although modern regularizers preserve depth discontinuities correctly, e.g. Zimmer et
al. [185]. Another criticism of these methods is their reliance on a proper initialization
and potential stucking in a local extremum. However, impressive results of reconstructed
surfaces from multiple-views with many fine details are shown by Strecha [147], where
the initialization is from a sparse correspondences used for camera calibration. The
algorithm proceeds in a multi-resolution fashion, where the surface estimated at the
coarser level of the image initializes the process at the finer level.

On the other hand, an advantage of these methods compared to discrete optimization
methods is, besides the natural sub-pixel accuracy, an algorithmic efficiency in the sense
of memory resources and also computational time. Hereby, they allow to work with high-
resolution images and thus achieve higher accuracy, as also pointed out by Strecha [146].

2.1.2 Discriminability based correspondence selection (B)

These methods are formulated as a constrained correspondence recognition problem.
They proceed such that they recognize what belongs together based on the sufficient
discriminability of the image point description without an explicit prior model of the
scene. They use only simple geometrical constraints, like uniqueness and ordering2.

Each image point is described by a feature vector. It is often a vector containing
pixel intensities of a square neighbourhood of the image point (a window) or other more
sophisticated descriptors. Then the algorithms construct a matching table, which is a set
of all potential matches together with their similarity statistics computed over the feature
vectors. The similarity statistic used is often SSD (Sum of Squared Differences), SAD
(Sum of Absolute Differences), NCC (Normalized Cross Correlation), MNCC (Moravec’s
Normalized Cross Correlation) [105], etc.:

SSD(Wi,Wj) =
n∑
k=1

(Wi(k)−Wj(k))2, (2.10)

SAD(Wi,Wj) =
n∑
k=1

|Wi(k)−Wj(k)|, (2.11)

2Uniqueness constraint says that the matching algorithm can establish one to one correspondences
only, i.e. a correspondence where one image point is matched to more than one image point in the
other image is not allowed. This assumes opaque surfaces.

Ordering constraint says that the order of image points on the epipolar line (row of the rectified image)
is the same for both cameras, i.e. a set of correspondences violating this order is not allowed. Note
that continuous surface that is visible in both cameras does not violate ordering.
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NCC(Wi,Wj) =
cov(Wi,Wj)√
var Wi var Wj

, (2.12)

MNCC(Wi,Wj) =
2 cov(Wi,Wj)

var Wi + var Wj
, (2.13)

where the Wi and Wj are n-dimensional feature vectors of image point i and j respec-
tively. Zabih and Woodfill [178] proposed a similarity statistics which is based on rank
transform and census transform of the intensities in the window. Such transforms make
the resulting statistics insensitive to certain photometric perturbations and also more
robust to occlusions, as reported. A review and benchmark of similarity statistics used
for stereo can be found in a recent paper by Hirschmüller and Scharstein [64].

Finally, the matching algorithm establishes the matches based on the correlation table
according to a certain principle. This classic approach is described in Sec. 3.1.

The simplest algorithm of this family is the Winner Takes All (WTA), see for ex-
ample [82]. It selects the match with the highest similarity for each row (or column)
of the matching table, without any other constraints. Since the uniqueness constraint
is not generally preserved, the algorithm does not produce one-to-one matching. This
algorithm may be used as a reference method only or in real-time applications, where
the speed is highly important. Mulligan et al. [108] presented their real-time stereo
algorithm using trinocular reconstruction from five cameras. Jia et al. [66] constructed
special hardware using FPGA, which can produce 640× 480 disparity map in 30 fps.

People noticed soon, the result of WTA is not perfect and posed other constraints on
the disparity map. The famous one was the algorithm of Pollard, Mayhew and Frisby
using the disparity gradient limit [123]. Disparity gradient limit is a constraint that
generalizes the ordering constraint. The authors attempted to improve results by not
allowing steep disparity changes. Although they were considered successful at their time,
today they are overtaken by MAP methods with isotropic prior.

Šára [130] revised the optimality condition and proposed a stability as a criterion for
finding solution. The stability principle says that the solution should not change much
with a small perturbation of data. Šára designed a Confidently Stable Matching (CSM)
algorithm [129] which finds the largest unambiguous matching, according to preselected
confidence level. The algorithm constructs an oriented graph on the matching table
cells in such a way that edges are oriented from the higher to lower similarity values
within the forbidden zone generated by uniqueness and ordering constraint. Intervals
around the similarity values derived from the confidence level are compared instead of
the similarity values themselves. The task leads to finding the kernel of such graph. The
principle of the algorithm is also described in Chapter 5.

Methods using a rectangular window to compute the similarity statistic suffer from
artifacts when the disparity is not constant within the window, especially near occlusion
boundaries. This effect causes a “fattening” of thin objects and generally decreases the
discriminability of the correlation statistic within the matching table. An analysis of the
cases of this problem was studied by Šára and Bajcsy [131]. There are several ideas to
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cope with this problem. Bhat and Nayar [9] proposed a robust rank correlation. Noguchi
and Ohta [112] propose to limit the value when computing the sum of absolute differ-
ences, but the remaining problem is a dynamic estimation of this limit. Hirschmüller [62]
proposes to divide the correlation window into sub-windows and compute the correla-
tions separately. The final correlation is computed from the central sub-window plus N
best correlations. Okutomi and Katayma [116] use offset-windows, where the pixel of
interest is not in the window center.

Kostková and Šára [83] proposed a method, where the matching window is adapted
according to disparity-components in the disparity space re-projected into images. The
discriminability enhancement is significant.

There are algorithms which do not model the neighbourhood of a pixel by taking
the surrounding pixel intensities, but describe it with other feature vectors, based on
coefficients of various filter responses. This is the case of Jones and Malik [67] and all
phase-based techniques, which are described in Sec. 2.2. Clerc [30] uses Gabor wavelets
for a local image description and MNCC of these features. She models the first or-
der disparity, i.e. estimating both constant disparity and its slope. The experiments
demonstrate a high discriminability even for repetitive-patterned texture, where stan-
dard correlation fails.

2.1.3 Heuristic methods

There are several algorithms which try to find the matching with an iterative process,
usually based on some heuristics. These algorithms usually attempt to incorporate a
prior model into the class B methods.

Zhang and Kambhamettu [182] assume the disparity varies smoothly within a homo-
geneous intensity image segment. Initially, the algorithm establishes certain matches
and classifies segments as valid, semivalid or invalid (occluded) according to the ratio
of the certain matches within. Then the algorithm iteratively propagates the reliability
information. Szeliski and Scharstein [150] perform the matching on per-scanline interpo-
lated images. Initially, a few matches with high confidence values are established. Then
the algorithm propagates confidence labels into so far ambiguous regions aggregating the
matching table with successively larger windows. Similar progressive matching strategy
where the more confident correspondences are matched before the less confident, in or-
der to reduce the ambiguous space, can be found for instance in papers by Zhang and
Shan [183] or Wei and Quan [168].

2.2 Phase-based techniques

By the phase, it is meant the Fourier phase of a signal or the angle of a response to a
complex-valued (quadrature) filter in general, see e.g. Granlund and Knutsson [55]. The
phase is supposed to be a discriminable and stable feature under various global illumina-
tion changes and geometric deformation. Phase-based approach allows a simultaneous
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sub-pixel estimation of the disparity, exploiting the Fourier shifting theorem: a shift in
the spatial domain corresponds to a shift of the phase in the frequency domain.

Weng [169] introduced the windowed Fourier phase as a matching primitive. The
matching algorithm successively refines the disparity in the coarse-to-fine framework,
using a hierarchical image pyramid. The approach is fully 2D, epipolar geometry needs
not be known.

Sanger [127] used Gabor filter responses to compute the disparity. The final disparity
is calculated as a weighted average of the disparities obtained from various filter bands.
The weights are derived from the similarity of absolute value of the responses.

Fleet and Jepson [44, 43] also used Gabor filters. They introduced a stability criterion
of the phase, which is based on the discrepancy of the tuning frequency of the Gabor
filter and the local frequency of the response. Unstable estimates are not used in the
subsequent iterative algorithm.

Xiong and Shaffer [175, 174, 176] derived a stability criterion similar to [44] defining
more conditions for the phase stability. They proposed to use the moment and hyper-
geometric filters beside the Gabors. These filters are orthogonal, complete and have
special recursive properties in both spatial and frequency domain. They use high-order
Taylor expansion of the response which allows affine invariant estimation, but it requires
solving a set of equations by an iterative procedure for each match.

There are other papers, which present matching algorithms combining phase-based
techniques with other well-established methods. Fröhlinghaus and Buhmann [46] pro-
posed a regularization with smoothness in a Bayesian framework. Similarly, Pan and
Magarey [119] build a hierarchical image pyramid and run a stochastic relaxation at
each level optimizing the function which includes occlusion and smoothness term.

2.3 Other methods

There exist several other techniques in the literature which are based on a completely
different approaches than methods mentioned above. We name a few of them.

Tomasi and Manduchi [155] designed an algorithm which does not search in the space
of disparities. They construct an intrinsic curve for each scanline using features like local
intensities and their derivatives. This is a translation (disparity) invariant representation.
The matching is then transformed into nearest neighbour problem in the space of intrinsic
curve features.

The space carving methods solve the correspondence problem in a reversed way. The
main principle is the following: A large set of fully calibrated cameras is assumed. The
observed scene is divided into voxels. The scene is reconstructed such that rays from
each voxel to all cameras are projected to the images. Then, the voxel is set to be either
empty or filled according to the variance of its projection into images. More details can
be found for example in papers by Kutulakos and Seitz [88, 89].

The plane sweeping methods are applicable under strong assumptions on the planarity
or piecewise planarity of the scene. These algorithms sweep a family of planes through
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the volume generating correspondence hypotheses evaluated by (dis)similarity statistics
between images transformed by a homography induced by the sweeping plane. This
approach is employed recently in a real-time multi-view stereo system by Gallup et
al. [49] for urban environment.

Another approach is the model based stereo. The strong prior model is fitted into
stereo measurements. For instance, Amberg et al. [3] presented recently a successful al-
gorithm of this kind for human face reconstruction, which is otherwise extremely difficult
by other methods due to lack of texture and non-Lambertianity. They fit a 3D morphable
model which is a space of 3D faces spanned by a linear combination of basis-faces.

2.4 Polynocular stereo

Although this thesis deals with a binocular (two-view) stereo, it is important to mention
methods which use more views for stereo matching. These methods are called polynoc-
ular (multi-view) stereo.

It has been shown by many authors that incorporating more views can significantly
improve the matching. The ambiguity due to the repetitive pattern in images is reduced
and the noise in the image is filtered out. However, there are several other problems
which complicate the task. First of all, a highly precise calibration of cameras is re-
quired, otherwise the effect is spoiled. This has been recently noticed by Furukawa and
Ponce [48], where they suggest to refine the calibration using bundle adjustment from
dense point cloud. Other source of difficulties are for example: It is impossible to di-
rectly rectify images for more than three views, there are more occlusion types since
only a subset of cameras may see a scene point, etc. The important question for the
polynocular stereo is the internal representation of the scene, due to large amount of
data. The representation can be volumetric (voxels), using triangular mesh, or image
based (depth maps).

Okutomi and Kanade [115] assume that the images are aligned in a sequence such
that epipolar lines coincides with the same rows for all images. They use one reference
view in a way that SSDs between this reference image and other images are summed,
they call it SSSD. Minima are then found there. Asymmetric matching using a reference
image is also presented by Kang et al. [70]. The global energy is minimized with the
graph cuts algorithm, initialized by Winner Takes All. Mulligan and Daniilidis [107]
designed a trinocular algorithm, where images from cameras in general non-parallel
positions are pairwise binocularly rectified (center,left and center,right). They construct
tentative disparity maps for both image pairs via selecting N highest correlations. The
final disparity map is then determined as the maximum of the sum of corresponding
correlations among N hypotheses. Fully symmetric trinocular matching algorithm is
presented by Buehler et al. [20], where the L-shaped rectification is used. The global
energy function is minimized via finding the minimal surface as a generalization to the
minimal path in a planar graph. In our paper [181], we propose a simple L-shaped
trinocular rectification and confirm both qualitatively and quantitatively the dramatic
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improvement when a symmetric trinocular matching algorithm is applied compared to
binocular or a join of all binocular matchings. The correlation table was calculated as
a mean MNCC (2.13) from all three pairs and the CSM algorithm [129] was used for
matching.

Multi-view stereo has been intensively studied recently. Let us name a few works,
which also give an extensive references to literature, which an interested reader can
follow. Strecha [146] employs PDE-based technique. A mechanism where a surface patch
is grown is used by Furukawa and Ponce [47] or by Habbecke and Kobbelt [58]. Vogiatzis
et al. [166] uses a volumetric formulation and the solution (optimum partitioning of the
3D space) is found by a minimum graph cut. Labatut et al. [90] propose an optimization
of a tetrahedral network obtained by a Delaunay triangulation from an initial 3D point
cloud.

2.5 Performance testing and evaluating stereo algorithms

Naturally, it arose a necessity to test and evaluate quantitatively the performance of
various stereo algorithms. Several attempts have been made.

There exist two main approaches of the evaluation: (1) image prediction based meth-
ods, where matches are verified according to their self-consistency, Leclerc et al. [91]
and (2) ground-truth based methods, Bolles et al. [15], Scharstein et al. [136] or our
papers [82, 84]. The Middlebury evaluation site of Scharstein et al. [136] has become
extremely popular among researchers in stereo. However, the drawback is that ground-
truth disparity maps are given to researchers which causes that certain algorithms overfit
to this dataset, which is not very representative to real-world problems.

In [82, 81] we presented a methodology for evaluating stereo algorithm performance
and defined several error statistics, besides specifying weaknesses of the approach [136].
This study is focused on comparison of the algorithms having a strong prior model (class
A) and the algorithms which are based on sufficient discriminability of correspondences
(class B). Another our paper [84] presents an ROC curve-based evaluation of algorithms.
It is intended for algorithms which do not output fully dense disparity maps. The
ROC-like curve is computed when spanning the space of a tested algorithm parameters.
Hereby, the method evaluates the algorithm as a whole, not only its particular parameter
setting. An explicit performance comparison among various algorithms is thus possible.

Evaluation methods also exist for multi-view stereo algorithms. The methods provide
the images with camera calibration. Certain statistics based on the discrepancy between
the supplied and ground-truth triangulated mesh are measured. The popular is again
the Middlebury site, described by Seitz et al. [139] which contains two small laboratory
test objects. Recent benchmark method of Strecha et al. [148] brings several large
scale outdoor scene with high-resolution images. In both cases, the ground-truth is not
provided to users, the evaluation is kept on-line at the respective web sites.
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3 Program of the thesis

After reviewing the state-of-the-art methods and getting experience from the algorithm
evaluation, we decided to study and develop methods of class B.

As we have seen, methods of class A using a strong prior model suffer from several
types of artifacts. They tend to smooth out occlusion boundaries and they are prone to
produce illusory results in the regions, where

1. data is insufficient to establish correct correspondences

(consider the sky in Fig. 2.2(a),(b), Fig. 2.3(a),(b))

2. data contradicts prior model

(consider continuity prior at occlusion boundaries in Fig. 2.2(a),(b), Fig. 2.3(a),(b))

3. the correct explanation of the images is no correspondence

(consider the gap between the leftmost trees in Fig. 2.3(a), 2.3(b) in which we see
completely different part of the background).

The reason for the artifacts is probably the inability of the smoothness prior term to
capture well the natural statistics of real complex scenes. This is true even in cases
where the occlusions are explicitly modeled. This is probably partly due to difficulty
of constructing or learning such a complicated prior, and partly due to algorithmic
motivation. The class of functionals which are reasonably solvable by graph cuts [78] or
other discrete optimization technique is limited.

The other reason the most of class A methods are not much suitable for accurate
reconstruction of complex 3D scenes using high-resolution images with large range of
disparities is their computational inefficiency. This holds true for discrete methods (A.1)
which work with isotropic 2D prior explicitly. The discrete optimization takes a long
time beside large memory requirements.

Furthermore, our conception is that the matching algorithm should have the ‘reject’
option. It should not assign any disparity in the regions, where the data are not reliable
enough, but it should identify such regions and assign the disparity for unambiguous
regions only. This is demonstrated in Fig. 2.2(c), 2.3(c), 2.2(d) and 2.3(d). If needed,
higher model-based (or even cognitive) process may then be used to interpret the data
depending on the application.
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3 Program of the thesis

3.1 A standard approach

A classical approach to binocular stereo is a two stage process. First, a quality of corre-
spondence hypotheses is evaluated. This is the measurement stage. Then, the matching
algorithm selects the final matching pixels from the set of evaluated correspondence
hypotheses.

A space of all correspondence hypotheses is called a disparity space. Its construction
is sketched in Fig. 3.1. A pair of rectified images Il(xl, y), Ir(xr, y) is assumed, where the
horizontal coordinates (image columns) are xl ∈ Xl, xr ∈ Xr and the vertical coordinates
(image rows) are y ∈ Y. The disparity space is defined as a Cartesian product D = Xl×
Xr×Y. Each of its discrete cells represents a correspondence hypothesis. The quality of
the correspondence hypothesis is evaluated by a similarity (correlation) statistic between
image signatures of examined pixels. The image signature is a vector representing a local
image neighbourhood of a pixel. A cross-section of the disparity space along the last
dimension (an image row is fixed) is called a correlation table.

The most trivial image signature is the pixel intensity, and the similarity statistic is
then their square or absolute difference. However, the discriminability of the trivial sim-
ilarity statistic is very low. The discriminability is a property of the similarity statistic
which assigns high values to true matches while keeping low values to the others. A
formal definition of discriminability is given in (4.57). Therefore to increase the dis-
criminability, a larger neighbourhood is considered and/or more sophisticated similarity
statistics are constructed. Unfortunately, larger neighbourhood causes other artifacts,
especially near occlusion boundaries as discussed in the previous chapter.

The correlation table for the highlighted row in Fig. 3.1(a) is shown in Fig. 3.1(c).
Here, the image signatures are the raw intensities in a window of 5 × 5 pixels, see
Fig. 3.1(a), and MNCC (2.13) is used as a similarity statistic. The correlation table
is encoded in color, such that higher similarity pairs are displayed in warmer colors,
lower similarity pairs in colder colors. Notice the red segments mostly belong to correct
correspondences (from left to right): to the tree, to the top part of the monument, to
the right small pinnacle, and to the image border.

The task of the matching algorithm is to take the evaluated disparity space as the
input and to establish the matches in order to either optimize a certain criterion (class A
methods) or according to a certain principle (class B methods). The matching algorithms
which do not use a 2D prior explicitly, work per scan-lines usually. This is possible in
cases, where the matching problem is decomposable into row independent problems.
These algorithms per each row compute a correlation table and perform the matching
straight away without storing the entire disparity space in a memory.

3.2 Where are the problems?

The standard approach described above suffers from several problems which are dealt
with in this thesis:
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Figure 3.1: A construction of the disparity space: A pair of rectified images (a), visual-
ization of the disparity space (b), correlation table (zoom) for the highlighted epipolar
line (c). Correlation values are encoded in color; higher correlations in warmer colors,
lower correlations in colder colors.
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3 Program of the thesis

Figure 3.2: Discretization artifacts: Sampling of the right image is half a pixel shifted.
Notice, the values differ significantly.

• Discretization artifacts

A sampling of the images causes a corruption of standard correlation statistics.
The motivating one dimensional example is shown in Fig. 3.2. There are two sine
waves, where the sampling of the right signal is half a pixel shifted with respect
to the left signal. The values differ significantly, although we are much below the
Nyquist frequency. The standard MNCC statistic (2.13) is 0.8 only. Increasing
the frequency of the signal further intensifies the discretization artifacts, which
manifests as decreasing the MNCC statistic. For the Nyquist frequency, MNCC
drops to zero, since the signals become orthogonal.

• No invariance to affine distortion

Using a standard similarity statistic, e.g. (2.10)–(2.13), computed from square win-
dows assumes the fronto-parallel planar setup. It means, the cameras are observing
a plane which is parallel to their image planes. However, the violation of this setup
which occurs by rotating the observed plane, causes an affine distortion of local im-
age neighbourhoods which again corrupts the correlation statistic. The geometric
distortion of the square matching window is shown in Fig. 4.3.

• Too large number of similarity statistics to be computed

A standard approach is to compute the correlation statistics for the entire disparity
space. However, the disparity space is large for high-resolution images. Consider
a pair of square 1 Mpx images, 1000× 1000 pixels. Then one needs to compute all
1000× 1000× 1000 = 1billion of correlation values, which takes time, despite the
existence of an efficient implementation of computing the correlation tables of basic
statistics using ‘a sliding window’, e.g. [24]. Limiting the disparity search-range,
if it is known a priori, does not solve the problem. It reduces computational time,
nevertheless the space still remains too large for complex scenes of a great depth.
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3.3 Contributions of the thesis

3.3 Contributions of the thesis

A program of the thesis was initiated by the problems identified in a standard approach
and described above. The program resulted in several contributions:

1. Sampling invariant correlation statistic

We designed the Complex Correlation Statistic, which is both invariant to image
discretization and it also provides an estimate of the sub-pixel translation between
the local image neighbourhoods. The value is not a real but a complex number.
The magnitude is the invariant similarity, while the phase is the estimate of the
sub-pixel shift. The main idea is that the pixel signatures are represented by
responses to a bank of complex Gabor filters. The statistic is then computed from
the responses in a closed form.

This work is presented in Chapter 4 and has been published in [25].

2. Affine insensitive correlation statistic

In a second step, we incorporated insensitivity to affine distortion of a local image
neighbourhood, which occurs due to a surface slant, into the Complex Correlation
Statistic. The basic idea is to decompose the distortion into orthogonal aspects
(slant and skew) and design a filter bank which is able to compensate an affine
distortion in a limited range.

This is presented in Sec. 4.3 of Chapter 4.

3. Global method for sub-pixel disparity correction

We proposed a method of a sub-pixel disparity correction which is formulated as
a single optimization problem for the entire image. It is a continuous optimization
problem based on a simple quadratic criterion. The algorithm finds a sub-pixel
disparity map directly by a gradient descent from a given initialization by an
integer disparity map.

Originally the method should have been a reference method to compare the accu-
racy with methods based on Complex Correlation Statistic. However, despite its
simplicity it turned out to give good results. The method is presented in Sec. 4.4
of Chapter 4.

