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Abstract

In this paper we explore stability principle applied to the problem of stereo-
scopic matching. Stability is based on competition among candidate matches.
It is not an optimality condition, it is a matching property, much like ordering
or uniqueness. Unlike the latter two it guarantees the existence of a unique
solution to a matching problem. Very roughly speaking, stable matching
is one in which each selected match dominates its potential competitors in
some property. Great versatility is possible since the choice of the property
is only very weakly constrained. The simplest property of matches, explored
in this paper, is their similarity measure computed over small rectangular
image neighborhoods as in standard area-based matching.

We define stability, give the existence and uniqueness theorem, and sug-
gest a simple and fast algorithm. We then show how stable matching copes
with wide disparity search range, half-occluded regions, very thin objects,
and featureless areas. We will show how stability property extends naturally
to the case when confidence intervals instead of single-valued match simi-
larities are given. This allows for guaranteed high accuracy in stereoscopic
matching. In a ground-truth experiment we compare various matchings in
terms of false positives, false negatives, mismatches, and bias towards large
objects.
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1 Introduction

Stereo matching is one of the inverse problems long studied in computer vision [9]. Be-
cause of its ill-posedness [1] much work has been devoted to posing the problem such
that a prior continuity model could be incorporated while keeping the computational
complexity of the matching algorithm low. The early solutions based on the heuris-
tic of cohesiveness [14] culminated in the classical algorithm by Pollard, Mayhew and
Frisby [16]. Although some interest remained [23], many authors departed from this
path and tried to pose the problem in the framework of statistical estimation theory
with a probabilistic continuity prior. The ML estimators of early 90’s, based on dy-
namic programming, were later put on a more sound basis by Belhumeur [2] (assuming
continuity along epipolar lines) and by Robert and Deriche [17] (assuming isotropic con-
tinuity prior). Recent disparity component matching [4] and network flow [8, 18, 10]
formulations of the matching task also include isotropic prior model but their compu-
tational complexity is lower. The most promising recent results are due to Kolmogorov
and Zabih [10]. They formulate the matching problem as constrained minimization of
Potts energy functional including a data conformance term, a continuity term and half-
occlusion penalty term. The optimum is searched for under uniqueness constraint. The
detection of half-occluded regions is based on the relative ratio of data conformance
vs. occlusion penalty and is not supported by any geometric constraint. The authors
give two approximate optimum search algorithms of which their α-expansion procedure
works better.

The difficulty in stereo matching using any form of prior continuity models is that
discontinuities and half-occlusions must be accounted for properly. Otherwise heavy
artifacts may result from the simultaneous occurrence of depth discontinuity and low
signal-to-noise ratio. This happens when the prior model becomes locally stronger than
the constraints given by the input data, which results in interpolation effect within the
boundaries surrounding the weakly-textured region. But such interpolation is quite often
erroneous, especially in scenes of deep range and relatively thin objects.

Here we will be interested in algorithms that are able to decide whether evidence in
data is sufficient to establish stereo correspondences. The decision must be based on the
data itself, since global models (thresholds) are known to work poorly.

The ability to reject unreliable and/or ambiguous matches is extremely important
when information from multiple views is to be integrated into a globally consistent
geometric model. The interpolation, on the other hand, is a higher-level problem and
can be solved within the geometric model reconstruction procedure provided that the
matches found are reliable enough.

Therefore, the question we would like to open can be stated as follows: How infor-
mation available in the input images can be used efficiently to find a matching without a
continuity prior? It is clear that in such a case one must rely on just the unambiguous
evidence available in input data. It is also clear that one cannot aim at obtaining dense
matchings: if images contain no information about correspondences (images of the clear
sky) we require the matching algorithm to assign no matches.

Let us develop a bit of insight: suppose (1) there is a signature assigned to each pixel
in input images, (2) the signatures of corresponding points are equal, and (3) all pixel
signatures are unique. Under such conditions the (actual) matches dominate all other
candidate matches in their signature similarity measure.1 It is then easy to find such
dominant pairs. We call this dominant matching. A special case of dominant matching
is the popular ‘symmetric maximum method.’ In the noise-free case dominant matching
is complete2 and leaves only half-occluded regions unmatched. Dominant matching will
be defined precisely in Section 3.