4. Fast stereo matching algorithm which involves computation of a small
fraction of disparity space

It turns out, it is not necessary to compute the correlations exhaustively for the
entire disparity space. We propose an algorithm which visits only a small fraction
of the disparity space (less than 1 per cent) while it still keeps a good performance,
in the sense of robustness to occlusions, weak textures and repetitive patterns, as
an exhaustive algorithm. Hereby, the speed up achieved is in the order of two
magnitudes. The main idea is to generate promising correspondence hypotheses
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3 Program of the thesis

by growing initial correspondences (seeds). Finally, a robust matching algorithm
is applied to select the stable matching [129] among the competing correspon-
dence hypotheses. The algorithm is not dependent on given high-quality seeds,
but surprisingly it works with seeds which are generated completely randomly.

The algorithm is described in Chapter 5. This work has been published in [26].

5. Verification of tentative correspondences based on fast dense matching
algorithm

Being inspired by the success of the dense matching algorithm based on growing
correspondence seeds, we apply the growing mechanism to construct a procedure
which grows a given tentative correspondence, collecting primitive statistics, in
order to estimate how likely it is a true correspondence or a mismatch. Such
a verification is typically used before fitting a model using RANSAC. It has a
large impact in difficult matching problems where the ratio of outliers is above 90
per cent, where matching of standard compact descriptors fails, usually due to a
complex 3D structure with many occlusions. The procedure is driven by Wald’s
sequential decision which makes the verification process efficient. The time spent
by the verification is negligible with respect to the time spent by matching of
tentative correspondences.

The method is explained in Chapter 6 and originally published in [23].

3.4 How to read the thesis

The rest of the thesis is organized as follows: Chapter 4 presents Contributions 1–
–3, Chapter 5 Contribution 4, and Chapter 6 Contribution 5. In the last Chapter 7
discussions and conclusions are given.

The technical Chapters 4–6 are placed in the thesis in the same order in which the
work emerged. However, particular chapters are written in a way they are not dependent
on each other in order to be maximally stand-alone. Thus the order of reading them
does not matter.
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4
Complex Correlation Statistic and

sub-pixel disparity

A traditional solution of area-based stereo uses some kind of windowed pixel intensity
correlation. This approach suffers from discretization artifacts which corrupt the corre-
lation value. We introduce a new correlation statistic, which is completely invariant to
image sampling, moreover it naturally provides a position of the correlation maximum
between pixels. Additionally, we present a version which is insensitive to affine distortion
of corresponding neighbourhoods which occurs due to surface slant. Hereby we can ob-
tain sub-pixel disparity directly from invariant and highly discriminable measurements
without any post-processing of the discrete disparity map.

The key idea behind is to represent the image point neighbourhood as a response
to a bank of Gabor filters. The images are convolved with the filter bank and the
complex correlation statistic (CCS) is evaluated from the responses without iterations.
The magnitude of CCS measures the image similarity and the phase gives the sub-pixel
position.

In this chapter, we also present a simple global method for sub-pixel disparity correc-
tion which is posed as a single optimization task and solved iteratively, a complementary
approach to sub-pixel disparities from CCS. The criterion consists of a quadratic data
term penalizing discrepancies between the target image and the reference image warped
according to estimated disparity map, and a smoothness term which penalizes differences
in neighbouring disparities also quadratically.

4.1 Introduction

In stereo, we have to recognize corresponding points, i.e. the image points which are the
projection of the same spatial point, according to how much the image point neighbour-
hoods are similar, computing some kind of image correlation statistic.

As discussed, a stereo algorithm usually consists of two essential modules: the mea-
surement evaluation and the matching. The first process computes some kind of simi-
larity (correlation) statistics between all potential correspondences. The second process
takes this measurements and establishes matches according to some principle or optimiz-
ing some criterion. Both stages are important and dramatically influence the matching
results, which could be seen in stereo evaluation works [136, 82, 84].

This chapter is exclusively devoted to the similarity computation stage introducing
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4 Complex Correlation Statistic and sub-pixel disparity

a new correlation statistic which can be used by various matching algorithms. We
introduce a Complex Correlation Statistic (CCS) which is invariant to image sampling
and allows sub-pixel match localization. We also introduce a CCS version insensitive to
affine distortion of corresponding neighbourhoods which occurs due to slanted surfaces.
As a complementary method for sub-pixel disparity estimate, we present the global
method which formulates the problem as a single optimization task.

Birchfield and Tomasi [10] noticed that it is important the correlation statistic be in-
variant to image discretization and proposed a sampling-invariant pixel dissimilarity. It
is a simple extension of Sum of Absolute Differences (SAD) based on a linear interpola-
tion. It works quite well but it tends to fail where there are very high frequencies in the
images. The aggregation of this pixel dissimilarity over a window has become popular
in area-based stereo, e.g. [164].

Psarakis and Evangelidis [125] proposed an extended normalized correlation statistic
invariant to image sampling using locally linearly interpolated image intensities. Their
statistic also offer an estimate of sub-pixel displacement.

Szeliski and Scharstein [151] recommended several other matching scores based on
interpolated image signals, e.g. to interpolate the images to a higher resolution, compute
the usual statistics, aggregate and subsample to the original resolution. The drawback
of this approach is that the increase in resolution is finite, which limits the discretization
invariance property.

There are several possibilities to achieve sub-pixel matching. Again, the simplest
way is to work with interpolated high resolution images. We could have the sub-pixel
precision up to the level of interpolation and also the statistic will be less sensitive to
image sampling. But, computational expenses increase dramatically.

A possible solution might be to interpolate in the space of correlation statistic (dis-
parity space), like fitting a parabola between three values in the correlation table to
find where the extreme of the statistic is. These methods were studied by Shimizu and
Okutomi [140, 141, 142], where they formulate which interpolant is suitable for which
statistics, and proposed a method to compensate a systematic error using that method.
Nehab et al. [109] reported an improvement when fitting a symmetric model in the
correlation table to find the maximum.

In theory, a sub-pixel disparity map could be also obtained from any probabilistic
labeling framework, e.g. [149, 153], where the final disparity is determined as a mean
value from all integer disparity labels. However, it has not been analyzed properly
whether such an estimate is accurate.

Sub-pixel matching precision can also be achieved using so called phase-based tech-
niques. These techniques have been described in Sec. 2.2. They exploit the Fourier
shifting theorem which says that a shift in the spatial domain corresponds to a shift of
the phase in the frequency domain.

The dense stereo matching under affine distortion is being solved by Birchfield and
Tomasi in [11] too. They propose an EM-like approach where the correspondence seg-
mentation is alternated with affine parameters estimation. Ogale and Aloimonos [114]
stressed the negative influence of a horizontal slant and proposed a search scheme for
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4.2 Complex Correlation Statistic

the slant factor beside the disparity.
Our approach is very close to phase-based techniques in the sense we model the image

using Gabor filters and exploit the shifting theorem. But we do not estimate the disparity
map directly, we embed the estimation of the sub-pixel disparity in the correlation
statistic which is evaluated in a closed form without any complicated optimizations. The
affine insensitive version of CCS is also computed from responses without any iterative
scheme.

The chapter is organized as follows. We introduce our Complex Correlation Statistics,
originally published in [25], in Sec. 4.2, its affine insensitive extension is presented in
Sec. 4.3. The global method for sub-pixel disparity estimation is described in 4.4. The
experiments are given in Sec. 4.5. Finally, Sec. 4.6 concludes the chapter.

4.2 Complex Correlation Statistic

4.2.1 Definition

Let us have rectified images Il(x, y) and Ir(x, y), in which epipolar lines coincide with
image rows y in both images. Image similarities for all potential pixel correspondences
(x1, y) ∈ Il, (x2, y) ∈ Ir, for current scanline y form so called correlation table c(x1, x2).1

We define the Complex Correlation Statistic to be a complex number

CCS(x1, x2) = Aejϕ, (4.1)

where the magnitude A is the similarity value which is invariant to image sampling, and
the phase ϕ shows the correct position of the match between pixels, see Fig. 4.1. The
thick black line represents the truth matching, i.e. an image of a surface in the disparity
space. Green circles mark cells of the correlation table at locations, where magnitude A
should be the highest (ideally 1). Blue arrows represent the angle ϕ pointing towards the
correct match position in the horizontal direction. Red arrows are pointing towards the
correct match position in the vertical direction. This is the angle ϕ̃ of the complementary
correlation ˜CCS(x1, x2) = Aejϕ̃. Magnitudes of CCS and ˜CCS are the same, the only
difference is in phases. These statistics are evaluated in each cell of the correlation
table. A computational block of this procedure is sketched in Fig. 4.2. The inputs are
intensity values of the neighbourhood N of the left Il and right Ir image at position x1,
x2, respectively on the yth row. Swapping the inputs f , g of this block causes swapping
the CCS to ˜CCS.

In the following sections, we will describe what is inside the CCS-block. First, we give
the formula and then we explain it.

1For the case of a standard windowed statistic, e.g. SAD, it contains the sum of absolute differences of
pixel intensities in windows centered on a common row y at columns x1 in the left image and x2 in
the right image.
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Figure 4.1: Correlation table of the CCS.
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Figure 4.2: Computational block.

4.2.2 Procedure for computing the CCS

Both images are convolved with a bank ci of several Gabor filters tuned to different
frequencies to equally sample the frequency spectra, and with the corresponding x-
partial derivative filter bank cxi. The CCS is computed from the responses in a closed
form. The bank of filters is

ci(x, y) =
1

2πσ2
e−

x2+y2

2σ2 ej(u0ix+v0iy),

cxi(x, y) =
∂ci(x, y)
∂x

=
(
− x

σ2
+ ju0i

)
ci(x, y),

(4.2)

where i = 1, . . . , N is the index of a filter tuned to a frequency (u0i, v0i) with a constant
scale σ.

The input images f(x, y), g(x, y) are convolved with the filters, so the responses are

Gf i(x, y) = f ∗ ci, Ggi(x, y) = g ∗ ci, Gxf i(x, y) = f ∗ cxi. (4.3)

We estimate the local frequency, i.e. a partial derivative of the phase of the Gabor
response

uf i(x, y) =
=(Gxf i)<(Gf i)−<(Gxf i)=(Gf i)

|Gf i|2
. (4.4)

Now, the CCS will be evaluated per scanline y. First, for all the cells of the correlation
table and for all the filters i = 1, . . . , N , we estimate the local subpixel disparity

∆i(x1, x2) =
arg(Gf i(x1, y)Ggi(x2, y))

uf i(x1, y)
. (4.5)

We denote af i(x, y) = |Gf i|, agi(x, y) = |Ggi| and finally, we aggregate the data using
the formula:

CCS(x1, x2) =
2
∑N

i=1 af i(x1, y)agi(x2, y)ej∆i(x1,x2)∑N
i=1 af i(x1, y)2 +

∑N
i=1 agi(x2, y)2

. (4.6)
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In this subsection we have described completely the procedure for computing the corre-
lation table of the Complex Correlation Statistic. In the next section we will explain it
more in detail and show why it works.

4.2.3 Derivation of the formula for the CCS

Locally, we have two signals f(x, y) and g(x, y) related by

g(x, y) = f(x+ d(x, y), y), (4.7)

where the (local) disparity is assumed to be small and linearly varying with x, y

d(x, y) = d0 + d1x+ d2y. (4.8)

First, we will show the d(x, y) can be estimated from the responses of the Gabor filters.
Let us assume that our signals are real signals consisting of a single frequency (u, v) only

f(x, y) = a cos(ux+ vy + ϕ),
g(x, y) = a cos(u(x+ d0 + d1x+ d2y) + vy + ϕ).

(4.9)

The cosine function can be rewritten as

f(x, y) = a cos(ux+ vy + ϕ) =
1
2
a(ej(ux+vy+ϕ) + e−j(ux+vy+ϕ)). (4.10)

The response of the Gabor filter tuned to the frequency (u0, v0) is a convolution

Gf (x, y) = f(x, y) ∗ c(x, y) =
∫ ∞
−∞

∫ ∞
−∞

c(s, t)f(x− s, y − t)dsdt =

=
1
2
a
(
e−σ

2
(

(u0−u)2+(v0−v)2
)
ej(ux+vy+ϕ) + e−σ

2
(

(u0+u)2+(v0+v)2
)
e−j(ux+vy+ϕ)

)
.

(4.11)
Response magnitude is a sum of two Gaussians centered at signal frequencies (u, v) and
(−u,−v). Under the assumption u0 ≈ u, v0 ≈ v a part corresponding to the peak of
symmetric (negative) frequencies can be neglected. This is always possible except for
the tuning frequencies close to zero. Therefore, the responses of both image signals are

Gf (x, y) = f ∗ c ≈ 1
2ae
−σ2
(

(u0−u)2+(v0−v)2
)
ej(ux+vy+ϕ),

Gg(x, y) = g ∗ c ≈ 1
2ae
−σ2
(

(u0−(u+d1))2+(v0−v)2+2d2(v−v0)
)
ej(u(d0+d1x+d2y)+ux+vy+ϕ).

(4.12)
The disparity is determined from the argument of the Gabor responses:

arg(GfGg) =− (ux+ vy + ϕ) +
(
u(d0 + d1x+ d2y) + ux+ vy + ϕ

)
=

=u(d0 + d1x+ d2y) = u d(x, y),
(4.13)
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which is the formula (4.5), because u = uf is the local frequency, i.e. the derivative of the
response phase, as can be seen by taking partial derivatives of the arguments of (4.12):

uf = ∂ arg(Gf )
∂x = u, vf = ∂ arg(Gf )

∂y = v,

ug = ∂ arg(Gg)
∂x = u+ d1u, vg = ∂ arg(Gg)

∂x = v + d2u.

(4.14)

The disparity gradient (d1, d2) can be estimated from the local frequencies as d1 =
(ug − uf )/uf , d2 = (vg − vf )/uf .2 If we use ug instead of uf in the denominators here
and in (4.5), we get the complementary disparity d̃, discussed in Sec. 4.2.1.

Numerically, we can estimate the local frequency, i.e. the partial derivative of the
phase of the response, from the Gabor and Gabor partial derivatives filters. We denote
R = <(Gf ), I = =(Gf ), Rx = <(Gxf ), Ix = =(Gxf ). Then

uf =
∂ arg(Gf )

∂x
=

∂

∂x
arctan

( I
R

)
=

1
R2 + I2

(∂I
∂x
R− ∂R

∂x
I
)

=
IxR−RxI
R2 + I2

, (4.15)

which is the formula (4.4). Formulas for the other local frequencies can be derived
analogously.

Computation of the CCS according to (4.6) is inspired by the Moravec’s normalized
cross-correlation [105], which works well for windowed data. We use a similar formula
regardless of the fact we work with complex Gabor responses. It is not exactly the same,
because there is the necessary frequency normalization (4.5). After the normalization,
the meaning is as follows: Under the correspondence, the local disparity estimates ∆i

from all the filters should agree and the magnitudes af i and agi for each filter should
also be the same. The formula (4.6) measures how much this is true.

For example, let us have two images where one is shifted from the other with a constant
disparity δ which is smaller than one pixel, f(x, y) and g(x, y) = f(x+ δ, y). No noise is
assumed. Then all the local disparities in (4.5) are ∆i = δ and from (4.12), we can see
that af i = agi = ai. Substituting this into (4.6) we obtain

CCS(f(x), f(x+ δ)) =
2
∑N

i=1 aiaie
jδ∑N

i=1 a
2
i +

∑N
i=1 a

2
i

= ejδ. (4.16)

The phase arg(CCS) = δ and the magnitude |CCS| = 1. Clearly, when either the local
disparities ∆i do not agree or the local magnitudes are different, the |CCS| < 1.

Notice, when the scene is not fronto-parallel, i.e. the disparity is not constant d1 6= 0,
d2 6= 0, then the magnitudes of the Gabor responses af i, agi differ in (4.12). It means the
|CCS| < 1, but according to experiments we made, it does not cause serious problems
for reasonable slants, see experiments in Sec. 4.5.

This derivation is valid only for a mono-frequency signal. Nevertheless it holds quite
well for general signals containing all frequencies. Let us assume, there is a constant

2In practice, this estimate of disparity gradient is accurate for mono-frequency signals only. For more
complex composed signals, this estimate is imprecise.
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disparity d between image signals. Any image signal can be expressed as a linear com-
bination of elementary harmonics

f(x, y) =
∑
i

ai cos(uix+ viy + ϕi),

g(x, y) =
∑
i

ai cos(ui(x+ d) + viy + ϕi).
(4.17)

Thanks to the linearity of convolution, we can use the superposition principle. Using
the same approximation as in (4.12) the Gabor responses are

Gf (x, y) ≈
∑
i

Aie
j(uix+viy+ϕi),

Gg(x, y) ≈
∑
i

Aie
j(ui(x+d)+viy+ϕi),

(4.18)

where Ai = 1
2aie

−σ2
(

(u0−ui)2+(v0−vi)2
)
. The phases of the responses are

φf (x, y) = arg
(
Gf (x, y)

)
= arctan

∑
iAi sin

(
uix+ viy + ϕi

)∑
iAi cos

(
uix+ viy + ϕi

) ,
φg(x, y, d) = arg

(
Gg(x, y)

)
= arctan

∑
iAi sin

(
ui(x+ d) + viy + ϕi

)∑
iAi cos

(
ui(x+ d) + viy + ϕi

) . (4.19)

These are complicated non-linear formulas with unknown Ai and ϕi. The disparity d
cannot be obtained directly. Assuming the disparity is small, we approximate φg(d) with
a Taylor series centered at d = 0

φg(x, y, d) = φg(x, y, 0) + (
∂φg(x, y, d)

∂d
|d=0)d+ ε. (4.20)

The term φg(0) is equal to φf . The proportionality term is the local frequency, since

∂φg(x, y, d)
∂d

|d=0 =
∂φg(x, y, d)

∂x
|d=0 =

∂φf (x, y)
∂x

= uf . (4.21)

Then
φg = φf + ufd+ ε. (4.22)

When the linear approximation is good enough, i.e. ε can be neglected, we obtain the
same formula as (4.13)

d ≈ φg − φf
uf

. (4.23)

To summarize the analysis, the source of errors in computing the CCS is in the fol-
lowing:
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4 Complex Correlation Statistic and sub-pixel disparity

1. Finite-window convolution,

2. Neglecting the influence of symmetric frequencies,

3. Linear approximation of the multi-frequency signal phase,

4. Noise,

5. Non-constant disparity within a window.

The convolution (4.11) must be performed in a finite (and small) window. The Gabor
filter is well localized in the spatial domain. A contribution of the Gabor tails which
are cut off is negligible when the half-window size is more than three times larger than
Gabor scale σ.

A neglection of the negative frequencies in the Gabor responses (4.12) is possible
without loss of accuracy, unless the tuning frequency (u0, v0) is not too close to zero.
Anyway, the estimate of disparity is numerically ill-posed for low frequencies, since the
local frequency is in denominator in (4.5). Therefore our bank starts at 0.2π.

Linear approximation of the phase of the response to the multi-frequency signal in
computing the disparity (4.20) works well. This is due to high frequency localization
of the Gabor filters, inversely proportional to the scale σ. The other reason it works
well is that formula (4.6) aggregates the data from various filter bands and it averages
out weak response estimates and symmetrically invalid estimates. Therefore, we do not
need to use any mechanism to select stable frequencies as in [44, 175]. Using the CCS
statistic instead of relying on a single (stable) frequency proves also in case of noise.

A non-constant disparity within a window remains a problem. Naturally, in this
situation CCS statistic behaves better using filters with smaller spatial extent. A version
of the CCS insensitive to the linear disparity (slanted plane) will be presented in Sec. 4.3.

4.2.4 Justification of the CCS

A justification of the CCS can be found in an excellent paper by Hel-Or and Teo [61]
which unifies the problems of steerability, motion estimation and invariant features using
Lie group theory. A family of translations {T(∆),∆ ∈ R} by a real shift ∆ is a Lie
group. Therefore, many properties of the group may be revealed by studying infinitesimal
actions of the group.

Considering the linear analysis it is easy to show that for the group action in the image
domain, there exists an equivalent group action in the filter domain, i.e. the following
responses as scalar products are equivalent

〈φ(x), i(x−∆)〉 = 〈φ(x+ ∆), i(x)〉, (4.24)

where φ(x) is a function representing the filter, i(x) is a function representing the (one-
dimensional) image. It immediately follows from changing the coordinates in the scalar
product integral in the left hand side

∫∞
−∞ φ(t)i(t −∆)dt such that t −∆ = x, dt = dx.

Then it becomes
∫∞
−∞ φ(x+∆)i(x)dx which is the right hand side of the equation (4.24).
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4.2 Complex Correlation Statistic

A space of real harmonic functions Φ(x) = [cosux, sinux]T forms so called equivariant
function space under translation, since there exists a linear mapping to the space of
functions after translation

Φ̂(x,∆) = Φ(x+ ∆) = A(∆)Φ(x), (4.25)

where A(∆) is a 2× 2 steering matrix of functions of ∆. To find it, a constant steering
matrix B for infinitesimally small translation is found such that

∂Φ(x+ ∆)
∂∆

|∆=0 = BΦ(x). (4.26)

In our case [
−u sinux
u cosux

]
=
[

0 −u
u 0

]
︸ ︷︷ ︸

B

[
cosux
sinux

]
, (4.27)

then the steering matrix is

A(∆) = e∆B =
[

cosu∆ − sinu∆
sinu∆ cosu∆

]
. (4.28)

Denoting the responses as

R = 〈cosux, i(x)〉,
I = 〈sinux, i(x)〉,
R̂ = 〈cosux, i(x−∆)〉 = 〈cosu(x+ ∆), i(x)〉,
Î = 〈sinux, i(x−∆)〉 = 〈sinu(x+ ∆), i(x)〉,

(4.29)

the steering equation (4.25) becomes[
R̂

Î

]
=
[

cosu∆ − sinu∆
sinu∆ cosu∆

] [
R
I

]
. (4.30)

The motion estimation task is to find unknown translation ∆ having the responses
R̂, Î and R, I. The steering matrix is a rotation matrix. Denoting Ẑ = R̂ + jÎ and
Z = R+jI the formula for ∆ follows from a phase difference of the two complex numbers

∆ =
arg(Z̄Ẑ)

u
. (4.31)

This is the same formula as (4.5).
Similarly, we can find the invariant. It is a function of the responses that is constant

for all translation group action. The following must hold

h
(
Φ̂(x,∆)

)
= h

(
Φ(x)

)
,∀∆ ∈ R. (4.32)
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4 Complex Correlation Statistic and sub-pixel disparity

Specifically,

h
(
cosu(x+ ∆), sinu(x+ ∆)

)
= h

(
cosux, sinux

)
,∀∆ ∈ R. (4.33)

Consequently, the invariant function must vanish for infinitesimally small translations.
This results in partial differential equation for h(φ1, φ2), where φ1 = cosux and φ2 =
sinux

∂h(φ1, φ2)
∂φ1

φ1(x+ ∆)
∂∆

|∆=0 +
∂h(φ1, φ2)

∂φ2

φ2(x+ ∆)
∂∆

|∆=0 = 0. (4.34)

Performing the derivatives, the equation becomes

−uφ2
∂h(φ1, φ2)

∂φ1
+ uφ1

∂h(φ1, φ2)
∂φ2

= 0. (4.35)

The solution is
h(φ1, φ2) = f(φ2

1 + φ2
2), (4.36)

where f is any scalar function. In case f is a square root, then the invariant is a
magnitude of the complex number of responses in (4.29):

|Z| =
√
R2 + I2 =

√
R̂2 + Î2 = |Ẑ|. (4.37)

The harmonic base functions Φ = [cosux, sinux]T used are not localized in the spatial
domain. The extent of these filters is infinite. However, our images are finite, moreover
the constant translation between image signals is a local property, i.e. it is valid in a
small neighbourhood only. In order to get the locality, the filters are multiplied by a
Gaussian envelope, centered at zero with a standard deviation σ. The result is the Gabor
filter. The contribution of pixels distant more than 3σ is negligible, and we can use a
finite domain (a window) for integration in computing the responses.

Unfortunately, such a modification of the base functions does not preserve the equiv-
ariance property. Consequently the formula for the motion estimation (4.31) and for the
invariant (4.37) holds approximately only.

This is the same situation as in a short time Fourier analysis. The original functions
are the base functions of the Fourier transform. After the filter multiplication with
the Gaussian window in the spatial domain, the signal spectrum is blurred due to a
convolution of the signal spectrum with the Fourier image of the window, which is a
Gaussian with a standard deviation inversely proportional to the spatial σ. This is a
price for spatial localization. It is known the joint localization in the frequency and
spatial domain is optimal for Gabor filter [33].

Collecting the approximate (due to frequency localization little dependent) estimates
of translation and translation invariant response magnitudes obtained from several fre-
quencies u in the CCS statistic (4.6) produces precise results in terms of accuracy and
invariance. This will be shown in the experiments, see Sec. 4.5.
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4.3 Affine Complex Correlation Statistic

4.2.5 Usage of the CCS and technical notes

For each scanline we get the correlation table of CCS. This is a finite set of the sub-
pixel correspondence hypotheses. The task of the matching algorithm is to select a
subset. It can be simplified so that we submit a table of magnitudes |CCS| to a common
discrete algorithm, which establishes the integer matches. Then the sub-pixel disparity
is obtained by adding the phase of the CCS to them.

There are high correlation values |CCS| in the vicinity of the truth (sub-pixel) matches,
which are due to the fact that each CCS phase aims at the same point, as in Fig. 4.1.
The maximum |CCS| is not sharp as a consequence. It might be a problem for some
algorithms. So we rearrange the table of magnitudes. The resolution of the table in the
direction of the disparity correction is increased twice by adding 1/2 pixel cells. The
correlations including the phase are binned in these new cells. Then the magnitude in
each bin is determined from the correlation which has the smallest phase. Magnitudes
in empty bins are set to zero.

Our filter bank usually contains 50 filters, 10 in the horizontal, 5 in the vertical
frequency direction. Gabor filter in the frequency domain is a Gaussian centered at
the tuning frequency with a standard deviation proportional to the scale 1/σ. So, the
tuning frequencies are selected uniformly from ±[0.2π, 0.8π]× [0.2π, 0.8π]. Too high and
too low frequencies are excluded because of aliasing and because of the approximations
in (4.12). The scale of the filters is selected from the range σ ∈ [2, 5], depending on the
scene complexity. This is a parameter of the method.

4.3 Affine Complex Correlation Statistic

In a previous section we have analyzed the case for the two corresponding 2D signals
f(x, y) and g(x, y) = f(x+ d(x, y), y), where the disparity map between the signals is a
plane

d(x, y) = d0 + d1x+ d2y. (4.38)

The disparity of this form deforms a local neighbourhood of the corresponding point
as sketched in Fig. 4.3. A square matching window becomes a parallelogram in general
case. A factor d1 causes a stretch of the square window, while d2 causes its skew.

Fronto-parallel plane We have shown that for fronto-parallel case, i.e. a constant small
(sub-pixel) disparity d(x, y) = d0, the complex correlation statistic is

CCS(f(x, y), f(x+ d0, y)) ≈ ejd0 , (4.39)

so the magnitude |CCS| ≈ 1 and phase arg(CCS) ≈ d0 the truth disparity, both up to
the precision discussed above. However, if the disparity is not constant, i.e. the plane is
slanted d1 6= 0 or skewed d2 6= 0, the statistic is corrupted |CCS| < 1 and arg(CCS) 6= d0.

The goal of this section is to present a version of the complex correlation statistic
which is insensitive to a small stretch d1 and small skew d2. One of the basic ideas is
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4 Complex Correlation Statistic and sub-pixel disparity

stretch ∼ d1

g(x, y) = f((1 + d1)x + d2y + d0)f(x, y)

y

x skew ∼ d2

Figure 4.3: Deformation of the local corresponding neighbourhood due to a planar dis-
parity.

that we will not describe 2D signals with responses to 2D filters. Instead, the 2D signal
(an image) is decomposed into a set of 1D signals in the rows of the rectified image
using 1D filters, the estimation is performed independently, and the results aggregated
to create a complex correlation statistic between 2D neighbourhoods.

Skewed plane This is the situation where d0 6= 0, d1 = 0, d2 6= 0. This distortion arises
due to a plane which is rotated vertically, i.e. around the stereo baseline. It usually oc-
curs in ground-level plane in stereo-images. It causes different displacements in the rows
in the matching window, see Fig. 4.3. Therefore, we compute 1D complex correlation
statistics for signals in middle row CCS0 and several neighbouring rows CCSi, i = 1 . . . n,
of the corresponding windows independently

CCS0 = CCS(f(x, y = 0), f(x+ d0, y = 0)) ≈ ejd0

CCS1 = CCS(f(x, y = 1), f(x+ d0 + d2, y = 1)) ≈ ej(d0+d2)

CCS−1 = CCS(f(x, y = −1), f(x+ d0 − d2, y = −1)) ≈ ej(d0−d2)

...

CCS±n = CCS(f(x, y = ±n), f(x+ d0 ± d2y, y = ±n)) ≈ ej(d0±d2n).

(4.40)

These row statistics are aggregated with

CCSskew =

√
(CCS0)2 + CCS1CCS−1 + · · ·+ CCSnCCS−n

n
. (4.41)

For the true match it is CCSskew(f(x, y), f(x + d0 + d2y), y) ≈ ejd0. The precision
depends on the precision of the row statistics. It holds well for small d2 and small
‘vertical half-window size’ n, since required estimate of the displacement in the extreme
case is d0 ± nd2. If this is a large number the estimate is inaccurate and consequently
the statistic CCSskew is corrupted. On the other hand larger vertical window helps to
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4.3 Affine Complex Correlation Statistic

average out errors in the row estimates. We observed that maximum n = 2, which works
quite well for skews up to |d2| < 0.5. Note that the above formula is insensitive to any
row-symmetric transformation, not just the linear skew.

By default, d2 is not explicitly computed. However, it can be calculated if we consider
the linear dependence of the phase of CCS in rows

arg(CCSy) = d0 + d2y, y = −n . . . n. (4.42)

Then d2 (together with d0) is estimated by the least-square fit. We used |CCSy|-weighted
least squares for this purpose.

Stretched plane This is the case where d0 6= 0, d1 6= 0, d2 = 0. This distortion of the
neighbourhoods occurs when the plane in the scene is rotated horizontally, i.e. around
the vector perpendicular to the stereo-baseline and the normal of a common image
plane of rectified cameras. It manifests by elongating or shortening of the corresponding
neighbourhood in the direction of epipolar lines (rows).

As we have seen in (4.12), non-zero d1 causes that responses of the equivalently tuned
filters differ. This happens in 1D case as well. The idea is to compensate for the stretch
d1 with a different filter such that the responses of the original and distorted signal are
equal.

Theorem 4.3.1. Let f(x), g(x) be two signals such that g(x) = f(x + d1x) and an
arbitrary filter c(x), for x ∈ (−∞,∞). Then the responses (scalar products) are equal if
〈f(x), c(x)〉 = 〈g(x), (1 + d1)c((1 + d1)x)〉.

Proof. The scalar product

〈f(x), c(x)〉 =
∫ ∞
−∞

f(t)c(t)dt.

After changing the coordinates to t = x+ d1x and dx = (1 + d1)dt, we get∫ ∞
−∞

f(x+ d1x)(1 + d1)c(x+ d1x)dx = 〈g(x), (1 + d1)c(x+ d1x)〉.

The Theorem 4.3.1 says how to shape the filter to compensate for the slat. The
resulting filter is the filter with changed coordinates multiplied with a Jacobian of the
transformation. This holds exactly in a continuous (Hilbert) space. Unfortunately in
the discrete space there are limitations due to the Nyquist limit.

Having the Gabor filter c(x | u0, σ) with tuning frequency u0 and scale σ. Then the
filter which compensates for the stretch d1 is

(1 + d1) c
(
x | u0(1 + d1),

σ

(1 + d1)
)
.
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Figure 4.4: The bank of filters. Magnitude spectra.

The d1 > 0 increases the tuning frequency u0 and makes the filter more narrow in spatial
domain, i.e. wider in the frequency domain. So, too large d1 may cause the Nyquist
limit π is broken and filters are corrupted by aliasing.

The stretch-insensitive complex correlation statistic is obtained by searching the max-
imum CCS for stretch d1

CCSstretch = arg max
CCS(d1)

|CCS(d1)|, (4.43)

where CCS(d1) means a Complex Correlation Statistic which is computed from Gabor
responses with filters shaped according to Theorem 4.3.1 to compensate for the stretch
d1.

Gf i = 〈f(x), ci(x | u0i, σi)〉,
Ggi(d1) = 〈g(x), (1 + d1)ci(x | (1 + d1)u0i, σi/(1 + d1)〉. (4.44)

The problem is that searching the optimum stretch d1 requires shaping the filters for
its compensation and computing the responses (re-convolution). This is very expensive.
Moreover it breaks the desired property, that all the responses of a fixed filter bank are
computed beforehand and the CCS is computed from them.

In subsequent paragraph, we show how to design a small bank of Gabor filters which
has a property that the filters in the bank are of the form that mutually compensate for
certain stretch d1 and the bank still captures well the image spectra. The search in (4.43)
is then reduced to the maximum selection from a small number of CCS computation from
a small number of precomputed responses.

The bank consists of a central filter with tuning frequency u0 and scale σ and filters
shaped to compensate for a set of stretches

D1 = {1− (1− δ)i, i = −N . . .N}. (4.45)
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Gf−1 Gf 0
Gf +1Gf−N Gf +N

. . . . . .

. . . . . .Gg−N Gg−1 Gg0
Gg+1 Gg+N

Figure 4.5: Illustration of computing CCS from mutually shifted responses: CCS(d1 = 0)
in blue, CCS(d1 = 1− (1 + δ)+1) in green, CCS(d1 = 1− (1 + δ)−1) in red.

The bank consists of 2N + 1 filters

ci(x) = (1− δ)ic(x | u0(1− δ)i, σ

(1 + δ)i
), i = −N . . .N. (4.46)

The signals f(x) and g(x) are convolved with the filter bank. The complex correlation
statistic compensating stretch d1 ∈ D1 is computed from ‘shifted’ responses, as sketched
in Fig. 4.5,

CCS(d1 = 1− (1− δ)k) =


2

PN−k
i=−N |Gf i| |Ggi+k|e

j∆iPN−k
i=−N |Gf i|2+

PN−k
i=−N |Ggi+k|2

, k ≥ 0,

2
PN
i=−N−k |Gf i+k| |Ggi|e

j∆iPN
i=−N−k |Gf i+k|2+

PN
i=−N−k |Ggi|2

, k < 0,

(4.47)

where ∆i is the local sub-pixel disparity is computed from responses mutually shifted in
the same sense. Note that for k = 0 we have the complex correlation statistic for front-
parallel scene. Note also that for large stretches, i.e. large |k|, the CCS(d1) is computed
from a smaller number of filters than for the fronto-parallel case, which makes the CCS
slightly less accurate.

The above method with compensated stretches in discrete steps exploits the fact that
CCS deteriorates relatively slowly with a different stretch than it is compensated for.
There exists a trade-off between the accuracy and the number of filters in the bank and
speed of the search for the maximum.

We experimentally constructed the bank with the central filter c0 with u0 = 0.4π,
σ = 4, stretch step δ = 0.2, and N = 3. Hereby this filter bank is able to compensate
for the slants D1 = {−0.9531,−0.5625,−0.2500, 0, 0.2000, 0.3600, 0.4880}. The spectra
of filters in the bank are shown in Fig. 4.4(b). It captures well the image spectra3

and hereby it is well suitable for matching. Compare with the filter bank with equally
sampled spectrum which is used in the standard fronto-parallel CCS, see Fig. 4.4(a). For

3The highest-frequency filter shown is slightly corrupted by aliasing as can be seen. This could be
avoided by two factors: lower tuning frequency u0 of the basic filter would shift the bank towards the
signal mean value, or smaller extent in the frequency domain would be due to larger scale σ (spatial
extent). Both factors are not desirable.
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Figure 4.6: Invariance and accuracy as a function of slant d1.

the purposes of matching a guaranteed level of discriminability (ability to recognize the
correct match) is necessary, otherwise the speed is an important issue since the statistic
is computed for the entire correlation table.

On the other hand, once correct matches are identified (up to integer precision), a
procedure for computing an accurate estimate of the sub-pixel disparity can be more
computationally intensive, since the number of matches is much smaller than the number
of all possible matches in the matching table.

Therefore, we propose a procedure for refinement of CCS estimate. First, a more
precise stretch d1 is found by locating a maximum of |CCS(d1)| in between stretch steps
via fitting a 3-point parabola. Location of its vertex is the refined stretch d∗1. Then,
d∗1 is used to find responses Ggi(d

∗
1). These responses are obtained by interpolating the

responses Ggi precomputed in discrete steps of d1, see (4.45). The interpolation4 of
responses is quite precise, since this signal is smooth and cannot change abruptly due
to spectral overlap of filters, unlike interpolating raw image intensity signals directly.
Finally refined CCS∗stretch is computed from responses Gf i and Ggi(d

∗
1). The complex

correlation statistic refined with this procedure is more accurate, especially for cases
where the true stretch d1 lies in the middle of stretch steps.

This improvement can be seen in Fig. 4.6. This figure shows results of a simple
synthetic experiment, where two (white-noise) signals were stretched according to a range
of slants d1. We measured the magnitude of three different complex correlation statistics
and the accuracy of their phase as a mean absolute error from ground-truth disparity.
All plots are average values from 10 random trials. We can see the standard fronto-
parallel CCS possesses a small insensitivity to the stretch distortion. The CCSstretch
compensate the distortion in discrete steps of D1, which is clearly visible by peaks and

4We used a linear interpolation but in principle any other technique can be used.
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4.4 Global approach to sub-pixel disparity correction

valleys at the compensation steps in magnitude and phase accuracy plot respectively.
The refined version has the best performance, both in invariance of the magnitude and
the phase accuracy of the complex correlation statistic.

General plane This is the situation where all d0 6= 0, d1 6= 0 and d2 6= 0. And it occurs
when the plane is in a general position and causes both stretch and skew distortion
simultaneously. We call it an affine distortion.

The affine-insensitive complex correlation statistic is computed as skew-insensitive
statistic CCSskew of stretch insensitive statistics calculated in rows of the matching
window,

CCSaff =

√
(CCS0

stretch)2 + CCS1
stretchCCS−1

stretch + · · ·+ CCSnstretchCCS−nstretch

n
.

(4.48)
The statistic for the correct match is CCSaff(f(x, y), f(x+d0 +d1x+d2, y)) ≈ ejd0 . The
accuracy of this composed statistic depends on the accuracy of elementary statistics. It
is designed to keep the insensitive properties with reasonable discriminability for slants
|d1| ≤ 0.5 and |d2| ≤ 0.5.

The slants d1 and d2 are the x and y components respectively of the disparity gradient.
A local surface normal can be computed from them, [128, 102, 71]. The slants d1 and d2

are not computed by default for the purposes of matching, but can be easily obtained
by the disparity refining procedures of given integer matches as described above.

4.4 Global approach to sub-pixel disparity correction

A fundamental drawback of the above methods for sub-pixel disparity estimation is that
they are local in the sense that the estimation is performed in each pixel independently.
The only influence is via a partially shared neighbourhood of the corresponding pixels,
i.e. a spatial domain of Gabor filters in complex correlation statistics, or a square window
in methods like dispcor. The dispcor type methods search the best (affine) fit of the
matching windows in corresponding locations of a stereo-pair, e.g. [56, 35, 128]. For
each pixel (x0, y0) of a reference image, they independently solve a kind of the following
optimization problem

(d0, d1, d2)∗ = arg min
d0,d1,d2

∑
x,y∈N

(
Il(x0+x, y0+y)−Ir(x0+x+dint+d0+d1x+d2y, y0+y)

)2
,

(4.49)
where N is a small neighbourhood of the corresponding pixels, typically a square window
(5×5 pixels in [128]), dint is a given integer disparity, obtained by a matching algorithm
beforehand.

There are several sources of error: (1) Computing the criterion involves an interpo-
lation of image intensities at sub-pixel locations, especially for high-frequency image
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4 Complex Correlation Statistic and sub-pixel disparity

content. (2) On the other hand, low frequency image content also makes problems, since
the optimum of (4.49) is flat and a small noise can cause a large error. (3) The problem
of stucking in a wrong local optimum is also present. Estimated sub-pixel disparity map
may be quite erratic as a result, see later the comparative experiments in Sec. 4.5.

Therefore, we propose a global formulation, where estimating a sub-pixel disparity
map is formulated as a single continuous optimization problem which consists of sum of
squared error data term and an explicit regularization term to support disparity map
smoothness. The regularizer helps to handle both low-textured areas and mitigate the
influence of interpolation errors.

Similar problems have appeared in literature. In [124, 94] the task is formulated using
the variational calculus. The variational methods have been described in Sec. 2.1.1 in
paragraph (A.2). The 3D surface which is sought is expressed as a continuous function,
where the regularization term consists of its differential characteristics. The work [147]
presents very good results of surface reconstruction from multiple images. The authors
formulate a global optimization task with a probabilistic term for occlusion. Similar work
is [50] where the task is formulated in Bayesian framework searching for the maximum
aposteriori probability 3D surface. They use EM algorithm to optimize. In the E-step
the visibility is estimated from current model, in the M-step they use current visibility
to optimize the log-likelihoods. In [158], a robust prior term is proposed. The prior term
usually penalizes disparities in the neighbourhood quadratically to support smoothness.
But, occlusions breaks this assumption. The authors suggest to use a Gaussian kernel
in prior term instead of the quadratic term. The term is robust to occlusions because of
the low influence of distant neighbouring disparities. However, a statistical efficiency of
this prior is lower, the model cannot cope with errors from wrong initialization.

Our situation is simpler, we start from an integer disparity map obtained by a reliable
matching algorithm, which delivers also the map of occlusions. We use the following
method as a sub-pixel disparity correction which is nevertheless able to correct some
mismatches, but not as a complete algorithm to recover 3D surface from images like the
methods mentioned above.

The problem to find the optimal (sub-pixel) disparity map d of the size M ×N pixels
is formulated as

d∗ = arg min
d∈RMN

J(d). (4.50)

The criterion is
J(d) = D(d) + λ R(d), (4.51)

where the data term is a sum of squared differences

D(d) =
N∑
x=1

M∑
y=1

(
Il(x, y)− Ir(x+ dx,y, y)

)2
, (4.52)

the regularization term is a sum over all pairwise horizontal and vertical edges between
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4.4 Global approach to sub-pixel disparity correction

adjacent pixels with a quadratic penalty

R(d) =
N−1∑
x=1

M−1∑
y=1

(
(dx,y − dx+1,y)2 + (dx,y − dx,y+1)2

)
, (4.53)

and λ is a weight of the regularization term. To reduce the number of parentheses, we
used a simpler notation dx,y = d(x, y) for disparities at integer (pixel) locations (x, y).
This is a large optimization problem containing the same number of variables as the
number of pixels in the reference (left) image. As it will be shown, this problem can be
successfully solved by gradient descent initialized by the integer disparity map.

The gradient of the criterion J(d) is stacked in an array of the same size as the
disparity map with components

δJx,y =
∂J(d)
∂dx,y

= −2
(
Il(x, y)− Ir(x+ dx,y, y)

)∂Ir(x+ dx,y, y)
∂dx,y

+

+ 2λ
(
(dx,y − dx+1,y)bR − (dx−1,y − dx,y)bL + (dx,y − dx,y+1)bB − (dx,y−1 − dx,y)bT

)
,

(4.54)
where bR, bL, bB, bT are binary indicators of right, left, bottom, top image boundary
respectively, e.g. bR = 0 for x = N , otherwise bR = 1.

Note that calculating the data-term (4.52) and the gradient (4.54) involves interpo-
lation of image intensities. We used bicubic interpolation which is more accurate than
linear. The intensity derivative term in (4.54) is approximated as a difference of inten-
sities

∂Ir(x+ dx,y, y)
∂dx,y

≈ Ir(x+ dx,y, y)− Ir(x+ dx,y + 1, y). (4.55)

The disparity map of a scene is not entirely smooth as assumed by the described
regularizer (4.53), but it is typically piece-wise smooth due to multiple objects in the
scene. Since we have the disparity map along with a map of occlusions and occlusion
boundaries, it is easy to modify the optimization problem: All occluded pixels or any
other pixels the algorithm did not assign a valid disparity are removed from the sum
in data-term, regularization-term, and consequently their gradient component is set to
zero. The neighbours of unassigned pixels are handled the same as they are at the image
boundary. Similarly, if there is a step in disparity (due to occlusion boundary), the
regularization term is ‘disconnected’ by removing the appropriate penalty edges. One
could use the computational molecules of Terzopoulos [154].