If signatures are corrupted by random noise, our correlation value becomes a ran-
dom variable. Some correct correspondences receive lower correlation and some other
candidate correspondences receive higher correlation. Since there are usually many com-
petitors to a given correct match, the probability of a false match becoming dominant is

1Pixel signature similarity will be called correlation from now on.
2Complete matching is ‘as dense as possible’, see later for precise definition.
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Figure 1: Let M = {p, r} be a matching (full circles) on a 2×2 matching problem. Match
p = (i, j) of correlation 0.8 has a competitor q = (i, l) of correlation 0.9. The q has a
competitor r = (k, l) of correlation 1.0. The pair p is thus stable in M (its competitor
has a competitor from M). The r is trivially stable since it has no competitor.

low compared to the probability of a correct match ceasing to be dominant. The result is
that under uncertainty due to noise the dominant matching becomes rather sparse. The
question addressed in this paper is whether we may weaken the dominance constraint to
improve the density of the resulting matching while keeping the probability of mismatch
low.

The answer is positive. We weaken dominance to stability. Roughly speaking, match-
ing is stable if each match p included in the matching has no other competitors q besides
those that have a competitor r which is a member of the matching (cf. Fig. 1). Match q
is a competitor to a match p if they cannot be both members of the same matching (due
to uniqueness or ordering constraints, for instance) and the correlation of q is greater
than that of p (precise definition will be given in Section 3). Obviously, the q would be
a better candidate to be matched on account of its correlation value alone.

Like the well-known ordering constraint, stability only requires certain condition to
hold. Remarkably enough, stable matching is unique and, unlike the dominant matching,
it is also complete (under mild assumptions stated later), even under noise.

The disadvantage of the stability introduced above is its susceptibility to noise: the
ordering of potential matches, being based on their correlation value, can get easily
disturbed. We therefore generalize stability to σδ-stability which allows for some margin
when comparing correlations. The σδ-stable matchings are no longer complete but they
are remarkably error free. Both dominant and stable matchings are special cases of
σδ-stable matchings. Section 4 deals with this most general form of stability and it is
where the main contribution of this paper lies. In Section 5 we use it to formalize the
problem of stereo matching when confidence intervals as opposed to single correlation
values are given for all potential matches.

The Stable Matching Problem studied here is similar to the Stable Marriage Prob-
lem [7] which has been studied intensively since Gale and Shapley published their clas-
sical paper [6]. The Stable Marriage Problem formulation is more general in certain
respects (it allows for asymmetric rankings of preferences) and less general in the other
(rankings are less general than partial orderings).

In this paper we define stable matching for the special case when all potential matches
can be globally ranked (with ties). This is often the case in area-based stereo using
similarity measure like the sum of squared differences or normalized cross-correlation.
The more general possibility of defining stability on partial orderings is only hinted here
as it is still a topic for our ongoing research.

We discuss only binocular matching problem here as it is the most difficult case. We
will not deal with polynocular stereo in this paper, since the generalization is simple, if
not straightforward.

2 Basic Concepts

We first briefly review the principal concepts upon which the notion of stability is build.
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Figure 2: A pair p in matching table P (left), the X-zone X(p) (center, empty circles),
and the F -zone F (p) (right).

Matching table Let I, J = {1, 2, . . . , N} be two sets indexing pixels on the left-
image and the right-image epipolar lines, respectively and let P ⊆ I × J . The element
p = (i, j) ∈ P will be called a (candidate) pair. Let c be correlation measure assigning
each pair p a real number c(p). We will visualize P as a matching table as shown in
Fig. 2 in which each crossing (circled or not) may represent a pair from P . Note that
the I × J may or may not be fully populated by P .

The X-zone and the FX-zone The X-zone3 X(p) ⊆ P of a pair p = (i, j) ∈ P
consists of all pairs q ∈ P with the same row index i or column index j, except for the
pair p itself, as shown in Fig. 2 (center). Similarly, the F -zone4 F (p) ⊆ P of a pair
p ∈ P is formed by two opposite quadrants around (i, j) as shown in Fig. 2 (right). The
union of X(p) and F (p) will be called the FX-zone, FX(p) = X(p) ∪ F (p).

Matching A bipartite matching M is a subset of P in which each i ∈ I and each j ∈ J
is represented at most once. For the sake of brevity, we omit the word ‘bipartite’ in the
following text.

A subset M ⊆ P is a matching iff for each p, q ∈ M it holds that p /∈ X(q) (this is
the so called ‘uniqueness constraint’ [14]).

The cardinality of matching M is denoted as |M |. A maximum cardinality matching
has the greatest number of pairs possible.

Monotonic matching Matching M is monotonic iff for each two pairs p, q ∈ M ,
p = (i, j), q = (k, l) such that k > i it holds that l > j. A subset M ⊆ P is monotonic iff
for each p, q ∈ M it holds that p /∈ F (q) (this is the so called ‘ordering constraint’ [22]).