To solve the problem (4.50), a quasi Newton method with an approximate scaled
identity Hessian matrix was employed. This method turned out to be a good trade-off
between accuracy and speed. We modified a Matlab function fminunc to work with
sparse matrices.

In Fig. 4.7, there are results for several weights of the regularization term λ. The
optimization problem was initialized by the integer stereo matching algorithm, the one
described in Chapter 5. To ensure surface homogeneity, small gaps in the disparity
map were filled by a primitive algorithm which assigns a median disparity of 5× 5 pixel
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4 Complex Correlation Statistic and sub-pixel disparity

window around the gap. The input images are first photometrically normalized to a unit
variance, (1) to eliminate a potential change of contrast between the left and right image,
and (2) to ensure weight λ has a uniform impact on the surface smoothness regardless
of the intensity scale of images.

We can see that the surface is over-smoothed for λ = 5 and λ = 0.5 in Fig. 4.7(a),(b),
and under-smoothed for λ = 0.1 in Fig. 4.7(c). However, when the optimization problem
is first solved with λ = 0.5 and the resulting (sub-pixel) disparity is used as an initial-
ization for another optimization with λ = 0.1, we get a satisfactory result. This is in
Fig 4.7(d), denoted as λ = {0.5, 0.1} which is a default setting of the method and it is
kept for all other images shown later. The intuition is that the optimization with larger λ
is able to get closer to the global optimum (of a wrong over-smoothing criterion though),
while with smaller λ the criterion is correct however the optimization gets stucked in a
wrong local optimum. Thus most of the over-smoothed details is recovered back in this
scheme.

The optimization takes 200 iterations maximum (typically less than 100), which is in
time tens of seconds for about 0.5 Mpx images in purely Matlab implementation.

We experimented with initialization by a sub-pixel disparity obtained from previous
methods. The results were not qualitatively very different from integer matching initial-
ization. The only difference was in the reduced number of iterations of the optimization
process. Furthermore, we also experimented with the case where the λ becomes a func-
tion of image intensity, as in conditional Markov Fields. The λ was ‘modulated’ by a
magnitude of image gradient. Nevertheless, the results were rather worse since textured
regions stayed under-smoothed.

4.5 Experiments

In this section, we experimentally evaluate and compare the performance of the complex
correlation statistics described. We demonstrate two important properties of CCS: the
magnitude is discriminable and invariant to image sampling and affine distortion, and the
sub-pixel disparity estimation of its phase is accurate. The global method for sub-pixel
disparity correction is also evaluated.

We made several experiments on both synthetic and real data. The discriminability
of the presented CCS is compared to other correlation statistics and the accuracy of
the presented sub-pixel estimation is compared to other sub-pixel estimation methods
both quantitatively in ground-truth experiments and qualitatively as disparity maps or
reconstructed 3D-surfaces.
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4.5 Experiments

(a) λ = 5 (b) λ = 0.5

(c) λ = 0.1 (d) λ = {0.5, 0.1}

Figure 4.7: Input images and relighted 3D models for several weights of the regularization
term λ.
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G

i
X

j

Figure 4.8: The definition of discriminability. Forbidden
zone X (i, j) in green crosses, Ground-truth matches G as
red circles.

4.5.1 Synthetic data

A synthetic stereo-pair of images with a relation Ir(x, y) = Il(x + d(x, y), y), where
d(x, y) is the prescribed disparity map, was generated using a harmonic basis such that

Il(x, y) =
N∑
i=1

N/2∑
j=1

aij cos
(
uix+ vjy + ϕij

)
,

Ir(x, y) =
N∑
i=1

N/2∑
j=1

aij cos
(
ui
(
x+ d(x, y)

)
+ vjy + ϕij

)
,

(4.56)

where frequencies ui are equally spaced values from interval [−π, π] and frequencies
vj are equally spaced values from interval [0, π]. The image size in pixels is N × N .
Magnitudes aij and phases ϕij form together a space of N ×N parameters which were
chosen randomly from uniform distribution over intervals [0, 1] and [0, 2π] respectively.

This representation generates a precise stereo-pair and it easily allows to control the
frequency content of the images, via setting the relevant aij magnitudes.

For forthcoming experiments we use 50 × 50 pixel images. If not stated otherwise,
their spectra are limited to fh = 0.6π, by setting magnitudes aij = 0 of frequencies ui, vj
higher than fh, to avoid aliasing in shrunk images which may occur due to the prescribed
disparity map.

In the following experiments, the Gabor scale parameter of CCS was set σ = 2. For
CCSaff, the central filter has the scale σ = 4, and the size of the window of other statistics
was set to 5× 5 pixels.

Discriminability Discriminability is a property which intuitively says that correlation
statistic assigns high values to the true corresponding pairs while keeping low values of
all other potential matches.

We define the discriminability as a probability that the ground-truth match has all
X-zone competitors [129] of lower correlation, see Fig. 4.8, and it is estimated from

discriminability =
card{(i, j) ∈ G : ∀(k, l) ∈ X (i, j), c(k, l) < c(i, j)}

card G , (4.57)
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where (i, j) is a cell in the correlation table, G (red circles) is the set of the ground-truth
correspondences and the X (i, j) (green crosses) is the forbidden zone [87] for (i, j), and
c(i, j) is the correlation value. The estimation was averaged from 100 random trials over
texture generation for each stereopair.

This definition of discriminability is insensitive to the scale of the statistic c. We only
need the similarity property: higher similarity implies higher value of c.

We will compare the discriminability of CCS and CCSaff with other (window) statis-
tics: the Sum of Absolute Differences (SAD), the Moravec’s Normalised Cross Corre-
lation (MNCC) [105] and the sum of Birchfield-Tomasi sampling insensitive pixel dis-
similarities [10] over a window. The SAD and BT is redefined to be a difference of the
original statistic from 1 to have the similarity property.

We measured the discriminability for a constant subpixel disparity: d(x, y) = d0, d0 ∈
[0, 0.5] px (fronto-parallel scene), for a horizontally slanted plane (stretch distortion):
d(x, y) = d1x, d1 ∈ [0, 0.5], and for a vertically slated plane (skew distortion): d(x, y) =
d2y, d2 ∈ [0, 0.5]. In case of fronto-parallel scene, we also measured the discriminability
as a function of the top frequency limit fh.

The results for the fronto-parallel case are shown in Fig. 4.9(a): The worst case occurs
where the true disparity d0 is 0.5 pixel. The SAD and MNCC tend to fail towards this
point, BT has small problems at this point too, although it should be invariant to image
discretization, but due to interpolation used in BT, it gets worse as more high frequencies
are present, see Fig. 4.9(b). We did not observe any failure of CCS and CCSaff in any
of the 100 trials, which corroborates its invariance to image sampling.

Unlike the others, the CCS and CCSaff have no problems with high frequencies up to
the Nyquist limit, see Fig. 4.9(b). These plots show the discriminability where d(x, y) =
0.5 px versus the upper frequency present in the image spectra.

The results for the horizontally slanted plane are shown in Fig. 4.9(c). The only statis-
tic which is insensitive to this distortion is CCSaff. Although the stretch-compensation
steps are noticeable, the discriminability stays high. None of the other tested statistics is
invariant to the slant. The discriminability decreases with higher slants d1 as expected.

The vertical slant (skew distortion) is less harmful compared to the horizontal slant,
see Fig. 4.9(d). The CCSaff has the highest discriminability for the largest skew d2 among
all tested statistics. It is not completely invariant due to imprecise row estimates for
large displacements. To summarize the CCS is the first or second highest discriminability
statistic for all measurements.

Accuracy By matching accuracy we mean that the estimated disparity is close to the
ground-truth disparity. We measure the mean absolute error of this difference, but
matches whose error in disparity is higher than 1 pixel are considered outliers and ex-
cluded. The results are average values from 10 random trials over a texture generation
in (4.56) and the plots have errorbars of a standard deviation.

All tested algorithms start from truth integer matching, which was obtained by round-
ing the ground-truth disparity map to the closest integer. We compare the accuracy ob-
tained from a phase of CCS and CCSaff, from our global sub-pixel correction, from the
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(b) discriminability vs. frequency limit
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(c) discriminability vs. slant
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(d) discriminability vs. skew

Figure 4.9: Discriminability experiment results.
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Figure 4.10: Accuracy: Fronto-parallel plane (sub-pixel shift).

independent fitting of an affine window dispcor [128], and from finding the maximum
correlation via fitting a 3 point parabola into a MNCC statistics Cinterp.

For all algorithms, we show the mean absolute error of disparity, the percentage of
outliers (pixel with errors grater than 1 pixel). For CCSaff and dispcor, we show
also the errors of the estimate of disparity gradient components d1 = ∂d(x, y)/∂x and
d2 = ∂d(x, y)/∂y. The other algorithms do not output the disparity gradient components
directly.

Results in Fig. 4.10 shows the fronto-parallel plane, where the accuracy is plotted
as a function of the sub-pixel shift d0. Both CCS and CCSaff produce most accurate
results. The global method is slightly worse, the peak for d0 = 0.1 is probably caused
by the stucking in the local optimum close to initialization. The error of dispcor is
increasing towards the worst case for d0 = 0.5, where the signals are the most disturbed
by discretization artifacts. The simplest method Cinterp has the highest error. It is
reported to be biased towards integer values [142]. Notice that the estimate of disparity
gradient components is much more accurate using CCSaff than using dispcor. This is
due to discretization invariance.

Results for slanted plane in a horizontal and vertical direction are shown in Fig. 4.11
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Figure 4.11: Accuracy: Horizontally slanted plane (stretch).
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Figure 4.12: Accuracy: Vertically slanted plane (skew).

and Fig. 4.12 respectively. We can see in both cases, that the fronto-parallel model is not
preserved in Cinterp, CCS and the global method which causes the accuracy drops with
increasing slant. The estimate using CCSaff is consistently more precise than dispcor.
The only exception is the case d1 = 0.5, where the slant is out of the compensation
interval. The same holds for the estimate of disparity gradient components.

The situation where the geometrical model is not preserved for any of the algorithms
is shown in Fig. 4.13. The disparity map is not planar, but spherical. The accuracy is
plotted as a function of a radius of the sphere. The smaller radius (the larger curvature)
the more the model is violated. We can see, the accuracy of the algorithms do not differ
that much. The most accurate is the dispcor. The problems of CCSaff are caused
by the large spatial extent of its filters compared to a small window of dispcor. The
deviation from a planar model is small in a small distance from the origin.

Another situation where the geometrical model is not preserved is in Fig. 4.14. This is
a step in disparity of up to 5 pixels. Note that the error is higher for all the algorithms
compared to previous tests. The model is seriously violated in this case. The disparity
estimates of Cinterp, dispcor and CCSaff are very erratic in the neighbourhood of the
step. This manifests also by a number of outliers. The CCS tends to smooth out the step
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Figure 4.13: Accuracy: Constant curvature (sphere).
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Figure 4.14: Accuracy: Step in disparity in horizontal direction
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Figure 4.15: Accuracy: Additive Gaussian Noise (SNR), fronto-parallel plane (d0 = 0.5).

consistently without random errors. Similar behaviour occurs in the global method, but
it is very over-smoothed producing large errors. Note that for this experiment, the global
optimization problem was not ‘disconnected’ due to occlusion boundary as discussed in
Sec. 4.4.

The algorithms were also tested under contamination with additive Gaussian noise
up to signal to noise ratio of SNR = 1, see Fig. 4.15. None of the algorithm is extra
sensitive to noise. The ordering of the algorithms is more or less preserved from the case
without noise. Geometrically it is a fronto-parallel plane d(x, y) = d0 = 0.5. The error
does not grow much up to SNR = 10.

The last experiment demonstrates the accuracy of presented algorithms as a function
of image frequency content. The highest frequencies of image spectra are limited in a
range from 0.1π to 0.9π. Geometrically, the disparity map is the same as in the previous
experiment, a fronto-parallel plane. The results are shown in Fig. 4.16. The algorithms
dispcor, and the global method deteriorate with increasing higher frequency content
of the images. The CCS and CCSaff behave inversely, i.e. they perform better when
the higher frequencies are present. This holds for the disparity gradients too. The
Cinterp deteriorates for both very high and very low frequencies. The reason for such
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Figure 4.16: Accuracy: Limiting the upper frequency of the image signals, fronto-parallel
plane (d0 = 0.5).
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behaviour is that image interpolation/optimization-based methods (dispcor and global)
have difficulties interpolating higher-frequency signals. Interpolating a low frequency
signal is more accurate and the optimization problems tend to be closer to unimodal
and correct. The correlation-interpolation Cinterp is corrupted the same way for high
frequencies. On the other hand, low frequencies probably cause that neighbouring integer
MNCC statistics have very similar values and the sub-pixel parabola vertex becomes
badly conditioned. Very low frequency images represent a problem for CCS and CCSaff
methods. The reason is that very few filters give non-zero responses, which causes the
statistic be aggregated from just a few independent estimates. The situation is worse for
CCSaff, where the filters in the frequency domain are steeper, see Fig. 4.4, which causes
the CCSaff deteriorate abruptly for the lowest upper frequency. The inverse character
of the accuracy of CCS-based and image interpolation/optimization-based approaches
is interesting, however a low frequency spectra is rather uncommon, since real images
contain also some degree of higher frequency noise which disturbs the weak low-frequency
components. Moreover, low frequency content makes the (preceding) matching problem
difficult due to low discriminability.

4.5.2 Real data

We will report three experiments where the images were captured by real cameras:
(1) a precise laboratory test, (2) matching experiments on standard Middlebury stereo
images [136] and some outdoor scenes, and (3) an experiments demonstrating the sub-
pixel accuracy of the presented methods.

In the first two experiments we compare the performance of the following algorithms:
MNCC-dc, CCS, and CCSaff. Algorithm MNCC-dc means that the integer matching is
found from MNCC table by Confidently Stable Matching algorithm5 [129]. Afterwards,
a sub-pixel refined disparity is found by the affine window fitting dispcor. In CCS and
CCSaff algorithms, the integer matching is found from the rearranged magnitude table
of the respective statistics by the same matching algorithm [129], while the sub-pixel
disparities are taken from their phases, as described in Sec. 4.2.5.

Laboratory test scene The algorithm performance was tested on the CMP dataset [82].
The scene consists of thin stripes in front of a planar background, see Fig. 4.19 (first
row). The algorithms are evaluated on an image series of varying texture contrast as
described in [82] in detail.

We observed the Mismatch Ratio MIR (matches which differ more than one pixel
from the ground-truth), the False Negative Ratio FNR (the sparsity of matching) and
the accuracy as the root means square (RMS) error. See [82] for a complete definition
of the error statistics. Results are shown in Fig. 4.17. We can see the performance of
CCS is the best for all texture contrasts in all observed quality measurements. In a
comparison with MNCC-dc, the CCS has about twice less mismatches, the FNR is lower

5The principle of this matching algorithm is described in Chapter 5.
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Figure 4.17: Laboratory test scene: matching error evaluation plots.

by the order of 2 magnitudes (!), and in the sub-pixel accuracy, it has from 1.5 times to
twice (for weak textures of low contrast) lower RMS error. The CCSaff is not so good.
Compared to MNCC-dc, the CCSaff is only better by a magnitude in FNR, while worse
in MIR and in accuracy.

The reason for CCSaff failure on this scene is most probably too large spacial extent
of the filters violating the planar assumptions close to the occlusion boundaries. This
effect overweighs the benefits of its affine insensitivity, the scene is slightly horizontally
slanted, but d1 ≈ 0.06 only.

A significant improvement occurs in FNR for CCS-based algorithms, in case of CCS it
is by the order of 2 magnitudes. The reason is that for a standard windowed correlation,
besides the loss of discriminability where the disparity is around 0.5 pixel offset, there are
gaps in the disparity map where the disparity changes, see the unassigned iso-disparity
contours in the disparity maps in Fig. 4.19. The matching algorithm cannot decide which
of the two competitive matches having approximately the same correlation to select, and
according to the stability principle [129] it decides to reject both of these matches. While
in the case of CCS, this undecidable situation does not occur, since all such competitive
matches point towards the same match between pixels.

The disparity maps for the best texture contrast are shown in Fig. 4.19 (first row). The
whole evaluation method is described in [82], where additional matching error statistics
are defined and results for other algorithms are reported.

Standard and outdoor scenes We show results on the the standard Middlebury test
scenes and results on outdoor scenes.

In both Middlebury scenes in Fig. 4.18 and the scenes in Fig. 4.19 we can see, that gen-
erally CCS-based methods gives denser results. The undecided iso-disparity contours in
MNCC-dc are not present in CCS-based methods. The CCS has slightly less mismatches
compared to MNCC-dc, see the mismatches at half-occluded region in Map scene and
in the closest plane in Venus scene. For both methods, the artifacts around occlusion
boundaries are comparable in all scenes, since the size of MNCC window is 3σ+1 pixels,
where σ is the Gabor filter scale used in CCS. The CCSaff produces more mismatches,
and the occlusion artifacts are stronger than MNCC-dc and CCS. The reason is the large
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Figure 4.18: Middlebury scenes: left images and disparity maps. Disparity maps are
color-coded, warmer colors represent larger disparities, gray color stands for unassigned
disparity. Names of the scene are listed in the left.
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Figure 4.19: Real scenes: left images and disparity maps.

spatial extent of filters used in CCSaff in horizontal direction, in the vertical direction
the extent is small (3 pixels only), which makes the matching support region anisotropic
and produces streaking artifacts near occlusions boundaries, e.g. Map scene.

The influence of the shape of the matching support region is best viewed in St. Martin
scene, around the cross on top of the rotunda. Square support in MNCC-dc, smooth cir-
cular support in CCS (non-zero entries in the Gaussian envelope), and elliptical support
smooth in horizontal and crisp in vertical direction in CCSaff.

The Middlebury scenes are rather piecewise planar, while St. Martin scene with non-
planar surfaces, half occluded regions and thin objects is more complex. Note an inscrip-
tion above the door in Portal scene. Importantly, the letter-to-background difference in
disparity is less than one pixel. The inscription is clearly visible in the CCS disparity
map (also in CCSaff), while not in the MNCC-dc map, which is very noised.

Sub-pixel disparity estimates on real scenes In the previous real experiments, we
tested discriminability of the statistics rather than the sub-pixel accuracy. The goal
of the present experiment is to compare the presented sub-pixel disparity estimates
independently on the integer matching. Therefore, the integer disparity map is common
to all methods: Cinterp, dispcor, CCS, CCSaff and the global method. The integer
disparity map is obtained using a Growing Correspondence Seeds matching algorithm
described in Chapter 5, followed by a post-processing that fills small gaps in the disparity
map by a simple algorithm which assigns a median disparity of 5×5 pixel window around
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(a) integer (b) Cinterp

(c) dispcor (d) CCS

(e) CCSaff (f) global

Figure 4.20: Portal. Input images and reconstruction results as relighted 3D models.
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(a) integer (b) Cinterp

(c) dispcor (d) CCS

(e) CCSaff (f) global

Figure 4.21: Wilson. Input images and reconstruction results as relighted 3D models.
The plaster model (c) Albin Polasek Foundation.

67



4 Complex Correlation Statistic and sub-pixel disparity

(a) integer (b) Cinterp

(c) dispcor (d) CCS

(e) CCSaff (f) global

Figure 4.22: Bull. Input images and reconstruction results as relighted 3D models.

68



4.5 Experiments

Figure 4.23: A result of the recent PDE-based method by Zimmer et al. on the portal
scene; a reproduction from [185].

the gap in order the surface is visually more compact.
We show results as relighted 3D models for three scenes: Portal in Fig. 4.20, Wilson6

in Fig. 4.21, and Bull in Fig. 4.22. The reconstruction results are shown for the integer
matching with no sub-pixel disparity correction and all the methods tested in the ground-
truth synthetic experiment in Sec. 4.5.1.

Generally, we can see that clearly the best results visually are produced by the global
method. The surface is smooth without disturbances, nevertheless small details are well
captured, e.g. the inscription, rosettes, stone bricks in Portal scene; the eyes in Wilson
scene; the heraldic symbols or the relief in Bull scene. Moreover the global method is
the only method which can cope with the incorrect integer matching. This can be seen
in weakly textured regions of Portal scene, see the integer matching in Fig. 4.20(a).

On the other hand, dispcor or Cinterp result in similar and very noisy surfaces. Ad-
ditionally Cinterp suffers from artifacts that the sub-pixel disparity is biased towards
integer values and the integer contours are still recognizable.

The CCS outputs locally sleeker results than dispcor, however the surface details are
fattened and not that precise as in the global method. The CCSaff behaves similarly,
although some details are retained, the surface looks more disturbed. Notice the CCSaff
performs better than CCS in slanted planar segments of the surface, e.g. the lower left
part of the arch in Portal scene.

In Fig. 4.23, we show a reconstruction result of the recent PDE-based method by
Zimmer et al. [185] on the Portal scene. The authors used our images. These results

6The stereo-pair is taken from a plaster model of a head of Woodrow Wilson’s statue. A random texture
was projected to the plaster model to ease the stereo matching. The statue was standing near to main
train station in Prague since 1928 until 1941 when it was destroyed by Nazis during the occupation.
American Friends of the Czech Republic, a Washington, DC based non-profit organization, has
undertaken the project to reestablish the monument to American President. Center for Machine
Perception was asked to deliver a virtual 3D model of the statue from the plaster model of the head
and historical photographs.
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do not achieve visual accuracy of results of the global sub-pixel disparity correction, see
Fig. 4.20(f). In a way, they are comparable to all other sub-pixel methods we show.
In their results, there are no mismatches, however the quality of surface details is not
perfect.

4.6 Discussion and conclusions

In this chapter, we have introduced a new Complex Correlation Statistic, which possesses
both invariance to sampling and ability to estimate the position of the maximum. In
theory, using the CCS, we obtain sampled continuous solution from a discrete algorithm.