Inhibition zone Let us, for a moment, consider the general subsets M of P (not
necessarily matchings). Each pair p ∈ P has an inhibition zone Z(p) ⊆ P if it holds that
if p ∈ M then no pair q ∈ Z(p) must be in M . Two pairs p, q such that p ∈ Z(q) will
be called discordant. Two pairs that are not discordant will be called concordant.

For instance, X-zone is the inhibition zone for matchings and F -zone is the inhibition
zone for monotonic subsets of P . Therefore, the subset M is a matching iff X(p) ⊆ Z(p)
for each p ∈ M and is a monotonic matching iff FX(p) ⊆ Z(p) for each p ∈ M .

We can see that both uniqueness and ordering constraints have a very similar repre-
sentation. Since the early work on stereo matching little has been done to incorporate
the zones in a natural way into the matching problem task formulation.

Inhibition zone shape Let p ∈ Z(q) iff q ∈ Z(p). Then the discordance relation is
symmetric.

In this paper we will assume that inhibition zone Z always generates symmetric
discordance relation. For short we will say the zone is symmetric. The X-zone and the
F -zone shown in Fig. 2 are both symmetric.

3The name of the X-zone was chosen because of its shape.
4The F -zone stands for forbidden zone [11].
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Inhibition zone depth The zone depth D is defined by the largest relative disparity
of the pairs within, as follows:

D(Z(p)) = max
q∈Z(p)

max(|i− k|, |j − l|),

where q = (k, l) and p = (i, j). See Fig. 2, where the F -zone shown is of depth D = 3.

Matching problem Let P be matching table (sparsely or fully populated), c : P → IR
be a bounded correlation function defined on the table and Z(p) be inhibition zones for
each p ∈ P such that they generate a symmetric discordance relation (i.e., all of them
are symmetric and of the same shape and depth5). The triple (P, c, Z) will be called a
matching problem.

3 Stable Matching

In this section we define stable matching. Stability is a property of subsets of matching
table P and is defined on (partial) ordering relation on pairs from P . The ordering is
generated by the competition relation which we define here as follows:

Definition 1 (Competitor). We say that pair q ∈ P is a competitor to pair p ∈ P iff
q ∈ Z(p) and c(q) ≥ c(p). We say it is a strict competitor if, in addition, c(q) > c(p).

Stability is now defined as follows:

Definition 2 (Stability). Let (P, c, Z) be a given matching problem and let M ⊆ P .
We say a pair p ∈ P is stable with respect to M iff for each q ∈ P which is a competitor
to p there is a pair r ∈ M which is a strict competitor to q. The subset M is stable if
every p ∈ M is stable with respect to M .

We will refer to q as the direct competitor to p and to r as the indirect competitor
to p. To stress the fact that a particular inhibition zone Z is generating a stable subset
of P , we say such subset is Z-stable.

In stereo matching there is a popular simple method of matching two sets of pixels (or
interest/feature points in wide-baseline stereo), it is usually called symmetric maximum
matching: pixel i ∈ I is matched to pixel j ∈ J if the correlation c(i, j) is greater than
the correlation c(i, k) for any other k ∈ J and, symmetrically, the correlation c(i, j)
is greater than the correlation c(l, j) for any other l ∈ I. Here we call such matching
X-dominant. Using our terminology, dominant matching for general inhibition zones is
defined as follows:

Definition 3 (Dominance). Let (P, c, Z) be a given matching problem. A pair p ∈ P
is called Z-dominant if it has no competitors in Z(p). A subset M ⊆ P is Z-dominant
if every p ∈ M is Z-dominant.

As before, such subset M is a matching iff X ⊆ Z and is monotonic iff F ⊆ Z.
Moreover, the following holds: Let D ⊆ P be Z-dominant subset on (P, c, Z) and let
S ⊆ P be Z-stable subset on (P, c, Z). Then D ⊆ S. A proof for the case Z = FX is
given in [19]. Both dominant matching and stable matching are special cases of σδ-stable
matching to be discussed in Section 4.

Dominant matchings are known to be rather sparse. This was the reason that led us
to the formulation of a condition which is weaker than dominance and which guarantees
greater matching density. To formalize the somewhat vague notion of matching density
we introduce matching completeness as follows:

Definition 4 (Completeness). A subset M ⊆ P is Z-complete iff for each pair p /∈ M
it holds that the intersection Z(p) ∩M is non-empty.

5Zones close to the border of the matching table may extend past the boundary of the table. We
simply assume there are no candidate pairs outside of the table.
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The Z-stable matching is Z-complete if there are no two discordant pairs of equal
cost (which is rare). The Z-dominant matching is generally (quite often) incomplete.
Complete matchings give denser disparity maps than matchings that are not complete.
Experimental comparison of disparity map density for several stable matching algorithms
will be given in Section 6.

3.1 Quasi-Stable Matching Algorithm

We first give a simple matching algorithm and prove its correctness. This algorithm
ignores discordant ties (equal-cost discordant pairs), which is the reason we call it quasi-
stable. Quasi-stable matchings have important properties which will be discussed shortly.
Namely, it will be shown that Z-stable matching is a subset of quasi-Z-stable matching
and can be found by post-processing using Alg. 2. This combination has the best time
complexity of all algorithms for stable matching we have explored so far.

Algorithm 1 (Quasi-Stable Matching).

Input: Matching problem (P, c, Z).

Output: Stable matching M .

Procedure:

1. Initialize M := ∅.
2. If P is empty, terminate.

3. M :=M ∪{p}, where p is the largest-cost pair in P . If there are multiple such
pairs, select any of them.

4. Remove Z(p) ∪ {p} from P and go to 2.

The proof of Alg. 1 correctness will be stated by Theorem 1, based on the following
three lemmas:

Lemma 1. Let Z be a symmetric inhibition zone. Any run of Alg. 1 on (P, c, Z) returns
a complete matching.

Proof. Suppose the set M returned by the algorithm is not complete. Then there is a
pair p ∈ P \M such that Z(p) ∩M = ∅.6 By symmetry of inhibition zone it must hold
for each pair q ∈ M that p /∈ Z(q). But this is a contradiction, since, in this case the p
would have been assigned to M in Step 3 of Alg. 1.

The following two lemmas are general characterizations of stable complete matchings
irrespective of the existence of a matching algorithm:

Lemma 2. Let (P, c, Z) be a matching problem instance with no discordant ties. Any
stable complete matching M̄ on (P, c, Z) contains the highest-correlation pair in P .

Proof. Suppose there is such matching M̄ ⊆ P and the highest-correlation pair p ∈ P
is not a member of M̄ . From the requirement of completeness, it follows there is a pair
q ∈ Z(p) ∩ M̄ such that c(q) < c(p). But if q is to be stable there must be a pair
r ∈ Z(p) ∩ M̄ such that c(r) > c(p), which is a contradiction.

The following lemma suggests how a stable complete matching can be decomposed
into a series of nested subproblems:

Lemma 3. Let (P1, c, Z) be a matching problem without discordant ties. Let a matching
subproblem (P2, c, Z) be constructed such that P2 = P1 \ (Z(p1) ∪ {p1}), where p1 is the
highest-rank pair in P1. Then the following holds:

1. If M̄1 is a stable complete matching for (P1, c, Z) then M̄2 = M̄1 \ {p1} is a stable
complete matching for (P2, c, Z).

6The \ is a set-theoretic difference.
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2. If N̄2 is a stable complete matching for (P2, c, Z) then N̄1 = N̄2 ∪ {p1} is a stable
complete matching for (P1, c, Z).

Proof. The first statement holds, since after deleting Z(p1) from P1, both ‘stable’ and
‘complete’ properties of M̄2 are inherited from M̄1. The second statement holds, since
correlation values in Z(p1) are always smaller than c(p1), thus the ‘stable’ property
holds, and the completeness is obvious.

As a corollary of Lemma 3 we have that for a given matching problem (P, c, Z)
without discordant ties there is always a unique stable complete matching.

Theorem 1. For any matching problem instance without discordant pairs, Alg. 1 ter-
minates, and returns a unique stable complete matching.

Proof. We construct a series of strictly nested problems as in Lemma 3. After n steps,
n = min(|I|, |J |), we end up with a trivial matching problem (Pn, r), for which stable
complete matching is M̄n. By Lemma 3, the M̄1 is constructed as M̄n ∪{pn}∪{pn−1}∪
· · ·∪{p1} and is a stable complete matching. Since the process always succeeds in solving
the problem Pn, there is always a stable matching. Because of the nesting strictness,
there is at most one such matching.

We will now release the assumption of no discordant ties. It is easy to see that the
set M returned by any run of Alg. 1 has the following property:

Property 1. For each p ∈ M and q ∈ Z(p) such that c(q) ≥ c(p) it holds that there is
a pair r ∈ Z(q) ∩M such that c(r) ≥ c(q).

This is the reason we call the result of Alg. 1 quasi-stable matching. There may be
more quasi-stable matchings for a given matching problem (P, c, Z).

We will not discuss stable matching algorithm for the case when ties are allowed
because it is a special case of algorithm for σδ-stable matching which is defined and
discussed in the next section.

Time Complexity The time complexity of Alg. 1 is O(|P | · |M |), where |P | is the
number of initial pairs in the matching table and |M | is the cardinality of the algorithm’s
output. If P is an n × n densely populated table the algorithm complexity is O(n3).
It may be reduced to O(n2 log n) when pairs waiting to be considered by the algorithm
are represented as a heap of column (or row) heaps and the pairs rejected in Step 4 are
represented by binary search trees in each column (row) of the table.