We proposed two versions of Complex Correlation Statistic. One is insensitive to image
sampling, assuming locally constant disparity (CCS), while the other assuming locally
linear disparity is additionally insensitive to an affine distortion (stretch and skew) of a
local image neighbourhood which occurs in rectified stereo images (CCSaff).

The experiments show that CCS is usable as a good alternative to a window MNCC
statistics, benefiting from its sampling invariance and direct sub-pixel disparity estimate.
On the other hand, the experiments did not confirm a practical usefulness of the affine
version CCSaff.

We performed several experiments in real images, however the advantage of affine
insensitivity did not manifest significantly. It probably means that narrow baseline
stereo images are matchable with a simpler model. An alternative approach to in-
variant/insensitive correlation statistic for dense matching is a local image rectification
(change of coordinates) according to local affine frames inherited from matching discrim-
inative features used in the preceding wide baseline stereo to find the epipolar geometry.
This strategy is applied in Chapter 6.

The problem of CCSaff is the large spatial extent which results in a higher sensitivity
to the model validity (non-linearity) and consequently, it leads to problems in both
discriminability and sub-pixel accuracy.

The spatial extent of these statistics is a fundamental problem and cannot be avoided.
The filters cannot be smaller, since the smaller extent in the spatial domain implies a
larger extent in a frequency domain. This makes the filters more dependent decreas-
ing the discriminability and it is harmful for the local disparity estimates too. The
loss of discriminability with decreasing spatial extent (window size) occurs in window
intensity statistics as MNCC also. There is a natural tradeoff between the discriminabil-
ity/accuracy and a level of artifacts due to model violation.

As a complementary method for sub-pixel disparity estimate, we proposed the global
method which solves the task as a single optimization instead of many independent
problems.

A surprising observation from our study is that, despite the global method for sub-pixel
disparity estimation does not perform excellently in synthetic ground-truth experiments
compared to other methods, the real scenes show the best results visually. Small varia-
tions around the true surface are probably much more disturbing visually than smooth
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surface which is not always in a correct position.
The computational complexity of CCS statistics is higher than the complexity of stan-

dard windowed intensity statistics. Besides the complex arithmetics, we cannot use the
‘sliding window’ algorithm, which exploits precomputed partial sums [24]. Nevertheless
there are no iterations and optimizations within, we have a closed-form formula for the
CCS and very simple algorithm for CCSaff. So, using a special (but simple) parallel
hardware, we can even have a real time implementation.

The global method for sub-pixel disparity estimation can be also speeded-up signifi-
cantly using an implementation in a modern GPU, since the bottleneck here is the image
warping in the criterion computation.
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5 Efficient sampling of disparity
space

In this chapter, a simple stereo matching algorithm is proposed that visits only a small
fraction of disparity space in order to find a semi-dense disparity map. It works by grow-
ing from a small set of correspondence seeds. Unlike in known seed-growing algorithms,
it guarantees matching accuracy and correctness, even in the presence of repetitive pat-
terns. The proposed algorithm is able to work with complex scenes with a rich 3D
structure of a great depth and many complicated occlusions, see Fig. 5.1. This success
is based on the fact it solves a kind of a global optimization task. The algorithm can
recover from wrong initial seeds to the extent they can even be random. The quality of
correspondence seeds influences computing time, not the quality of the final disparity
map. We show that the proposed algorithm achieves similar results as an exhaustive
disparity space search but it is two orders of magnitude faster. This is very unlike the
existing growing algorithms which are fast but erroneous. Accurate matching on 2-
megapixel images of complex scenes is routinely obtained in a few seconds on a common
PC from a small number of seeds, without limiting the disparity search range.

5.1 Introduction

Traditional area-based dense stereoscopic matching algorithms perform exhaustive search
of the entire disparity space, i.e. they need to compute a correlation statistic for all pu-
tative correspondences [136]. Although efficient implementations for computing most
of the commonly used statistics (SSD, SAD, NCC) are known, by using a ‘sliding win-
dow’ [164, 22], this is still one of the most expensive phases of stereo matching.

To avoid visiting the entire disparity space, algorithms were proposed that greedily
grow corresponding patches from a given set of reliable seed correspondences. Such
algorithms assume that neighboring pixels have similar disparity, not exceeding disparity
gradient limit [123] or a similar constraint.

The principle of growing a solution from initial seeds had long been known in seg-
mentation [59]. The first algorithms using this principle in stereo were proposed in
photogrammetric community: by Otto and Chau [118], O’Neill and Denos [117], and by
Kim and Muller [74].

Later, Lhuillier and Quan [93] employed the uniqueness constraint and proposed an
algorithm both with and without the epipolar constraint in which images play a sym-
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Figure 5.1: Complex scenes and matching results as disparity maps obtained by the
proposed GCS-2 algorithm.
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metric role. This work has later been used in a 3D surface reconstruction pipeline [94].
The basic idea is to grow contiguous components1 in disparity space from initial corre-
spondence seeds sorted in decreasing value of image similarity and to stop the growth
process at image pixels where uniqueness constraint would be violated. The growth oc-
curs in the neighborhood of previous matches in disparity space. This creates new seeds
that are put to the priority queue. A decision on match acceptance is never revised.
This inherent greediness of the algorithm may cause a complete failure in the presence
of repetitive texture in the scene, as will be discussed later.

Independently, Chen and Medioni [27] proposed an alternative scheme in which the
growth is not constrained by uniqueness. The best-first strategy is not used and the
seeds are taken in arbitrary order. When a match of better image similarity is found
at a given pixel, it overrides the previous match but it does not grow further, hence
the correction is only local and there is no ability to follow a new disparity component
of high image similarity. If the seeds in the queue are processed in a different order,
(very) different results are obtained. Moreover, images in this algorithm do not have a
symmetric role, which means the resulting matching violates uniqueness constraint.

The disadvantage of both approaches is that the decision on a match is local in the
sense that other matches do not influence it (no global optimization is involved).

The following two works use variations of the above methods which means they suffer
from the same drawbacks, especially in the presence of repeated structures. These
methods are interesting not because of the baseline growth mechanism but because of
improvements in other respects.

The first, by Zeng et al. [179, 180] uses the best-first strategy in a multi-image al-
gorithm that replaces the small pixelwise growth increments by an optimal choice of a
whole surface patch extending the currently found 3D segment. Final selection is done
by marching cube tracing in 3D which may not be able to recover from the earlier stage
errors, especially in complex scenes.

The second, by Megyesi et al. [102] uses the Otto and Chau’s algorithm with adaptive
affine deformation of the domain of image similarity statistic, where the affine parameters
are estimated from surface normals which are propagated within the growth process.

In stereo literature, also progressive algorithms have been proposed [183, 168, 53].
Earlier matches guide the subsequent matching by postponing ambiguous decision until
enough confidence is accumulated to resolve the ambiguity, see Sec. 2.1.3. Although
this may look like a growth from seeds, it does not explicitly use spatial coherence: the
growth does not necessarily occur in the immediate neighborhood of previously accepted
matches. These algorithms never revise the decision on match acceptance, as well. They
need to visit a large fraction of disparity space (satisfying a set of constraints) before
making the first decision. This is unlike the true growing algorithms (whose decision is
online).

A problem common to all known growing algorithms is their reliance on high-quality
seeds. In dense stereo, this means there must be at least one seed in each true disparity

1The term disparity component has been coined in [16].
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component, which is very hard to fulfill. To our surprise, it turned out that there is a
suitable algorithm that has the ability to recover from errors, which means that good-
quality initial seeds are not needed: In fact, even quite complex scenes can be matched
from a few random seed correspondences, as will be discussed in Sec. 5.3.

To overcome drawbacks of the discussed methods, we temporarily forego uniqueness
constraint and propose an algorithm which, under a theoretically well-grounded rule,
keeps growing disparity components regardless of their overlap in disparity space. The
rule facilitates the efficiency of the growth process by stopping it at loci where the final,
optimal result cannot be improved. As a result, it is not necessary to visit a large fraction
of disparity space to obtain optimal solution. We then solve a global optimality task
by a fast robust matching algorithm that selects among the competing components in
disparity space. This leads to a significant improvement in the quality of the result at
only a small computational cost and it is equivalent to the ability to revise decisions
made at the growth phase.

The chapter is structured as follows: Sec. 5.2 formulates the dense stereoscopic match-
ing task as a global discrete optimization problem and describes an efficient disparity
component growth algorithm. Experimental validation comparing the proposed algo-
rithm with a baseline algorithm is done in Sec. 5.3, where we discuss efficiency and the
ability to deal with repetitive image structures correctly and the ability to find a large
number of disparity components from a small set of seeds, even if they are random.
Sec. 5.4 concludes the chapter and hints some extensions of the work.

This chapter is a revised and extended version of paper [26].

5.2 Matching algorithm

To help understanding the proposed algorithm, we make a thought decomposition of the
matching task to two phases: (1) an unconstrained growth of disparity components from
an initial set of seeds and (2) an optimal matching working with the set of components
found in the first step. We will then show that some of the work of the second phase
can already be done during the component growth without loosing optimality of the
algorithm, while significantly speeding up the first phase.

To simplify the description of the algorithm, we assume a pair of horizontally rectified
stereo images is used. Generalization to unrectified images is possible but it will not be
discussed here. We therefore assume we are working with matching table. It represents
a 3D discretized disparity space in which each element (x, x′, y) denotes a possible cor-
respondence (x, y)↔ (x′, y), see Fig. 5.2. Each matching table element (x, x′, y) may be
associated with some parameters θ modeling relative distortion of image neighborhoods.
The parameters θ may be updated during the growth process to accommodate to the
slant of the 3D surface, as in [102, 118, 117, 74]. This is important in wide-baseline
stereo. For simplicity, we omit the distortion model here.
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Figure 5.2: Coordinate system used. The y is a common row coordinate in rectified
images. The x, x′ are the column coordinates in the left and right image, respectively.

5.2.1 Disparity component growth

Suppose we are given an unsorted list of disparity seeds S. Each seed is a point in
disparity space, s = (x, x′, y). Its neighborhood N (s) in disparity space consists of 16
points constructed from four sub-sets N1(s)∪N2(s)∪N3(s)∪N4(s), see Fig. 5.3(a) where
we use the same colors for:

N1(s) =
{

(x− 1, x′ − 1, y), (x− 2, x′ − 1, y), (x− 1, x′ − 2, y)
}
,

N2(s) =
{

(x+ 1, x′ + 1, y), (x+ 2, x′ + 1, y), (x+ 1, x′ + 2, y)
}
,

N3(s) =
{

(x, x′, y − 1), (x± 1, x′, y − 1), (x, x′ ± 1, y − 1)
}
,

N4(s) =
{

(x, x′, y + 1), (x± 1, x′, y + 1), (x, x′ ± 1, y + 1)
}
.

(5.1)

The neighborhood is selected so as to limit the magnitude of disparity gradient to unity
and to improve the ability to follow a disparity component even if the image similarity
peak falls in between pixels in the matching table. This improves performance in both
the baseline and the proposed algorithms (see below).

Assuming similarity is computed from small image windows around pixels (u, v) and
(u′, v) by e.g. the normalized cross-correlation, we prepare an empty matching table
T and start growing disparity components by drawing an arbitrary seed s from S,
adding it to T , individually selecting the best-similarity neighbors qi over its four sub-
neighborhoods Ni(s):

qi = (u, u′, v)i = argmax
(x,x′,y)∈Ni(s)

corr(x, x′, y), i = 1, 2, 3, 4,

and putting these neighbors qi to the seed list if their inter-image similarity exceeds
a threshold τ . Hence, up to four new seeds are created. If we draw a seed from the
list S that is already a member of the matching table, then we discard it. The growth
must stop in a finite number of steps by exhausting the list S. The output from the
growth phase is a partially filled matching table whose connected regions in 3D represent
disparity components grown around the initial seeds. Note that disparity components
obtained this way are nothing more than contiguous segments in disparity space. In the
extreme case when τ = −∞ the entire disparity space is filled by a single component
grown from the first seed.
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Figure 5.3: Disparity space neighborhood used in this chapter (a). The X-inhibition
zone (b) and modified X-inhibition zone with a gap (c) for s = (x, x′, y).

Obviously, such growth is not a very efficient way of selecting high-similarity tentative
matches. Instead, we see it only as an elementary mechanism for traveling in disparity
space. This phase has been introduced just to show correctness of the entire proposed
algorithm which will be described shortly. Note, finally, that the order of selecting the
seeds from the list S is arbitrary, so far.

We refer to the above procedure as unconstrained growth. Its output is not a matching.
This is the reason why various authors proposed a modification which stops the growth
whenever a violation of uniqueness constraint is detected. This already requires drawing
the seeds in the order of their image similarity. The result of this modification is shown
in pseudo-code2 as Alg. 1. We call it the baseline growth algorithm in this chapter. It
is very close to Lhuiller’s algorithm [93]. Note that both images have a symmetric role.
We will show in Sec. 5.3 that Alg. 1 is fast but its performance is not very good. The
reason for its bad performance is that it does not solve any reasonable optimization
task. In the next paragraph, we show how to incorporate a formal discrete optimization
task into the algorithm. It will turn out that the necessary changes are small and still
the performance improves dramatically (at the cost of a small increase in computational
complexity).

5.2.2 Matching

Let s = (u, u′, v) be an element of the matching table T obtained from the unconstrained
growth procedure. Let ( : , u′, v) represent all elements (w, u′, v) such that w 6= u and the
colon in (u, : , v) has a similar meaning. The set of all ( : , u′, v) together with all (u, : , v)
will be called the X-inhibition zone of s and denoted as X (s), see Fig. 5.3(b). Note that
s /∈ X (s) and that q ∈ X (s)⇔ s ∈ X (q). The relation q ∈ X (s) represents the relation
of occlusion [130]. We say element q ∈ T is a competitor to s ∈ T if q ∈ X (s) and it
has better image similarity, i.e. corr(q) ≥ corr(s). Element q is a strict competitor to
element s if q ∈ X (s) and corr(q) > corr(s) + µ, where µ is called the stability margin.

2The X-inhibition zone X (qi) in Step 1.7 is defined early in Sec. 5.2.2.
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Algorithm 1 The Baseline Growing Algorithm
Require: Rectified images Il, Ir, initial correspondence seeds S, image similarity thresh-

old τ .

1.1: Compute similarity corr(s) for every seed s ∈ S.
1.2: Initialize empty matching table T := ∅.
1.3: repeat
1.4: Draw the seed s ∈ S of the best similarity corr(s).
1.5: for each of the four best neighbors

qi = (u, u′, v) = argmax
t∈Ni(s)

corr(t), i ∈ {1, 2, 3, 4}
do

1.6: c := corr(qi).
1.7: if c ≥ τ and X (qi) /∈ T then
1.8: Update the matching table T := T ∪ {qi} and
1.9: the seed queue S := S ∪ {qi}.
1.10: end if
1.11: end for
1.12: until S is empty.
1.13: return matching as a partially filled matching table T .

The matching task is done by solving a graph-theoretic problem known as the maxi-
mum strict sub-kernel (SSK) [130, 129]. The basic SSK algorithm, which can be used for
our problem class and which we call the dominant element reduction algorithm works
as follows. Given matching table T , partially filled with disparity components from the
unconstrained growth phase, one finds a dominant element s of the table whose image
similarity satisfies

corr(s) > max
t∈X (s)

corr(t) + µ, (5.2)

where µ is the stability margin. If there was no dominant element, the algorithm stops.
Next, given the dominant element s, one removes all elements X (s) from T . In the
reduced table, new dominant element is found and the reduction process is repeated.
The procedure finishes in a finite number of steps. The fully reduced table T contains
a set that is the largest (i.e. maximum) one-to-one matching that is a SSK. It can be
proved that our problem always has at most one maximum SSK and that the above
algorithm is able to find it or confirm there is none [130]. The defining quality of a
SSK is its strict stability, which can be considered a global ‘optimality’ property in the
following sense: Let T be the set of all elements in the initial matching table. Let K be
a subset of T . We say K is strictly stable if for every p,q ∈ K it holds that p /∈ X (q)
(i.e. K is a one-to-one matching) and every element s ∈ K is strictly stable with respect
to K. An element s ∈ K is strictly stable wrt K if every competitor q ∈ T to s has
a strict competitor t in K. Hence, SSK is the only set that is strictly stable. Note
that a SSK can be incomplete. In the extreme case it can be empty if there was no
dominant element. Incompleteness is a necessary prerequisite for robustness. See [130]
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for a discussion of properties of SSK related to robustness.
The paper [130] formulates the SSK problem in rigorous graph-theoretical language

and should be referred to for necessary conditions under which the algorithm is valid
(for our problem it is valid).3 The above algorithm directly performs guiding or the least
commitment strategy, as discussed in [183]: most reliable decisions are made prior to
unreliable ones that wait until the set of putative solutions becomes more constrained.4

The accuracy of stereoscopic matching based on the SSK is studied in [82].
Besides the dominant element reduction algorithm, there is another algorithm for

finding an SSK, which is more suitable for our matching problem and which produces an
equivalent result [129, 130]. It has two phases: The first phase runs as in the dominant
element reduction algorithm but with µ = 0 and with the dominance test inequalities
not sharp (in such case we are obtaining weakly dominant elements). We call its result
a weak kernel (WK). It can be shown that maximum SSK is always a subset of a WK,
irrespective of the order of processing the weakly dominant elements [130]. In the second
phase, the WK is converted to a maximum SSK as follows:

Require: The output T from unconstrained growth,
the WK K ⊆ T .

1: loop
2: Find an element q ∈ T , q /∈ K such that

X (q) ∩ K is empty or

corr(q) + µ ≥ max
t∈X (q)∩K

corr(t).

3: if no such q was found then
4: return reduced WK K
5: else
6: Remove q and X (q) from T and K.
7: end if
8: end loop

The q in Step 2 are called the converting elements. Obviously, their neighbors in
X (q) ∩ K violate the strong stability condition. Correctness of this algorithm has been
proved [130]. A fast algorithm for simultaneous finding WK and its progressive conver-
sion to SSK, is described in [129].

The formulation given here clearly shows what to do in the disparity component growth
procedure: Instead of stopping whenever the uniqueness constraint would be violated

3Strict sub-kernel is a general notion valid for oriented graphs, in which the graph structure represents
the structure of the underlying problem (the structure of constraints) and the orientation represents
evidence (data) [130]. The notion of SSK is related to the well-known Stable Marriage and Stable
Roommates Problems [57].

4Note that the fact the above algorithm proceeds in this way is only due to the special structure of
our matching problem. In more general graph orientations, the SSK algorithm is more complex
and the general problem of finding a SSK is NP-complete [130]. It can be shown that when µ = 0
the SSK approximates the max-sum independent vertex set problem within a factor of two (in our
problem) [130].
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5.2 Matching algorithm

Algorithm 2 The Proposed Growing Algorithm
Require: Rectified images Il, Ir, initial correspondence seeds S, image similarity thresh-

old τ , and margin µ.

2.1: Compute image similarity for all seeds s ∈ S.
2.2: Initialize matching table T := ∅, and auxiliary arrays Cbest( : , : ) := −∞,

C′best( : , : ) :=−∞.
2.3: repeat
2.4: Draw the seed s = (x, x′, y) ∈ S of the best image similarity corr(s).
2.5: for each of the four best neighbors

qi = (u, u′, v) = argmax
t∈Ni(s)

corr(t), i ∈ {1, 2, 3, 4}
do

2.6: c := corr(qi).
2.7: if c ≥ τ and qi /∈ T and c+ µ ≥ min

{
Cbest(u, v), C′best(u

′, v)
}

then
2.8: Update the matching table T := T ∪ {qi},
2.9: the seed queue S := S ∪ {qi},
2.10: and the best image similarities

Cbest(u, v) := max
{
c, Cbest(u, v)

}
,

C′best(u
′, v) := max

{
c, C′best(u

′, v)
}
.

2.11: end if
2.12: end for
2.13: until S is empty.
2.14: return table T with traced-out disparity components.

as in Step 1.7 of Alg. 1, we have to continue the growth unless image similarities of
the overlapping disparity components differ more than µ. Hereby, the components that
cannot survive the final competition are not grown further. The resulting modification
of Alg. 1 is shown in pseudo-code as Alg. 2. The difference is in Step 2.7 and in some
inexpensive bookkeeping in Step 2.10. The difference is seemingly subtle but it has a
strong impact on the ability to reject some of the bad matches, including some of the
seeds, as will be shown in Sec. 5.3.

Of course, the partially filled matching table output from Alg. 2 is not yet a matching
because of the overlap of disparity components in matching table T which violates the
uniqueness constraint. The overgrown components undergo a competition in a subse-
quent selection process. To this end the output from Alg. 2 is processed by the domi-
nant element reduction algorithm discussed above or by the equivalent WK conversion
algorithm. We use an implementation that has been proposed for semi-dense stereo
matching [129] and that does not require a fully populated matching table. This final
matching is computationally very efficient because of the sparsity of T . Our experiments
show it takes less than 15% of the overall computing time.

The resulting composition comprising the growing algorithm Alg. 2 and the final
matching competition, we call a Growing Correspondence Seed (GCS) algorithm.
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5 Efficient sampling of disparity space

(a) left image (b) GCS (c) GCS-2

Figure 5.4: Impact of the modified inhibition zone. Comparison between GCS and
GCS-2 algorithms. The artifacts of unassigned disparity contours between disparity
levels present in GCS are removed by a modified inhibition zone in GCS-2 algorithm.

5.2.3 Modification of the occlusion model

The occlusion model of the above matching algorithm is the uniqueness, see the inhibi-
tion zone X (s) in Fig. 5.3(b). However, when the true disparity is around modulo 0.5
pixel, there are two disparity hypotheses. The final robust matching algorithm tends to
reject both of them, which causes contour-like artifacts of unassigned disparity between
disparity levels, see Fig. 5.4(b). Such competing hypotheses have similar (rather low)
correlation, and according to the stability principle, none of them become a part of the
solution.

Therefore, we redefine the occlusion model by proposing a modification of the inhi-
bition zone. New inhibition zone Xg(s) has a gap, see Fig. 5.3(c), which changes the
mutual exclusivity in the set of correspondence hypotheses. Both candidates around
modulo 0.5 pixel disparity are not competitors any more. The remaining problem is
that the uniqueness does not hold then. To obtain one-to-one matching, we use a simple
procedure, which aggregates pixels violating the uniqueness and computes the final dis-
parity as a correlation-weighted average. This even produces a rough sub-pixel estimate.

A minimal size of the gap in Xg(s) is 1 pixel (to all sides) as shown in Fig. 5.3(c). A
larger zone gap would probably further reduce the contour artifacts, but it would also
decrease the accuracy of the matching.

We will refer to the algorithm which uses Xg(s) of 1 pixel zone gap as GCS-2.
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5.2.4 Implementation notes

The matching table T of Alg. 1 is implemented as two 2D arrays of the input image
sizes, each containing a match index to the other image. The second 2D array is needed
for a fast check of the symmetric uniqueness constraint. The correlation map is stored
separately. This is possible because there is at most one match per pixel.

In the proposed algorithm Alg. 2, the data structure for T is more complicated,
since the uniqueness does not hold during the growth process. The T is very sparse,
therefore, it is implemented as a 2D array of binary search trees with disparities as the
keys. Inserting an element and the test on element’s presence both take logarithmic
time.

5.3 Experiments

We first demonstrate the principal differences between the baseline and the proposed
GCS algorithms on synthetic data and then compare their performance on some real
data and on a ground-truth dataset.

We use Moravec’s NCC [105] defined in (2.13) on 5 × 5 window as image similarity
statistic in all experiments. The default parameters of the algorithms are τ = 0.6,
µ = 0.1. Unless stated otherwise, we use a simple pre-matcher to obtain initial seeds
which we call Harris seeds: we take all correspondences of Harris interest points whose
image similarity over 5×5 window exceeds a threshold of 0.9. Note that the Harris seeds
are not necessarily a one-to-one matching.

CPU times are measured on a PC C2 2.4 GHz. Our code combines Matlab and C++.

5.3.1 Basic behavior of the algorithms

We show that the proposed GCS algorithm can handle repetitive patterns unlike in the
baseline algorithm and that it has a greater ability to find all disparity components, even
from a small set of random seeds. Synthetic scenes in this experiment were piecewise
planar random dot 500× 500 pixel stereograms.

Repetitive pattern The scene in Fig. 5.5(a) consists of a foreground plane with a repet-
itive texture in front of a randomly textured background plane. Harris seeds are used.
Disparity map from the baseline algorithm in Fig. 5.5(b) is a set of patchy mismatches.
All the patches have high correlation and are too large to be filtered out by any kind of
post-processing. The proposed GCS algorithm grows all seeds into mutually competing
components shown in Fig. 5.5(e) in a cross-section of matching table T marked red in
Fig. 5.5(a). The cross-section shows similarity values, grey are unoccupied elements in
T . The final robust matching algorithm then correctly labels the repetitive area as am-
biguous, assigning no disparity there, see Fig. 5.5(c). The bad behavior in the baseline
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(a) left image

(b) baseline (c) GCS

(d) baseline (e) GCS

Figure 5.5: The ability of the baseline and proposed GCS algorithms to handle repetitive
pattern. Disparity maps (b,c) and cross-sections of disparity space (d,e) for the red line
in the image.

algorithm is due to a forced stop by the ‘accept the first match for a pixel’ in Step 1.7.
As a result, the components found in disparity space are of high image similarity but
they are only partial and the information on ambiguity is lost, see Fig. 5.5(d).

The capture of all disparity components The scene in Fig. 5.6(a) consists of 36 planar
patches of 10×10 pixels in front of a planar 500×500 pixel background. The foreground-
to-background disparity difference is five pixels. About 1700 Harris seeds are used. We
used τ = −∞ to promote growth of disparity components in both algorithms. The
baseline algorithm assigned correct disparity to no foreground component in Fig. 5.6(b),
unlike the proposed GCS algorithm which missed only 1 of 36 in Fig. 5.6(c). We con-
clude the proposed GCS algorithm has the ability to locate a high-correlated disparity
component even if there is no seed in it. This is again due to the ability to temporarily
forego uniqueness constraint, the benefit of which illustrates Fig. 5.6(e), as opposed to
the baseline algorithm in Fig. 5.6(d): The behavior helps bridge the gap between the
components over a set of elements with low image similarity. Clearly, even a seed out of
any true component may give rise to a path that ends up on a high-similarity component.
Greater µ helps encourage this behavior. When µ = ∞, the entire matching table is
visited and all disparity components are found. Nevertheless, our experiments confirm
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(a) left image

(b) baseline (c) GCS

(d) baseline (e) GCS

Figure 5.6: The ability of the baseline and proposed GCS algorithms to find all disparity
components (small patches). The disparity space cross-sections (d,e) are shown for the
red line in the image.

that µ = 0.1 suffices in practice.
For quantitative evaluation, we performed a randomized experiment. A 500×500 pixel

image with a single 10×10 pixel patch in a 5-pixel distance from a background is used in
a repeated experiment with a set of n uniformly distributed random seeds. A thousand
trials were performed for each n. The relative frequency of finding the small disparity
component is our measure of success as a function of n. The result is shown in Fig. 5.7(a)
for the baseline (red) and the proposed GCS (green) algorithms. We can see that the
ability of the GCS algorithm to find the small component is indeed much larger for even a
small number of seeds. The baseline algorithm has a negligible ability to find a disparity
component unless the seed is located directly in it. The non-monotonic behavior of the
GCS algorithm is due to a high number of wrong correspondences clogging the matching
table and preventing growth over bridges of low image similarity when µ is small.

The probability of hitting the small component with a single random seed is5 p =
64/5003 ≈ 5 · 10−7. The probability the component is hit by at least one of n random
seeds is P = 1 − (1 − p)n, which is shown as the blue curve in Fig. 5.7(a). We see, the
baseline algorithm experiment correspond with the theory quite well which shows the

5The high-correlation component is just about 8× 8 pixels for a 10× 10 patch with a 5× 5 correlation
window.
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Figure 5.7: Random sampling of disparity space. The relative frequency of finding a
small disparity component in the foreground (a) and the total computational time as a
function of the number of random initial seeds n (b).

experimental method is correct.
We also measured the CPU time of the algorithm as a function of the number of

random initial correspondences, as shown in Fig. 5.7(b), where errorbars show standard
deviation. The proposed algorithm is less efficient for a small number of seeds because
it has to travel over large subset of the disparity space. Both algorithms are less efficient
when the number of seeds is too large. By comparing the plots in Fig. 5.7(a) and 5.7(b)
we can see the proposed GCS algorithm finds a solution of similar density in shorter
time.

5.3.2 Results on the laboratory test scene

We again evaluated the presented algorithms on the CMP dataset [82] as in Sec. 4.5.2, on
the same textured scene consisting of thin stripes in front of the planar background, see
Fig. 4.19. The algorithms are evaluated on an image series of varying texture contrast.

As a reference, we show disparity maps from the WK conversion algorithm which
works with fully populated matching table, as described in [129] (the variant with no
ordering constraint was used). We refer to this as the exhaustive search algorithm. We
show the results of the baseline algorithms and proposed GCS and GCS-2 algorithms.

The results are shown in Fig. 5.8. We can see, the Mismatch Ratio MIR (matches
which differ more than one pixel from the ground-truth) almost does not change at
all with varying texture contrast of the images. It is the worst for the exhaustive al-
gorithm. All growing methods have better and identical performance here. The ex-
haustive algorithm visits the entire disparity space which increases the probability that
it encounters wrong correspondence hypotheses with correlations higher by µ than all
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Figure 5.8: Laboratory test scene: matching error evaluation plots.

exhaustive baseline GCS GCS-2

Figure 5.9: Disparity maps of the exhaustive, baseline, GCS and GCS-2 algorithms.

their X-competitors. On the other hand, growing methods visits a small fraction of dis-
parity space following the correct disparity components, from probably mostly correct
seeds obtained by the Harris pre-matcher. The probability of escaping from the true
disparity component is very low on this kind of texture. The texture is random and
non-repetitive, which makes the performance of the baseline algorithm the same as the
proposed GCS and GCS-2 algorithms. The False Negative Ratio FNR (the sparsity of
matching) is here the best for GCS-2 followed by the baseline algorithm, then by GCS.
The worst performance has the exhaustive algorithm for most of the texture contrast.
The exhaustive algorithm is the best for weak texture contrasts, while the growing al-
gorithms have difficulties there. The reason is probably that the Harris pre-matcher
does not find enough seeds. The baseline algorithm is denser than GCS, since GCS has
additional problems with modulo 0.5px disparities. This is solved by GCS-2 (using the
zone with a gap) which makes it the best performing algorithm.

Disparity maps of the four algorithms for the best texture contrast are shown in
Fig. 5.9, although the differences among individual algorithms are not much obvious.

We show these results because of the performance comparison of the algorithms with
CCS-statistics in Fig. 4.17, not because of the demonstration of significant difference
among growing algorithms. We can see, the MIR is slightly better for the growing
methods, while the FNR is better for CCS-based algorithms. This is also confirmed
visually in comparing disparity maps of respective methods, see Fig. 4.19 and Fig. 5.9.
Unfortunately, these results are not directly comparable, since the results in Fig. 4.17
are obtained by the exhaustive algorithm with ordering constraint, however results in
Fig. 5.8 are constrained by the uniqueness only. Nevertheless, it gives a rough intuition.
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(a) left image (b) exhaustive
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Figure 5.10: The St. Martin scene. Results of exhaustive, baseline, GCS and GCS-2
algorithms initialized by Harris and random seeds.
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Figure 5.11: The Head scene. Results of exhaustive, baseline, GCS and GCS-2 algo-
rithms initialized by Harris and random seeds.
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Figure 5.12: The Larch scene. Results of exhaustive, baseline, GCS and GCS-2 algo-
rithms initialized by Harris and random seeds.
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St. Martin Head Larch
t [sec] f [%] t [sec] f [%] t [sec] f [%]

exhaustive 1023.0 100 889.0 100 182.0 100
baseline Harris 3.8 0.030 2.7 0.032 1.1 0.057

GCS Harris 7.9 0.048 9.1 0.100 1.6 0.076
baseline random 3.9 0.046 2.8 0.045 1.1 0.088

GCS random 31.2 0.320 30.0 0.510 11.9 0.680

Table 5.1: The CPU times t and the fraction f of matching table that was visited. The
image sizes for St. Martin, Head and Larch scenes are 1.8 Mpx, 1 Mpx, and 0.5 Mpx
respectively.

5.3.3 Results on real outdoor scenes

We tested the algorithms on several complex scenes to confirm the predictions on their
behavior from the synthetic-data experiment and to show the proposed algorithm is
indeed fast in practice. We did not limit disparity search range for any of the four
algorithms in this experiment.

Results are shown in Fig. 5.10, Fig. 5.11 and Fig. 5.12. As a reference we again show
the results of the exhaustive algorithm, and results of the three growing algorithms:
baseline, GCS, GCS-2. All growing algorithms were initialized by Harris seeds and also
by random seeds.

CPU timings are shown in the table in Tab. 5.1, together with the fraction of matching
table that was visited by the respective algorithm. The timing is dominated by growing,
the final matching in GCS and GCS-2 takes less than 15% of time for both algorithms
identically. The timings are thus valid for GCS-2 as well.

Harris seeds On the St. Martin scene, see Fig 5.10, the proposed GCS and GCS-2
algorithms, achieves lower density but the holes occur in locations where the baseline
algorithm is erroneous (several-pixel errors in disparity in the cornice regions). Note the
proposed algorithms grew the tree branches correctly, unlike the baseline algorithm.

There is a strong repetitive pattern in the Head scene due to the corrugated iron fence
behind the sculpture. The baseline algorithm, see Fig. 5.11(c), suffers from illusions
there as well as on the regular cobblestone paving below the sculpture. Such artifacts
are highly undesirable for 3D reconstruction, since the incorrect disparity components
may represent a large illusory surface of high correlation and cannot be filtered by any
post-processing of the disparity map.

The Larch is a scene, see Fig. 5.12, of great depth and large occlusions. Results look
visually similar, but the baseline algorithm makes more small mismatches at occlusion
boundaries.
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Random seeds For all scenes, we used 10 random, i.e. wrong, seeds. We set τ = −∞,
and deleted all disparities whose image similarity dropped below 0.6 in the final map.

The experiment shows that the proposed GCS and GCS-2 algorithms can indeed
obtain a dense map from a very small number of random initial seeds, showing their
quality need not be high to succeed. The bad quality of the seeds just increases the
runtime, as clearly visible in Tab. 5.1. In a repeated experiment, the proposed GCS and
GCS-2 algorithms always succeeded unlike the baseline algorithm which always failed
finding any correct disparity component.

The results from the exhaustive search algorithm are dense, large ambiguous regions
are correctly identified, but there are more mismatches unlike in the proposed algorithm.
This is caused by a higher number of competing putative correspondences whose image
similarity is high due to statistical fluctuations of the MNCC statistic.

The GCS-2 produces denser results than GCS algorithm by removing the contour
artifacts around modulo 0.5 pixels thanks to the modified inhibition zone with the gap.
It does not yield more matching errors visually. The difference between the proposed
algorithms is best viewed in the electronic version of the thesis.

5.3.4 Middlebury dataset

Results on the standard new Middlebury dataset [136] are shown in Fig. 5.13. For both
baseline and proposed algorithms, the ROC curves were obtained using the same method
as in [54], spanning τ ∈ [−1, 1]. For GCS and GCS-2, we set µ = 0.05. The exhaustive
search algorithm has parameters of a similar meaning. We did not limit the disparity
search-range.

We can see the proposed algorithm is consistently better than baseline algorithm
producing less errors at the same density. The difference in matching quality is large
on the Tsukuba and Teddy scenes, due to ambiguous repetitive structures which are
correctly handled by the proposed algorithm. On the Venus, the error of the proposed
algorithm for high densities is higher than in the baseline algorithm, since the simple
planar scene is well suited for the greedy baseline algorithm.

The GCS-2 algorithm is consistently better than GCS. The GCS-2 does not produce
additional errors, it only increases density compared to GCS by reducing the artifacts of
undecided contours between disparity levels. This quantitatively confirms the benefits
of the modified inhibition zone with the gap.

The behaviour of all involved algorithms can also be viewed in the disparity maps,
see Fig. 5.14. The parameters were µ = 0.05, τ = 0.6 for the proposed GCS and GCS-2
algorithms, τ = 0.6 for baseline algorithm. The exhaustive search algorithm was set
such that it achieves approximately the same density as GCS algorithm. Notice several
mismatches produced by the baseline algorithm in the repetitive region of Teddy and
Tsukuba. See the reduction of contour artifacts by GCS-2 compared to GCS, for instance
in slanted planes in the Teddy scene, or in the mask in the Cones scene.

We observed that most of the errors in the above algorithms occur at occluding bound-
aries. Image pre-segmentation as e.g. in [168] would help reduce this error. Naturally,

92



5.3 Experiments

0 20 40 60 80 100
0

2

4

6

8

10

density [%]

er
ro

r 
[%

]

Tsukuba

 

 

exhaustive
baseline
GCS
GCS−2

0 20 40 60 80 100
0

2

4

6

8

10

density [%]

er
ro

r 
[%

]

Venus

 

 

exhaustive
baseline
GCS
GCS−2

0 20 40 60 80 100
0

2

4

6

8

10

density [%]

er
ro

r 
[%

]

Teddy

 

 

exhaustive
baseline
GCS
GCS−2

0 20 40 60 80 100
0

2

4

6

8

10

density [%]

er
ro

r 
[%

]

Cones

 

 

exhaustive
baseline
GCS
GCS−2

Figure 5.13: Middlebury new test results: ROC curves, error rate in non-occluded regions
versus matching density.
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these results are inferior to semi-dense methods using a global optimality in the MAP
sense, e.g. [53, 54, 163]. But the results are comparable to the exhaustive algorithm [129],
confirming the efficiency of the disparity space sampling.

The average time on Middlebury images is about 1 sec. The [53, 54] report faster
times, but it is not clear if they count similarity computation and if they limit the
disparity search range or not. Our runtime on small images is dominated by Matlab
overhead. The time efficiency of the algorithm (due to visiting less than 1% of disparity
space) becomes apparent in images above 1 Mpx, whereas Middlebury images are just
about 0.15 Mpx.

5.4 Conclusions

We have proposed a novel disparity component growing algorithm that can cope with
much more difficult cases (repetitive patterns, complex scene) than similar existing al-
gorithms, that can recover from errors in initial seeds, and that does not require a seed
on every component in disparity space. Hence, the seeds need not be salient image fea-
tures, which opens a way to random sampling of disparity space. The changes against
the standard seed growing algorithms are small, but their consequences are deep and
allow the resulting algorithm to be well grounded in the theory of robust matching.

Although this has not been demonstrated in this chapter, the algorithm is in no way
restricted to narrow baseline stereo images, since whenever a new seed is created, it can
inherit an updated set of parameters that describe relative image distortion, as briefly
discussed in Sec. 5.2. The algorithm can be easily adapted for multi-image matching.

An implementation of the GCS algorithm is available at http://cmp.felk.cvut.cz/
~cechj/GCS.
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Figure 5.14: Results on Middlebury dataset as disparity maps.
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6
Efficient sequential correspondence

selection by cosegmentation

Dense stereoscopic matching is not an isolated problem. In order to estimate the epipolar
geometry, it is necessary to find sparse correspondences. A question arises, whether a
wide-baseline matching and dense matching can interact. In this chapter, we will show
a possible mechanism. It turns out that the method goes slightly beyond the scope of
3D reconstruction. A part of the automatic 3D reconstruction from unorganized images
is to find clusters of images which overlap. This way, the task comes near to image
retrieval. Therefore we will often use this term in this chapter.

In many retrieval, object recognition and wide baseline stereo methods, correspon-
dences of interest points (distinguished regions, transformation covariant points) are
established possibly sublinearly by matching a compact descriptor such as SIFT. We
show that a subsequent cosegmentation process coupled with a quasi-optimal sequential
decision process leads to a correspondence verification procedure that has (i) high pre-
cision (is highly discriminative) (ii) good recall and (iii) is fast. The sequential decision
on the correctness of a correspondence is based on simple attributes of a modified dense
stereo matching algorithm. The attributes are projected on a prominent discriminative
direction by SVM. Wald’s sequential probability ratio test is performed on SVM projec-
tion computed on progressively larger co-segmented regions. Experimentally we show
that the process significantly outperforms the standard correspondence selection process
based on SIFT distance ratios on challenging matching problems.

6.1 Introduction

Many successful image retrieval, object recognition and wide baseline stereo methods
exploit correspondences of distinguished regions1. Remember that such correspondences
are used in order to estimate calibration of cameras from a collection of unorganized im-
ages, as described in Sec. 1.3. Most real-world visual recognition problems are large scale
where correspondences between regions from a query (test) image and many database
(training) images of objects or scenes are sought. To achieve acceptable response times,

1Terms “transformation-covariant regions”, “viewpoint invariant features”, “interest points”, “salient
points” and “patches” also appear in the literature. We adopt the term “distinguished region”
as a concise shortcut for the self-explanatory but unwieldy “repeatably-detectable transformation-
covariant regions”.
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Figure 6.1: Describing a distinguished region by a compact descriptor invariant to local
geometric and photometric changes. “LAFs” stands for “Local Affine Frames”. Images
by courtesy of Štěpán Obdržálek.

large problems require the time complexity of the region matching process be sublinear
in the size of the database; memory footprint of the database representation becomes a
concern too. The standard solution is to describe regions with a compact descriptor such
as SIFT [95] or some discretization of it (e.g. “visual words” [143]) and to store database
image representations in a search tree (k-d [95], metric [92], k-means [111, 121, 29]).

The matching process typically proceeds as follows [159, 100, 95]. Distinguished re-
gions are detected in the image and local affine or similarity covariant coordinate frames
are constructed for each region. Measurement regions, i.e. image patches of typically
rectangular or elliptical shape, are specified in terms of the local coordinate frames. For
each region, a descriptor (such as SIFT) is computed from the signal in the measurement
region, after both photometric and geometric normalization. Additionally, the descriptor
may be compressed, by e.g. quantization.

This process, schematically visualized in Fig. 6.1, has the following main characteris-
tics: (i) all steps are performed in individual images independently, (ii) the shape and
size of the measurement region is a fixed function of the shape and size of the distin-
guished region and (iii) the descriptor has the same form for all regions, e.g. it is a vector
in Rd. These properties facilitate fast sublinear region matching, e.g. via search tree or
hashing.

However, the fixed size and shape of the measurement region necessarily involves a
compromise. In general, the larger the measurement region, the more discriminative the
information inside it. On the other hand, large measurement regions may violate the local
planarity assumption of wide-baseline matching methods, are more likely to straddle
object boundary or to be affected by occlusion. Moreover, they are more sensitive to
localization errors of local frames. For “non-compact” objects, such as elongated and
wiry ones, the fixed shape has problems.

Consider, for instance, the two images depicted in Fig. 6.2(a). Only a very small
circular or rectangular regions around the distinguished region on the branch will not
include signal from the background, which is different for the two views. On the other
hand, consider the images shown in Fig. 6.2(b). The measurement region inside the
circle is too small, any descriptor computed from the region will be close to identical for
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(a) measurement region too large
and/or with unsuitable shape

??

(b) measurement region too small

Figure 6.2: Problems with a fixed shape and size of the measurement region.

both images on the right and the correct match cannot be reliably established.
A better estimate of correspondence quality (a prediction of it being correct) can be

obtained by looking at both test and training image simultaneously, e.g. by attempting
to expand the correspondence domains or to improve the precision of registration. The
value of correspondence growing methods has been demonstrated in [162, 39], sometimes
with impressive results, e.g. those achieved by the dual bootstrap method [177, 145].
Most approaches to simultaneous cosegmentation and registration focus on the problem
of finding the largest corresponding domain and co-domain [177, 39, 93].

Our objective is almost opposite: given acceptable false positive and false negative
rates, design the fastest possible test for correctness of a correspondence, based on coseg-
mentation of regions of growing size. We formulate the problem as sequential decision
making, performing Wald’s sequential probability ratio test. The test is based on simple
statistics of a modified dense stereo matching algorithm which are projected on a single
prominent discriminative direction by a linear SVM.

Of course, we do not want to lose the excellent large-scale matching properties of
descriptors based on measurement regions of fixed size and scale. We therefore apply
the co-segmentation process only to tentative correspondences obtained by a sub-linear
process, such as kD-tree search. In fact, any such process for generating tentative cor-
respondences can be set to be much more permissive, outputting higher number of cor-
respondences with lower inlier ratios but containing larger number of inliers. We shall
see that after filtering by simultaneous cosegmentation, inlier ratios are (more than)
recovered and the larger number of inliers leads to higher recognition rates.