4 σδ-Stable Matching

The fact that the largest-cost pair is a member of stable matching (unless it is discordant
with another pair of the same cost) may be viewed as a property which is not always
desirable. Correlation computed from image data is a random variable: correlation
measure may take on any value within its range for a pair of images of a real surface
point neighborhood as well as for a pair of non-corresponding point neighborhoods. In
practice, this happens quite often and one faces the situation when a pair which obviously
does not correspond to any real surface patch has a rather high correlation value. The
influence of such pairs upon the matching could be reduced if we allowed for some margin
when comparing two correlations in the stability definition. We explore this possibility
here.

Definition 5 (ε-Competitor). Pair q ∈ P is an ε-competitor to p ∈ P iff q ∈ Z(p)
and c(q) ≥ c(p)− ε and is a strict ε-competitor if, in addition, c(q) > c(p)− ε.

Definition 6 (σδ-Stability). Let σ and δ be two constants such that −δ ≥ σ ≥ 0. Pair
p ∈ P is σδ-stable with respect to M ⊆ P iff for each q ∈ P which is a σ-competitor to p
there is an r ∈ M , r 6= p, which is a strict δ-competitor to q. Matching M is σδ-stable
iff each p ∈ M is σδ-stable with respect to M .

We say the above triple (p, q, r) verifies stability. In the triple, the pairs p, r will be
called the tested pairs and the q will be called the query pair.

6



Comments

1. Note that when ε = ∞ then any pair from inhibition zone Z(p) is an ε-competitor
to p, when ε = −∞ then no pair is a competitor to p. Various combinations of
extreme values for σ and δ lead to different types of stable matching as can be
seen from the following table:

σ δ matching
0 0 stable
0 −∞ dominant
∞ −∞ empty

We can see that the matching is allowed to vary from empty to full cardinality
when σ and δ vary within their range.

2. If we did not restrict δ to δ ≤ 0, there might be more solutions to a given σδ-stable
matching problem.

3. If we did not impose the restriction −δ ≥ σ and we only required δ ≤ 0 we
would need to require the indirect competitor to a pair p to be different from
p. Otherwise computational problems would arise (the matching problem would
become NP complete).

4. Every pair p ∈ P can be associated with different σ and δ, which can be related to
the confidence interval for c(p), for instance. More on this possibility in Section 5.

4.1 σδ-Stability Properties

We are now ready to prove the following lemma:

Lemma 4. Let σ ≥ 0 and δ ≤ 0 and let Z be a symmetric inhibition zone. Then the
σδ-stable matching on (P, c, Z) is a subset of any quasi-stable matching on (P, c, Z).

Proof. Let M be some quasi-stable matching on (P, c, Z) and let S be σδ-stable matching
on (P, c, Z). We prove the lemma by contradiction. Let s0 ∈ S and s0 /∈ M . From the
fact that s0 /∈ M and from completeness of M it follows that there is a pair t0 ∈ Z(s0)
such that t0 ∈ M . There are three mutually exclusive cases:

1. c(t0) > c(s0). Then, because t0 is a σ-competitor to s0 (since σ ≥ 0), there must
be s1 ∈ Z(t0) ∩ S such that c(s1) > c(t0) − δ ≥ c(t0) to preserve the σδ-stability
of s0. Since t0 ∈ M it holds that s1 /∈ M since s1 ∈ Z(t0). In order for t0 to be in
M there must exist t1 ∈ Z(s1)∩M such that c(t1) ≥ c(s1) (by Property 1 above).
Since δ ≤ 0 the argument continues along a strictly non-decreasing path until

(a) There is no such ti. Then ti−1 ∈ M does not satisfy Property 1 which is a
contradiction.

(b) There is no such si+1. Then si is not σδ-stable but si ∈ S, which is a
contradiction.

2. c(t0) < c(s0). Then, since t0 ∈ M , there must be t1 ∈ Z(s0) ∩ M such that
c(t1) ≥ c(s0). Since σ ≥ 0 and s0 is σδ-stable there must be s1 ∈ Z(t1) ∩ S such
that c(s1) > c(t1) − δ ≥ c(t1). The argument continues the same way as in the
previous case and also leads to contradiction.

3. c(t0) = c(s0). Then, since s0 is σδ-stable, σ ≥ 0, and δ ≤ 0 there must be
s′0 ∈ Z(t0) ∩ S such that c(s′0) > c(s0) and we thus have Case 2.