On challenging matching problems, we show that the selection of correspondences
based on sequential co-segmentation is very efficient, runs near to real-time and signif-
icantly outperforms the standard correspondence process based on SIFT distance ratios,
producing a higher number as well as higher percentage of correct correspondences.
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6 Efficient sequential correspondence selection by cosegmentation

Algorithm 3 SCV: Sequential Correspondence Verification
Require: images I, I′,

correspondence with affine frame (x, y,A),
SIFT ratio sr,
false positive and false negatives rates (α, β),
model: learned SVM parameters θi,

likelihoods pi(q|+1), pi(q| −1).
3.1: for i = 1 : maximum number of decision stages do
3.2: µi =

{0, i=1,

10i−1, i>1.

3.3: (ḡ, c̄, ū) = grow(I, I′, (x, y,A), µi).
3.4: q = SVM(sr, ḡ, c̄, ū, θi).
3.5: L = pi(q|+1)

pi(q|−1) .

3.6: if Wald SPRT(L,α, β) is conclusive then break.
3.7: end for
3.8: return likelihood ratio L.

Consequently, combinatorial procedures for estimation of a geometrically consistent
subset of correspondences with time complexity sensitive to inlier ratios (polynomial de-
pendence), e.g. RANSAC, should always adopt sequentially terminated cosegmentation
as a pre-processing step.

The method scales well: the number of potential correspondences for a query image
region can be controlled. If it is constant, the total time complexity of the region
expansion process is independent of the size of the database and linear in the size of the
input (number of regions in the query image). On a large scale retrieval experiment [111],
we observed that the time needed to carry out the sequential procedure is not significant
in comparison with the time needed for the initial indexing process for establishing
tentative correspondences.

The rest of this chapter is organized as follows. The method is described in Sec. 6.2
and the training data and learning procedure for the sequential classifier in Sec. 6.3.
Experiments validation is presented in Sec. 6.4. Conclusions are summarized in Sec. 6.5.

This chapter is a significantly extended and modified version of [23].

6.2 The Sequential Correspondence Verification algorithm

The basic idea of the approach is to distinguish, as fast as possible, correct and incorrect
correspondences via a dense matching (pixel-to-pixel) growing algorithm. The require-
ments of high speed and quality of the decision process are contradictory. We therefore
propose a quasi-optimal sequential decision algorithm that minimizes time to decision,
given user-specified probabilities of false positive and false negative rates.

The proposed Sequential Correspondence Verification algorithm (SCV) is summarized
in Fig. 6.3. It proceeds in decision stages i. In the first decision stage, a fast dense stereo
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Figure 6.3: The Sequential Correspondence Verification algorithm.

matching growing algorithm, described in Sec. 6.2.1, is initialized by a tentative corre-
spondence of local affine frames. The verification proceeds by attempting to match
discriminative neighboring pixels. After a maximum number of growing steps µi, the
cosegmentation process returns three simple statistics (ḡi, c̄i, ūi) characterizing the qual-
ity of the correspondence: the growth rate ḡi – the size of the grown region divided by
the maximum number of attempted growing steps µi, the average correlation c̄i of the
region, and the average number of pixels violating the uniqueness ūi, i.e. non-bijectivity
of matching.

The vector of statistics is projected by SVM to a scalar quality qi which simplifies the
estimation of class conditional probabilities (likelihoods) p(qi|+1), p(qi| −1) of correct
and incorrect correspondence classes respectively. The region statistics are augmented
with the first to the second nearest SIFT descriptor distance ratio sr, a standard measure
for selection of tentative correspondence technique [95]. We call sr the SIFT ratio. The
Wald’s Sequential Probability Ratio Test (SPRT) is performed on the likelihood ratio
Li = p(qi|+1)/p(qi|−1). If the SPRT test is conclusive, the algorithm terminates and the
correspondence is assigned the likelihood ratio Li of the decision. Otherwise, another
decision stage i is performed, i.e. the cosegmentation is continued with exponentially
larger maximum number of growing steps µi, in Step 3.2 of Alg. 3, potentially producing
more discriminative statistics, since it is based on more measurements. Note that µ1 = 0,
which means the decision in the first stage is based solely on the SIFT ratio without
growing.

The process continues until the maximum number of decision stages i is reached. In
our experiments, we set the maximum number of decision stages to four, so the largest
growth is by µ4 = 1000 steps. Details of the algorithm are described below.

The choice of the three statistics was driven mainly by computational considerations
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6 Efficient sequential correspondence selection by cosegmentation

and we make no claims about its optimality. Beside computational speed, we attribute
to the simplicity of the characterization of the growing process the good generalization of
the sequential classifier. For instance, the sequential classifier performed almost equally
well on correspondences established on a different types of distinguished regions than it
was trained on, despite the fact that it is unlike that in general image statistics are the
same for different detection processes. Moreover, even after a very modest number of
training examples, the classifier performed well on a very large test set. With satisfactory
performance, we did not further investigate the feature selection problem (including
feature number). Equally ad hoc was the choice of linear SVM, which provided good
classification rate, fast learning and execution and trivial implementation.

6.2.1 Growing algorithm

The following simple algorithm explores regions around the input tentative correspon-
dence. The growing mechanism is inspired by [26, 118, 93, 102].

Each initial correspondence defines a local affine mapping from the reference image I
to the target image I′. The mapping generates several pixel to pixel correspondences,
the seeds2. Seed s = (x, y,A) is a point (x, y) in I with associated affine transformation
A which maps the local neighborhood to the other image I′:

x′ = a1x+ a2y + a3,
y′ = a4x+ a5y + a6,

(6.1)

or simply (x′, y′) = A(x, y).
The procedure is presented in pseudo-code as Alg. 4. The inputs are the images I, I′,

the set of initial seeds S and the maximum number of growing steps µ. The output are
three statistics ḡ, c̄, ū which characterize the (in)correctness of the input correspondence.

The algorithm computes the image correlation corr(s) of all initial seeds s ∈ S,
Step 4.2, as Moravec’s normalized cross-correlation [105] (MNCC), see (2.13), of 5 × 5
pixel window w centered at pixel (x, y) in the reference image and window w′ centered
at A(x, y) in the target image, deformed according to the affinity A.

Set S is organized as a priority queue according to MNCC. A seed is removed from
the top of the queue, and for all its 4-neighbors (left, right, up, down) in the reference
image, the best correlating candidate in Nk(s) is found (out of 9 possible positions in
the target image), Step 4.6, analogically to (5.1) such that

N1(s) =
{

(x− 1, y,Ac−1,r) | c, r ∈ {−1, 0, 1}
}
,

N2(s) =
{

(x+ 1, y,Ac+1,r) | c, r ∈ {−1, 0, 1}
}
,

N3(s) =
{

(x, y − 1,Ac,r−1) | c, r ∈ {−1, 0, 1}
}
,

N4(s) =
{

(x, y + 1,Ac,r+1) | c, r ∈ {−1, 0, 1}
}
,

(6.2)

2In our experiments, this is realized by a local affine frames (LAF) constructed on Maximally Stable
Extremal Region [113, 99] (MSER) and Hessian Affine points [134]. We take the three points in a
LAF as the initial seeds of the growing process.
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6.2 The Sequential Correspondence Verification algorithm

Algorithm 4 The Growing Algorithm
Require: images I, I′,

initial correspondence seeds S
maximum number of growing steps µ.

4.1: Initialize matching maps T(:, :) = 0, T′(:, :) = 0,
variables K :=G := C := U := 0.

4.2: Compute the image correlation for all seeds s ∈ S.
4.3: while K ≤ µ and S not empty do
4.4: K :=K + 1.
4.5: Draw the seed s ∈ S of the best similarity corr(s).
4.6: for each of the best neighbors t∗k in Nk(s):

t∗k = (x, y,A) = argmax
t∈Nk(s)

corr(t), k ∈ {1, 2, 3, 4}
do

4.7: c := corr(t∗k), c2 := maxt∈{Nk(s)rt∗k} corr(t).
4.8: if c ≥ τ and c− c2 ≥ ε and T(x, y) = 0 then
4.9: G :=G+ 1, C := C + c.
4.10: if T′(A(x, y)) = 1 then
4.11: U := U + 1.
4.12: end if
4.13: Update the matching maps

T(x, y) := T′(A(x, y)) := 1 and
4.14: the seed queue S := S ∪ {t∗k}.
4.15: end if
4.16: end for
4.17: end while
4.18: return growth rate ḡ := G

µ , average correlation c̄ := C
G , average uniqueness violation

ū := U
G .

where

Ac,r =
[
a1 a2 a3 + a1c+ a2r
a4 a5 a6 + a4c+ a5r

]
. (6.3)

If the highest correlation exceeds threshold τ = 0.5 and the difference of the first and
second highest correlations is above ε = 0.01 and the point is unmatched so far in
the reference image, then a new match is found, Step 4.8. Next, the counter for the
region size G is incremented and correlation value c is added to sum C. If the pixel
in the target image I′ is already matched, the counter for uniqueness violation U is
incremented, Step 4.11. The binary matching maps T and T′ are updated and the
found match becomes a new seed. Up to four seeds are created in each growing step.

The process continues until there are no seeds in the queue or the algorithm is stopped
when reaching the maximum number of growing steps µ, as tested in Step 4.3.

Examples of region growth in the co-segmentation process are illustrated in Fig. 6.4.
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6 Efficient sequential correspondence selection by cosegmentation

reference image target image

Figure 6.4: Examples of region growth in the co-segmentation process. Selected pixels
at the time of decision on correctness (in yellow) and after 1000 growing steps (in red).
The red pixels are shown for visualization purposes only, their correspondence is not
evaluated by the SCV algorithm. Corresponding local affine frames and measurement
regions of SIFT descriptors are in blue. See text for more details.

Local affine frames are shown in blue as a pair of line segments. The three endpoints
of the segments are the seed of the growing process. Blue parallelograms delineate
measurement regions, i.e. parts of the image where SIFT descriptors are computed.
Yellow marks pixels inside the region at the time of the decision on the correctness
of the correspondence made by the SCV algorithm. Red marks pixels that would be
chosen if the process was left to grow the maximum number of µ4 = 1000 steps. Note
that (i) the SCV decision is often reached after growing over a very small number of
pixels and (ii) the shape of the region is data-dependent, preferring areas with edges
and high variance of the signal where MNCC response is high. Unsurprisingly, pixel
correspondences follow correctly the 3D surfaces (branches of the shrub, parts of the
fence); in fact, a small local disparity map is computed.

The measurement regions include large parts of the background that is different in the
two images. It might be surprising that the regions in Fig. 6.4 are correctly matched,
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6.2 The Sequential Correspondence Verification algorithm

given that the first test in the sequential classifier is based on the SIFT ratio. We believe
there are (at least) three reasons for the favorable outcome. First, our test on the SIFT
ratio is very conservative. Second, the centers of the regions are on corresponding 3D
structures and SIFT applies a Gaussian weighting function that reduces influence of the
outer parts of the parallelogram where there is no correspondence. Finally, SIFT is an
array of histograms of gradients. The strong gradients are in correspondence in both
pairs of images, areas without strong edges are irrelevant for the SIFT representation.

Discussion Unlike Vedaldi and Soatto’s region growing algorithm [162], Algorithm 4
includes no explicit regularization either of the mapping or of the shape of the coseg-
mented regions. The reason is that the algorithm grows only in informative areas with
distinguishing signal (texture), so regularization is not needed. Areas without texture
are ambiguous and do not help to distinguish correct and incorrect correspondences.
Growth is restricted to unambiguous areas by requiring MNCC statistic3 to stay above
a threshold τ , and by requiring the distance of the first and second highest correlation
to be above ε, Step 4.8. Parameters τ and ε were set empirically, as a trade-off between
reliable growth of correct correspondences and preventing the growth into ambiguous
regions. Implicit surface smoothness is enforced. The disparity gradient change is con-
strained by (6.2), similar constraint is applied in [93].

In wide baseline dense stereo [118, 102, 72], local affine parameters (a1, a2, a4, a5)
representing a window deformation due to surface slant are optimized after each growing
step in order to facilitate maximum growth on curved or projectively distorted surfaces.
However, our goal is different: for correspondence verification the surface need not be
grown too far. Therefore, in our algorithm, the parameters inherited from the initial
seed are kept constant, which is significantly faster than the iterative optimization.
Experiments show that a small imprecision of the local affine parameters is not critical,
possibly due to the fact that effects of transformation errors are subsumed in disparity
(gradients).

6.2.2 Statistical correspondence quality

Ideally, correspondence quality would be a function of the probability that a pair of
grown patches is a projection of the same 3D surface, as calculated e.g. via MRF on the
image grid by global methods in dense stereo [76]. However, finding the MAP solution is
computationally intensive even for simple fields. Therefore, we use the efficient growing
algorithm as a suboptimal solution and model the correspondence quality on the basis of
elementary statistics that were empirically shown to discriminate correct and incorrect
correspondences.

The class conditional probability densities of the adopted statistics is shown in Fig. 6.5.
We observed that the growth rate ḡ is typically larger for correct correspondences than

3Note, the MNCC is a zero mean normalized correlation, see (2.13). For areas without texture, after
subtracting the mean values of signals in windows, the rest is an uncorrelated noise which results in
a low value of the statistic.
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Figure 6.5: Estimated class conditional probability density functions of cosegmentation
statistics. From left to right: growth rate ḡ, average correlation c̄, average uniqueness
violation ū; from to top to bottom: for 10, 100, 1000 growth cycles µ. Correct corre-
spondences (in red), incorrect correspondences (in blue). Note the gradual reduction in
the overlap of the densities, especially in the two leftmost columns.
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for incorrect as reported by [162], exceptions include e.g. situations when a correct
correspondence lies on a narrow surface or in cases of partial occlusion. The average
correlation in the region c̄ is also typically higher for correct correspondences, but in-
correct correspondences may accidentally have high correlation on repetitive or locally
similar structures, especially on small regions. The average uniqueness violation ū (devi-
ation from bijective matching) when growing the region is also quite discriminative, see
Fig. 6.5, right column. Forbidding uniqueness violation as in [93] is not suitable in the
wide-baseline setup due to possibly high surface slant or scale changes. The statistics
returned by the growing algorithm are combined with the ratio of the first to second
closest distance of SIFT descriptors sr [95], a standard method.

The problem of estimating a high dimensional likelihood ratio is avoided by projecting
the four dimensional statistic into a 1D scalar quality qi = f(sr, ḡi, c̄i, ūi) which expresses
a confidence on correctness of the correspondence. This is done using the Support Vector
Machine (SVM) trained on a set of exemplar positive and negative correspondences, see
Sec. 6.4. The SVM finds a discriminative direction maximizing a margin in combination
with a hinge loss (the training data are not separable). Projecting on this direction is an
effective feature extraction procedure, suggested already by Vapnik [161] and popularized
by e.g. Platt [122]

In consecutive decision stages i, the statistics are more discriminative, with the in-
crease in the maximum number of growth steps µi, Step 3.2 of Alg. 3. Thus a different
SVM θi is trained for each decision stage i. For subsequent stages, the classification
error due to the overlap of probability distributions is decreasing, see plot in Fig. 6.9(b).

The likelihoods pi(q| +1) and pi(q| −1) of positive and negative class respectively
were estimated by Parzen window method with a moving average kernel. The likeli-
hoods estimated from our training set (see later) for four decision stages i are shown in
Fig. 6.6. In the first stage, there is no growth and the statistic is solely the SIFT ratio.
Interestingly, the SIFT ratio threshold of 0.8 suggested for accepting a correspondence
by Lowe [95] is confirmed, being close to the equal-error operating point. Note that
in the sequential process a significantly stricter test is applied in the first stage: only
correspondences having SIFT ratio smaller than 0.4 are immediately accepted as correct,
while the others are grown and decided in a later stage of a cascade.

The likelihood ratio Li given the SVM output qi is computed from linearly interpolated
likelihood estimates.

6.2.3 Wald’s sequential decision

Let x be an object belonging to one of two classes {−1,+1}. In our case, the classified
objects are correspondences and the classes are “correct” (1) and “incorrect” (−1).
Next, let an ordering on the set of measurements {x1, . . . , xn} on x be given. Here
measurements xi are scalar values, oriented distances from SVM decision boundaries
after growing step i.

A sequential decision strategy is a set of decision functions S = {S1, . . . , Sn}, where
Si : {x1, . . . , xi} → {−1,+1, ]}. The strategy S makes one measurement at a time. The
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Figure 6.6: Estimated class conditional probability densities for the oriented distance to
the SVM hyperplane, ie. for projections on a normal to the maximum margin hyperplane,
for correct (red) and incorrect (blue) correspondences, for four stages of the sequential
decision process. Note the decrease in the overlap of the distributions with increasing µ.
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’]’ sign stands for a “continue” (do not decide yet). If a decision is ’]’, xi+1 is obtained
and Si+1 is evaluated. Otherwise, the output of S is the class returned by Si.

In two-class classification problems, errors of two kinds can be made by strategy S.
Let us denote αS the probability of rejecting a correct correspondence (x belongs to +1
but is classified as −1) and βS the probability of accepting an incorrect correspondence
(x belongs to −1 but is classified as +1). A sequential strategy S is characterized by
its error rates αS and βS and its average evaluation time T̄S = E(TS(x)) where the
expectation is over p(x), and T̄S is the expected evaluation time (or time-to-decision)
for strategy S. An optimal strategy for the sequential decision making problem is then
defined as

S∗ = arg min
S
T̄S (6.4)

s.t. βS ≤ β,

αS ≤ α

for specified α and β.
Wald [167] proved that the solution of the optimization problem (6.4) is the sequential

probability ratio test.

Sequential Probability Ratio Test (SPRT) Let x be an object characterized by its
hidden state (class) y ∈ {−1,+1}. The decision about the hidden state is based on
successive measurements x1, x2, . . .. Let the joint conditional density p(x1, . . . , xm|y = c)
of the measurements x1, ..., xm be known for c ∈ {−1,+1}.

SPRT is a sequential strategy S∗, which is defined as

S∗m =


+1, Lm ≥ A
−1, Lm ≤ B
], B < Lm < A

(6.5)

where Lm is the likelihood ratio

Lm =
p(x1, ..., xm|y = −1)
p(x1, ..., xm|y = +1)

. (6.6)

The constants A and B are set according to the required error of the first kind α and
error of the second kind β. Optimal A and B are difficult to compute in practice, but
tight bounds are easily derived. It can be shown that setting the thresholds A and B to

A =
1− β
α

, B =
β

1− α (6.7)

is close to optimal.
In the SCV algorithm, we assume that all information about a correspondence is

contained in the statistics from the last growth step: p(qi|y) = p(q1, . . . , qi|y). Therefore
only 1D PDFs are needed to carry out the SPRT test. Estimation of scalar PDFs poses
no technical problems as discussed in the previous section.
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Figure 6.7: The set of training images.

6.3 The training procedure

The set of 24 image pairs used in a training set of correspondences is shown in Fig. 6.7.
For all image pairs, MSERs were detected, LAFs constructed [99, 113] and SIFT descrip-
tors computed on normalized patches. Standard wide-baseline matching was performed
using SIFTs and a set of tentative correspondences was obtained. Finally, RANSAC
was run on each pair of the set to estimate the epipolar geometry. We have manually
relabeled correspondences which were accidentally consistent with the epipolar geometry
but were in fact incorrect4. The remaining inlier correspondences formed the positive
subset of the training set, all other correspondences were inserted as negative examples.

This way, approximately 6200 positive and 9800 negative correspondence examples
were obtained, which means that tentative correspondences on the training set had on
average approximately 40% of inliers.

The ground truth set was split randomly into two equals parts, half for training, half
for testing. The learning stage included linear SVM training and probability density
estimation via Parzen windowing. For SVM learning, the publicly available Statistical
Pattern Recognition Toolbox [45] was used.

4A mismatch in tentative correspondence lying on a corresponding pair of epipolar lines cannot be
detected by RANSAC.
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Figure 6.8: Test error as a function of a training set size. Note that only a very small
training set with about 102 examples is required.

A priori, we had no idea about the necessary size of a training set for the correspon-
dence classification problem. We therefore carried out the following test. A progressively
larger portion of the training set was used to estimate the SVMs and likelihoods. The
resulting sequential classifier (SCV) was applied to the test set. The observed classifi-
cation error is plotted as a function of the training set size in Fig. 6.8. For reference,
the classification error of the SIFT ratio is plotted too. The error does not improve
significantly after about 200 samples, a surprisingly small number. We concluded that
the size of our training set is sufficient.

Note that the Wald SPRT is a non-Bayesian technique based on conditional proba-
bilities and its performance is guaranteed in terms of false positive and false negative
rates hold for arbitrary prior probabilities. The insensitivity to the prior probability of
(in)correct correspondence is an important property of the method, since a wide range of
inlier ratios is encountered in practical matching problems. In fact, the SCV procedure
is extremely useful for matching problems where tentative correspondences have a very
low inlier ratio and direct RANSAC application would require an astronomical number
of samples. Such problems differ significantly in terms of the inlier percentage in ten-
tative correspondences from our training set, but in a non-Bayesian setting it does not
matter. The training set must only be representative for the conditional probabilities of
observations.

6.4 Experiments

6.4.1 Basic properties of the Sequential Correspondence Verification
algorithm

We start the performance evaluation of the SCV algorithm by several experiments
demonstrating some elementary properties of the algorithm. First, we measured dis-
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(c) Upper and lower bound of decision intervals in
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Figure 6.9: Properties of the SCV algorithm as a function of the number of growth
steps µ.
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criminability of the SCV algorithm, i.e. its ability to distinguish correct and incorrect
correspondences. The discriminability is characterized by a precision-recall curve which
is computed as follows. The SCV algorithm assigns likelihood ratio L to all N corre-
spondences in test set. The correspondences are sorted according to their likelihood
ratio, L(1) ≥ L(2) ≥ . . . ≥ L(N). Precision is defined as Q+

n /n, where Q+
n is the number

of correct correspondences among L(1), . . . , L(n). Recall is defined as Q+
n /Q

+
N . The SCV

algorithm is more discriminative than a standard ratio of SIFT descriptors, and the
difference becomes more prominent with the number of growing steps µ, see Fig. 6.9(a).