7



4.2 σδ-Stable Matching Algorithm

Before we introduce the σδ-stable matching algorithm we first slightly extend the notion
of σδ-stability. Let δ : P ×P → IR and σ : P ×P → IR be two scalar bounded functions
on couples of pairs. The stability definition will now read as follows

Definition 7 (Generalized σδ-stability). Matching S is σδ-stable if for each p ∈ S
and each q ∈ Z(p) the following holds:

If c(q) ≥ c(p)− σ(p, q) then there must be r ∈ S such that c(r) > c(q)− δ(q, r). (1)

The functions σ, δ are not symmetric, in general. We will distinguish two important
cases

1. When σ(p, q) = σ(p) and δ(q, r) = δ(r) we say the σ, δ functions are associated
with tested pairs in each triple (p, q, r) verifying stability.

2. When σ(p, q) = σ(q) and δ(q, r) = δ(q) we say they are associated with the query
pairs.

Converting Pairs We are now interested in converting quasi-stable matching M to
σδ-stable matching by removing some pairs from M .

Pair q participates in converting quasi-stable matching M to σδ-stable matching S
by removing pair s ∈ M ∩Z(q) iff c(q) ≥ c(s)−σ and there is no pair p ∈ S ∩Z(q) such
that c(p) > c(q)− δ. Note it follows that q /∈ M and p 6= s.

Let M be a quasi-stable matching on (P, c, Z). Let q ∈ P . We introduce two sets
T (q | Q) and D(q | R) given sets Q,R ⊆ M as follows:

T (q | Q) = {t | t ∈ Z(q) ∩Q, c(t) > c(q)− δ(q, t)} , (2)
D(q | R) = {d | d ∈ Z(q) ∩R, c(d) ≤ c(q) + σ(d, q)} . (3)

Note that if q ∈ M then T (q | M) = D(q | M) = ∅. We will now rephrase the converting
pair condition as follows:

Observation 1. Let S be σδ-stable matching for matching problem (P, c, Z). Let C ⊆ P
be the set of pairs that convert quasi-stable matching M to S. Then, for each q ∈ C it
holds that T (q | S) = ∅ and D(q | M) /∈ S.

Before we come to the algorithm let us impose a condition on σ, δ: Let q, t, q′ ∈ P ,
t /∈ {q, q′}. We require that

σ(t, q′) + δ(q, t) ≤ 0 when c(q) ≥ c(q′). (4)

It is worth noting that this condition includes several special cases:

1. When σ = 0 and δ(q, t) ≤ 0. The extreme cases are (ordinary) Z-stable matching
when δ = 0 and Z-dominant matching when δ = −∞.

2. When σ = const and δ = const and σ ≤ −δ.

3. When σ(t, q′) = −δ(q, t), for all q, q′ ∈ Z(t), i.e., when σ and δ are associated with
tested pairs in each triple that verifies σδ-stability and σ(t, q′) = σ(t), δ(t) = δ(q, t).
This case is important, since the confidently stable matching problem (to be defined
in Section 5) can be reduced to this case.

Under condition (4) the σδ-stable matching algorithm works as follows:

Algorithm 2 (σδ-Stable Matching).

Input:
• matching problem (P, c, Z),
• functions σ, δ : P × P → IR satisfying (4).
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Output: σδ-stable matching S

Procedure:

1. Run Alg. 1 to obtain any quasi-stable matching M ⊆ P .

2. Set i := 0 and initialize Si := M and Li := P \M .

3. Sort Li in descending order with respect to c.

4. Until Li is empty repeat 5–7.

5. qi := head(Li), Li+1 := tail(Li).

6. if T (qi | Si) = ∅ then Si+1 := Si \D(qi | M) else Si+1 := Si.

7. i := i + 1.

Comments

1. It is possible to assign Li := P in Step 2 instead of P \M since D(p | M) = ∅ for
all p ∈ M .

2. L may be reduced by eliminating all pairs for which D(p | M) = ∅, where M is
quasi-stable matching. It can be done in O(|P |) time if Z ∈ {X, F, FX}.

3. The test in Step 6 can be speeded up as follows. For each pair q ∈ P we determine
the largest-cost pair p ∈ Z(q) ∩M . If p remains in Si at the time of testing q in
Step 6, then the test is equivalent to testing c(p) ≤ c(q) − δ(q, p) which is done
in O(1)-time. If p /∈ S then we have to do the full test on emptiness of T (q | Si)
which is done in O(|M |) time.

The proof of correctness of Alg. 2 is based on the following Lemma:

Lemma 5. Let the condition (4) hold. After Step 6 of Alg. 2 is performed it holds that
T (qi | Si+1) ⊆ S, where S is σδ-stable matching on (P, c, Z).

Proof. The set T (qi | Si+1) is σδ-stable if it is not influenced by pairs from Li+1. Let us
suppose the existence of s ∈ Li+1 such that t ∈ T (qi | Si+1) and t ∈ D(s | Si+1). Two
conditions must hold:

c(t) > c(qi)− δ(qi, t), (5)
c(t) ≤ c(s) + σ(t, s). (6)

We introduce ε ≥ 0, so c(s) = c(qi) − ε because c(s) ≤ c(qi), which follows from the
condition that s ∈ Li+1. From this and from (6) we get

c(t)− c(qi) ≤ σ(t, s)− ε. (7)

From (4) we have σ(t, s) + δ(qi, t) ≤ 0. From (7) it therefore follows that

c(t)− c(qi) ≤ σ(t, s)− ε ≤ −δ(qi, t)− ε.

This is in contradiction with (5), since ε ≥ 0, so there are no pairs t ∈ T (qi | Si+1) and
s ∈ Li+1 such that t ∈ D(s | Si+1) which proves the lemma.

Theorem 2. Alg. 2 solves the σδ-stable matching problem on any (P, c, Z) if (4) holds.

Proof. The theorem is a corollary of Lemma 5.

Time Complexity The time complexity of Alg. 2 is O(|P | · |M |), where |P | is the
number of initial pairs in the matching table and |M | is the cardinality of quasi-stable
matching found in the first step of the algorithm. If (P, c, Z) is a dense matching problem
then the complexity is O(n3). It may be improved to O(n2 log n) for X-zones, this
possibility will be discussed in Section 5.1.
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5 Confidently Stable Matching

Let [c(p), c(p)] be the confidence interval for the correlation value c(p) of a pair p ∈ P .
A rigorous approach to constructing such intervals is given in [13]. We may require
stability to hold for the worst possible combination of correlations from these intervals.
Such matching will certainly be very little sensitive to (good) noise. It can be regarded
as stable with certainty related to the confidence level chosen. In practice, this is of
course limited by the capture probability of the confidence interval estimator.

In this section we define confidently stable matching and show that the problem can
be reduced to σδ-stable matching. It will be shown that Alg. 2 can be used without any
modification for one of the two possible reductions of confidently stable matching.

Definition 8. Matching S is confidently stable if for each p ∈ S and each q ∈ Z(p) the
following holds:

If c(q) ≥ c(p) then there must be r ∈ S such that c(r) > c(q). (8)

Let ∆(·) be confidence interval width. There are two possible ways to reducing
confidently stable matching problem to σδ-stable matching problem:

1. When c(p) def= c(p)−∆(p) and c(r) def= c(r)−∆(r). Then the condition (8) reads as
follows: If c(q) ≥ c(p)−∆(p) then there must be r ∈ S such that c(r)−∆(r) > c(q),
cf. (1). That is, we set σ(p, q) = ∆(p) and δ(q, r) = −∆(r). It thus holds that
σ(p, q) + δ(s, p) = 0 for each s, q ∈ P and that the σ, δ are associated with the
tested pairs.

2. When c(q) def= c(q) + ∆(q). Then the condition (8) is as follows: If c(q) + ∆(q) ≥
c(p) then there must be r ∈ S such that c(r) > c(q) + ∆(q). That is, we set
σ(p, q) = ∆(q) and δ(q, r) = −∆(q). So it holds σ(p, q) + δ(q, r) = 0 for each
p, r ∈ P and the σ, δ are associated with the query pairs.

We can see that Alg. 2 can be used in the first case only.

Comment To reduce computational requirements, c(p) can be chosen as the estimator
of the upper limit of the confidence interval. This is possible in some cases, especially
when c(p) is a bounded function (like normalized cross-correlation). In this case we gain
a great algorithmic advantage of the first reduction over the second one: the lower limit
of the confidence intervals is sufficient to compute only on the set M returned by Alg. 1.

5.1 Confidently X-Stable Matching Algorithm

The intersection of X-zones of any two concordant pairs has at most two members. The
test for the presence of pair p in any inhibition zone X(q) can be done in O(1) time and
so can be done the test for the emptiness of T (q | S). In this case there is an algorithm
which is faster than Alg. 2.

If we consider the first reduction of confidently stable matching to σδ-stable matching
we obtain the following algorithm:

Algorithm 3 (Confidently X-Stable Matching).

Input: Matching problem (P, c, X) and the procedure for computing c.

Output: Confidently X-stable matching M .

Procedure:

1. Let L := P , M := ∅.
2. Label all p ∈ P as not deleted.

3. Sort L in descending order with respect to c.

4. For each q ∈ L do:
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(a) if q is not labeled deleted then
i. M := M ∪ {q},
ii. compute c(q) := c(q)− δ(q),
iii. label all p ∈ X(q) as deleted.