When a hard decision on the correctness of a correspondence is required, the likelihood
ratio L is thresholded. The classification error rate for the threshold L = 0 is plotted in
Fig. 6.9(b). In the case of the SIFT-ratio the threshold is 0.8 as discussed before.

The next figure, Fig. 6.9(c), focuses on decision thresholds for Wald’s SPRT; the upper
and lower bounds of the indecision intervals for Wald’s SPRT are plotted for α = 0.05
and β = 0.001 in log-likelihood ratio scale. The undecided interval is shrinking with
increasing growth steps µ due to lower error.

Finally, Fig. 6.9(d) shows the average number of computed MNCC correlations per
correspondence. This quantity is closely related to the computational complexity of the
algorithm. For correct correspondence, the number of correlations C+ grows almost
linearly with growth steps µ, while for the incorrect correspondences, the number of
correlations C− saturates at 4000. It means that for the largest growth µ = 1000,
the negative correspondences are about four times faster to decide. This behavior is
expected, since the algorithm stops growing when there are no high correlating neighbors
and typically finishes by exhausting the seed queue S before the maximum number of
growing steps is reached, see Step 4.3 of Alg. 4.

6.4.2 The SCV efficiently increases discriminability

We show that the SCV algorithm is more discriminative than the SIFT ratio and that the
sequential decision-making process speeds the algorithm significantly at the expense of a
very small discriminability loss. The comparison of the SCV algorithm was carried out
with various settings of Wald’s SPRT parameters (α, β), shown in Fig. 6.10. The SCV
algorithm outperforms the SIFT ratio for all three settings. The SCV-1 (α = 0.001, β =
0.001) is the most strict setting which has the highest discriminability. The SCV-2
(α = 0.05, β = 0.001) allows more false negatives, while the SCV-3 (α = 0.001, β = 0.05)
more false positives, but they both are more efficient in terms of number of window
correlations they had to compute.

In Tab. 6.1, three (α, β) settings of SCV algorithm are compared with the non-
sequential version (CV), which does not decide until the last stage performing maximally
µ4 = 1000 growing steps. We measured the average number of window correlations per
correspondence C which had to be computed, and the percentage di of correspondences
decided in i-th stage of the algorithm.

These values differ for correct and incorrect correspondences, so besides the mean
values di, C (which depends on the percentage of correct correspondences in the test
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Figure 6.10: Discriminability of the SCV algorithm. The precision-recall curves for SCV
with various setting of false positive and false negative rates and for the SIFT ratio
alone.

all correspondences
d1 d2 d3 d4 C × 103

CV 0 0 0 100 8.6
SCV-1 9.7 12.7 9.5 68.1 4.1
SCV-2 9.7 63.1 16.4 10.8 2.1
SCV-3 33.6 9.5 4.2 52.8 2.0

correct correspondences only
d+

1 d+
2 d+

3 d+
4 C+ × 103

CV 0 0 0 100 16.2
SCV-1 23.8 23.5 22.9 29.8 4.8
SCV-2 23.8 27.9 24.8 23.4 4.2
SCV-3 79.9 11.3 5.8 3.1 0.4

incorrect correspondences only
d−1 d−2 d−3 d−4 C− × 103

CV 0 0 0 100 3.7
SCV-1 0.8 6.0 1.1 92.2 3.6
SCV-2 0.8 85.1 11.1 2.9 0.7
SCV-3 4.5 8.3 3.1 84.0 3.1

Table 6.1: Efficiency of the algorithm. The di is the percentage of correspondences
decided in ith stage of the decision process. The C is an average number of window
correlation per correspondence.
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set), we show the tables for correct correspondences d+
i , C

+ and wrong correspondences
d−i , C

− which differ as discussed in the previous subsection.
We see that the sequential decision speeds up the process by factor of two (SCV-1) or

more than four (SCV-2, SCV-3) in comparison to the non-sequential algorithm without
losing much discriminability. The recall-precision curve in Fig. 6.10 of the non-sequential
algorithm (CV) is almost identical to the SCV-1, therefore it is not shown. In the tables
we can also verify that the SCV-2 having higher allowed false negative rate tends to
decide negative correspondences in lower stages of the sequence speeding up the decision
process by factor of more than 5, while the SCV-3 vice-versa, speeding up the decision
process of positive correspondences by factor of 12.

Computational complexity The dominant operation in the SCV algorithm is correla-
tion computation, other steps (SVM classification, Wald’s SPRT) are negligible. The
running time depends on the number of correspondences. Considering an example 1000
tentative correspondences, each requiring on average C = 2100 correlations (see Tab. 6.1)
we end up with approximately 2×106 correlations per image pair. This can be computed
on recent CPU in about 0.5 seconds and about 20–100 times faster on a modern GPU.

6.4.3 SCV performance on Hessian affine points

Until now, all experiments have been carried out on correspondences of local affine frames
on MSERs. We now show that SCV-algorithm performs equally well for verification of
correspondences obtained from Hessian affine points [134].

For all training image pairs in Fig. 6.7, a set of tentative correspondences was generated
from Hessian affine points and classified according to the ground-truth epipolar geometry,
and split into a training and test set. This is the same procedure as described before for
MSERs.

Fig. 6.11 shows that for Hessian affine points, the SCV algorithm (SCV-1) improves
the recall-precision curve obtained by SIFT ratio matching. Moreover, the performance
is virtually equal for the two cases when the algorithm is trained specifically on Hessian-
affine points or when the SCV algorithm trained on MSERs is used. This was not
expected a priori, as the images patches around the respective correspondences are quite
different. But the (simple) statistics of the growth process initialized from pixel corre-
spondences are preserved.

Interestingly, the ratio of the SIFT descriptors has slightly better discriminability on
Hessian affine points than on MSERs. The fact that MSERs are often detected on
occlusion boundaries might play a role.

6.4.4 Challenging wide baseline stereo scenes

Results of correspondence selection on difficult wide baseline stereo scenes are shown
in Fig. 6.12. These scenes are challenging due to small overlap, high degree of noise in
the images (Raglan), complex 3D structure with many occlusions (Forsythia, Fence).
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Figure 6.11: Discriminability of the SCV algorithm for Hessian affine correspondences.
The SCV algorithm performs equally well when trained on MSER correspondences or
specifically on correspondences of Hessian affine points.

In the Orange pair, matching is difficult since the background is locally similar (same
grain of wood) but not the same (very different location on the same table). To find the
epipolar geometry at all, the matching process generating the tentative correspondences
had to be very permissive, so that a sufficient number of correct correspondences was
present among tentative correspondences. We allowed more than one-to-one mapping in
tentative correspondences which lead to a high number of outliers (about 90 percent).

Plots in the last column of Fig. 6.12 show the precision among the best n retrieved
correspondences. This is important for progressive RANSAC procedure [28] which sam-
ples tentative correspondences according to preferences defined by the matching pro-
cesses (approximately speaking in the order as sorted by the matcher of tentative cor-
respondences). For correspondences sorted by the SCV algorithm, in all four scenes,
the PROSAC procedure would terminate successfully after a single iteration, since a
sufficient number of top correspondences is correct. This is neither the case when the
ordering of tentative correspondences is given by the negative ratio of SIFT distances,
nor the SIFT distances alone.

On the same images, we compared the sequential algorithm (SCV-2) and its non-
sequential version (CV). For all the scenes, the results of SCV-2 are slightly worse than
for SCV, which is much faster. The two algorithms evaluated the following numbers of
MNCC correlations (SCV-2 and non-sequential CV respectively): 0.5×103 and 2.5×103

(Raglan), 0.6×103 and 5.7×103 (Forsythia), 1.2×103 and 6.3×103 (Orange),and 0.4×103

and 4.3×103 (Fence) The reason why the decision is even faster here than on the test set
in the previous experiment is that there are many more wrong correspondences which are
faster to decide and these outliers are quickly decidable in early stages of the sequence.

Omnidirectional images The method was successfully tested on challenging image
pairs like Fig. 6.13, obtained by a catadioptric camera. Besides a significant spatial
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Figure 6.12: Results on challenging wide-baseline scenes. For Forsythia, we show the
color coded depth map of a common part (inside the blue frame) to demonstrate the 3D
structure of the image pair. Notice that the orange is placed in a different place on the
table and no correct correspondence exist on the background. Although not obvious,
almost the same part of the fence appears in both images of the Fence scene.

117



6 Efficient sequential correspondence selection by cosegmentation

wide baseline setup, the pair has a wide temporal baseline: the first image was captured
in the winter when there were no leaves on trees, while the other in the summer at
different day-time and in very different lighting conditions and shadows. Despite the
difficult conditions, the SCV algorithm was able to find several correct correspondences,
as can be checked visually; the ground-truth does not exist in this case. The algorithm
selected four LAF correspondences (three correct, one incorrect) out of more than 2000
tentative correspondences. Note that the correspondences shown are selected solely by
the SCV algorithm, i.e. before robust model fitting.

The method works because the initial affine transformation obtained from LAF corre-
spondence locally approximates the non-linear neighbourhood deformation in omnidirec-
tional images. This is true for the central part of the images, while the problems occur
at the boundary of spheres, where the distortion is not negligible. This is probably the
reason for the incorrect correspondence which occurred close to boundary of the sphere.

6.4.5 Test on the Oxford dataset

We used a subset of the Oxford dataset5 which has been used for performance evaluation
of affine region detectors [104] and local descriptors [103]. The dataset consists of images
which are distorted by various degradation: projective distortion (due to change of
the camera position), image blur (from defocusing), JPEG compression artifacts and
illumination changes. The ground-truth correspondences are known, since the database
contains a homography mapping between the reference and distorted target images.

The input is a set of several hundreds tentative correspondences per each pair. The
results for correspondence selection based on standard SIFT-ratio and on the SCV algo-
rithm are shown in Fig. 6.14 as precision-recall curves. We can see the SCV algorithm is
better in all cases. The most difficult distortion seems to be the blur, but it is deleterious
for SIFT as well. The projective distortion is well captured by local affine transforma-
tion, the illumination change does not also make serious problems, since the MNCC
statistic used in the growing algorithm is insensitive (however not fully invariant like
NCC statistic) to affine illumination changes. Surprisingly, the SCV does not deteri-
orates that much with the JPEG compression. Although the images looks seriously
(unnaturally) corrupted, the frequencies preserved by the JPEG compression resulted in
enough correlation.

6.4.6 Image retrieval

We show the benefits of SCV algorithm in a large scale image retrieval setup, using the
data set from Nistér and Stewénius benchmark [111]. It consists of 10200 images in
groups of four that show the same object. Each image is retrieved from the whole data
set. For each query the top N images are returned, and the score counting how many of
the correct answers are in top K is computed. In the benchmark K is set to 4, giving
the highest score 4, if the algorithm manages to retrieve top four images that matches

5http://www.robots.ox.ac.uk/~vgg/research/affine/
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zoom

zoom (grown regions)

Figure 6.13: Correspondences found by the SCV algorithm in challenging omnidirec-
tional image pair with a ‘wide temporal baseline’. Raw images by courtesy of Jan Knopp.
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Figure 6.14: Results on the Oxford dataset. Precision-recall curves of the SCV algorithm
(green) and of the SIFT ratio (black dashed), for images with an increasing degree of
distortion. Reference images in the first row, target images are shown in graphs. See
the electronic version to better view of the distorted images.
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Figure 6.15: Ranking of documents based on the visual word method, the number of
SIFT correspondences with distance ratio <0.8 and the number of SCV correspondences.

four instances of the object in the data set. Since the query image is also present in the
data set, the worst score of algorithm returning only the query in top K is 1. The overall
performance of the algorithm is computed as the average score of all 10200 queries from
the data set.

A part of the solution proposed by Nistér was reimplemented. The MSERs [99] and
LAFs [113] were computed on each of the images. Each of approximately 7 millions
LAFs was described using SIFT descriptor [95] computed on an affine normalized patch.
Then, similarly to visual words approach proposed by Šivic and Zisserman [143], we
build visual words vocabulary consisting of 1 million k-means in the SIFT descriptor
space and assign all the descriptors in the images to the nearest visual word. Each
visual word in a given document is weighted using TFIDF (Term Frequency – Inverse
Document Frequency) measure from text retrieval. The similarity of two documents is
then the L1 distance between their vectors of the visual words weights. The top K most
similar documents are retrieved. The described approach is similar to the flat scoring of
Nistér and Stewénius. It achieves the average score of 3.40 images retrieved per query
on the whole dataset.

To evaluate the performance of the SCV algorithm we took all queries that can be
improved by verifying reasonable number of images retrieved by VW method, i.e. queries
where there is at least one image of the retrieved object with rank 5 to 20. There are
1904 such query images. The overall score, the average number of correct images among
top 4, achieved by TFIDF visual word ranking is 2.32 for these queries. Top 20 score,
i.e. the average number of correct images among top 20, is 3.54. This is the upper bound
of the performance for a retrieval algorithm that resorts the top 20 retrieved images.
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6 Efficient sequential correspondence selection by cosegmentation

score higher same lower
SIFT 750 926 228
SCV 1224 597 83

Table 6.2: Comparison of the scores of the
VW method and rankings based on SIFT
and SCV correspondences.

For comparison, tentative correspondences were computed as nearest SIFT descrip-
tions for each of 1904 query images and its top 20 retrieved images giving altogether
38080 pairs. Tentative correspondences of each pair were then verified using the SCV
(α = 0.02, β = 0.001) algorithm. Finally, new ranking was established according to the
number of SCV correspondences found in each pair of images. We also compared our
method to the ranking based on SIFT correspondences (rank is based on the number
of correspondences with SIFT distance ratio < 0.8). The performance of the SCV algo-
rithm is compared in a histogram of ranks of the four correct images in answer to each
query (see Fig. 6.15). Clearly, SCV significantly improves the ranking of the correct
images bringing most of them to top 4. Its overall top 4 score on the 1904 query images
is 5717 resulting in average 3.00, the average top 5 score is 3.14. The overall top 4 score
for SIFT correspondences is 5004 resulting in average 2.63 and the average top 5 score
is 2.85.

At last, we compared the achieved top 4 scores of both methods to the visual words
method in Tab. 6.2. It shows the ranking is improved or unchanged with SCV in 95% of
cases. Wrong ranking occurs typically for images of different objects with little texture
(usually slightly blurred) on the same structured background. In this case, the most
of, in fact correct, correspondences are found in the background which does not help
retrieving a correct image.

6.5 Conclusions

We have presented a method which is able to efficiently distinguish correct and incorrect
correspondences, via collecting statistics while cosegmenting gradually larger regions.
We have shown this significantly benefits the matching process in challenging wide base-
line scenes and improves results even in a large scale image retrieval. The process is
computationally efficient and in practice requires only a fraction of a second.
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7 Conclusions

The first part of the thesis was dealing with low-level processing of image signals. We
proposed a complex correlation statistic which possesses the invariance to image dis-
cretization and insensitivity to affine transformation of corresponding domains. The
complex correlation statistic naturally provides an estimate of its maximum position
with sub-pixel precision.

The second part of thesis was more algorithmic. We designed an efficient dense match-
ing algorithm suitable for matching high resolution images of complex 3D scenes. It
avoids visiting the entire disparity space and computing huge number of correlation
statistics by a sampling strategy. Only promising correspondence hypotheses are gener-
ated via growing initial correspondence seeds, which can be even random. Final decision
is performed by a robust matching of competing correspondence hypotheses. The pro-
posed algorithm keeps the robust properties (low error rate, sufficient density) of the
original algorithm which computes the disparity space exhaustively, however it runs
about 100 times faster.

The last part of the thesis originated from an inspiration by the success of the growing
principle. This time we employed a similar growing mechanism to a problem of corre-
spondence verification. We designed a procedure which estimates how likely a given cor-
respondence is correct and how likely it is a mismatch. The algorithm, driven by Wald’s
sequential decision process, successively expands potentially corresponding regions while
collecting image statistics until the decision based on learned models. We showed the
resulting correspondence selection procedure is very discriminative, outperforms state-
of-the-art correspondence selection based on ratio of two closest SIFT descriptors. Its
running time is negligible to time spent by matching tentative correspondences, which
implies that it should be always used before RANSAC. We showed benefits in challenging
wide-baseline stereo problems and in image retrieval.

Contributions of the thesis are summarized in Sec. 3.3.

A reader may be disappointed that we did not show a connection of the complex
correlation statistics with growing mechanisms described later. There are couple of rea-
sons for that. Actually, the introduction of the GCS matching algorithm emerged from
a necessity to have a fast stereo algorithm suitable for using the complex correlation
statistic. Computing the entire disparity space of CCS was very computationally inten-
sive, mainly because of inapplicability of sliding window-like methods as in windowed
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statistics. Therefore, we were looking for an algorithm which avoids it. This way we
discovered the GCS algorithm.

However, after performing several experiments with high resolution images of complex
3D scenes, using CCS and MNCC statistics, we observed that benefits of CCS are lost
due to its artifacts. Using MNCC statistic was still significantly faster than CCS, due to
simpler formula and simpler arithmetic. The spatial extent of CCS was too large which
made problems at occlusion boundaries, stronger than those using windows of MNCC.
We also observed that discretization artifacts are not so strong when using images of
high-resolution. This is most probably due to the fact that camera anti-aliasing filters
filter too high-frequencies out. The problem with modulo 0.5 px disparities, which man-
ifested as contours of unassigned disparities when using MNCC, was solved alternatively
by redefining the occlusion model with inhibition zone gap. The affine insensitivity is also
replaced by a covariant approach used in the last chapter. The distortion of matching
windows due to surface slant is captured by the local affine parameters of the corre-
spondence seed, which can be viewed as a local fronto-parallel rectification. Sub-pixel
estimates using CCS are applicable off-line, i.e. computing the CCS of correspondences
according to a given integer disparity map. These estimates might be further refined by
the proposed global sub-pixel disparity correction.

Although we experimentally showed that CCS keeps theoretical properties in practice,
its artifacts are not negligible. The arguments above condemn the CCS to remain a
theoretical concept only, without a practical applicability in matching high-resolution
images of complex 3D scene. Other researchers might find this concept interesting and
find a more suitable application for it.

Possible future extension of the methods We see a great potential of the growing
algorithm. For instance, we can simply incorporate a discriminability enhancement by
Kostková and Šára [83] aggregating correlation in disparity space.

The improvement can be in reducing the boundary artifacts. It seems straightforward
to plug one of the methods mentioned in Sec. 2.1.2. The boundary artifacts are also
reduced when fusing the disparity maps by Tyleček [160].

We observed in [181] that a trinocular matching significantly increases the discrim-
inability and hereby the matching accuracy and density compared to a binocular match-
ing. Modifying the binocular GCS algorithm to a trinocular version is not difficult and
the resulting algorithm remains fast. In our 3D-reconstruction pipeline, we expect a
considerable improvement when working with image triplets instead of pairs.

An important problem which occurs quite frequently in our (and apparently also in
other similar) 3D reconstruction pipeline, is the inaccuracy of the calibration of cam-
eras. We observed that even a moderate inaccuracy causes imprecise rectification which
manifests by a sparsity of the matching. The reason is that the true epipolar lines are
out of the image rows and the disparity has a vertical component in fact. The solution
would be to relax the epipolar constraint to allow a small vertical disparity. This would
give a dense set correspondences which would be usable for re-estimating or refining the
camera calibration. We made first feasibility study with this, re-estimating the funda-
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mental matrix of an image pair iteratively, and it works well. The rectification of several
image pairs used in the thesis was refined by this method.

A possibility to further speed the algorithm up exists, in both algorithmic and im-
plementation levels. For instance, computing a complete MNCC statistic to decide a
future seed (of the best correlation) is unnecessarily expensive, since for such a decision
a simpler test most probably exists. It would also make sense to implement comput-
ing neighbouring correlations à la ‘sliding window’. A revision of data structures for
representing the hypotheses in the disparity space is worthy. After all, a clever imple-
mentation in low-level programming language or on a modern GPU might move the
algorithm closer to real-time. Current implementation is still partly in Matlab.

Another issue is a refinement of the estimated triangulated surface. We have been
using an iterative mesh fairing by Kostlivá et al. [85]. This method takes only the mesh
as its input. Therefore we consider incorporating a data term similarly to the proposed
method of the global sub-pixel disparity correction, which should further improve an
accuracy of the reconstructed 3D model.
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[132] R. Šára and R. Bajcsy. Fish-scales: Representing fuzzy manifolds. In Proc. ICCV,
pages 811–817, 1998.

[133] A. Saxena, S. H. Chung, and A. Y. Ng. 3-D depth reconstruction from a single
still image. IJCV, 76(1):53–69, 2007.

[134] F. Schaffalitzky and A. Zisserman. Multi-view matching for unordered image sets,
or “How do I organize my holiday snaps?”. In Proc. ECCV, LNCS 2350, pages
414–431, 2002.

[135] D. Scharstein and C. Pal. Learning conditional random fields for stereo. In Proc.
CVPR, 2007.

[136] D. Scharstein, R. Szeliski, and R. Zabih. A taxonomy and evaluation of dense
two-frame stereo correspondence algorithms. IJCV, 47(1):7–42, 2002. http://
vision.middlebury.edu/stereo/.

[137] M. I. Schlesinger. Mathematical Tools of Image Processing. Naukova Dumka, Kiev,
1989. In Russian.

[138] M. I. Schlesinger and B. Flach. Analysis of optimal labelling problems and their ap-
plication to image segmentation and binocular stereovision. In East-West-Vision:
International Workshop & Project Festival on Computer Vision, Computer Graph-
ics, New Media, pages 55–60. Austrian Computer Society, 2002.

[139] S. M. Seitz, B. Curless, J. Diebel, D. Scharstein, and R. Szeliski. A comparison
and evaluation of multi-view stereo reconstruction algorithms. In Proc. CVPR,
volume 1, pages 519–526, 2006. http://vision.middlebury.edu/mview/.

136



Bibliography

[140] M. Shimizu and M. Okutomi. Precise sub-pixel estimation on area-based matching.
In Proc. ICCV, pages 90–97, 2001.

[141] M. Shimizu and M. Okutomi. Significance and attributes of subpixel estimation on
area-based matching. System and Computers in Japan, 34(12):1791–1800, 2003.

[142] M. Shimizu and M. Okutomi. Multi-parameter simultaneous estimation on area-
based matching. IJCV, 67(3):327–342, 2006.
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