(b) if q is labeled deleted and T (q | M) = ∅
i. M := M \X(q),
ii. label all p ∈ X(q) as deleted.

Comments

1. The T set in the test in Step 4b is T (q | M) = {t | t ∈ X(q) ∩M, c(t) > c(q)}.

2. The simplification in Step 4(b)ii of Alg. 3 over the corresponding Step 6 of Alg. 2
is due to the following observation which holds for confidently stable matching:

Observation 2. Let equality hold in (4), i.e. let σ(t, q′)+δ(q, t) = 0 for q, t, q′ ∈ P ,
t 6= q, t 6= q′ when c(q) ≥ c(q′). Then the following holds for any r ∈ P

T (r | S) ∪D(r | S) = Z(r) ∩ S, (9)

where M is the pseudo-stable and S is the σδ-stable matching on (P, c, Z).

Proof. The statement immediately follows from the assumption and from (2)
and (3).

Time Complexity Both the deletion flag and the emptiness of T (q | M) can be tested
in O(1) time, so the overall algorithm complexity is O(|P | log |P |) which is the same as
the time complexity of the optimal implementation of quasi-stable matching algorithm
(Alg. 1) for X-zones.

6 Experiments

6.1 Qualitative Results

In this subsection we discuss three of the most important properties of stable matchings:
probability of failure, unbiasedness, and sensitivity to noise under low SNR. We will
demonstrate the results on standard image sets. The next subsection then reports a
ground-truth experiment.

Probability of Matching Failure Suppose that c(p) is a random variable indepen-
dent and identically distributed for all p ∈ P and there is no repetition in surface texture.
Under such conditions it can be shown that the probability of mismatch in FX-stable
matching is a function of inhibition zone depth which increases at ever lower ratio with
increasing depth if the discriminability of correlation c is greater than 0.5 [20]. Discrim-
inability is the probability of the event that a correct match p has greater correlation
c(·) than an incorrect match q. Discriminability of various correlation measures dif-
fers. Moreover, it typically decreases with decreasing SNR and/or decreasing matching
window size. Obviously, in the presence of repetitive texture the probability of mis-
match increases with inhibition zone depth. This limits the applicability of the above
observation.

We will demonstrate the point on the Shrub image pair, see Fig. 3. The central
object of the scene is a sign posted on a thin pole just in front of trimmed shrubbery.
The leafed shrubs cannot be considered as a surface at the scale of image resolution, so
no continuity prior can be used. Five individual shrubs can be distinguished in the scene,
they differ by their distance from the camera. The road surface in the foreground is at
high inclination angle relative to the camera pair, so in addition to the lack of texture
it also exhibits large relative affine distortion between the images. The rim of the curb
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left right

(a) search range [−512, 512] (b) search range [11, 30]

Figure 3: FX-stable matching for the Shrub image pair. Full disparity search range
(left) and search limited to the true range (right). The color bar shows how the range
of disparities is color-coded to distinguish error matches more clearly (small disparities
are blue, large disparities are red, unassigned disparities are gray).

is parallel to epipolar lines in the left half of the image and it is thus difficult to match.
The background wall images as a very regular texture and it is thus difficult to match
without a continuity prior. The dark space in the open window does not contain any
stereoscopic information. Besides having no natural texture, the window glass reflects
the sky, and thus violates the Lambertian assumption.

In Fig. 3a we can see the results of stable matching algorithm using FX-zone of full
depth.7 Modified normalized cross-correlation [15]

MNCC(WL,WR) =
2 cov(WL,WR)

varWL + varWR
(10)

was computed between 5×5 image windows WL, WR. The result in Fig. 3b was obtained
with the same inhibition zone but pairs outside of the expected disparity range were
removed from the matching table. Note that the matching is quite dense in Fig. 3a,
even though full disparity range was searched for correspondences. This would not be
possible if the probability of correct match decreased significantly with inhibition zone
depth. With reduced disparity search range the density increases only slightly, mostly
in areas with repetitive texture, as predicted. To conclude, FX-stable matching appears
to have global optimality property. Note also that, unlike here, many stereo algorithms
fail when disparity search range is not constrained to a small interval.

Bias and Featureless Surfaces Since stability does not explicitly assume surface
continuity there is no interpolation effect over featureless areas and regions of insufficient
texture remain unmatched. On the other hand, since there is no explicit continuity prior,
there is no bias towards continuous surfaces. This is especially important in scenes of
great depth with small (thin) objects as in Fig. 4, for instance.

We selected this image pair because of the challenges it poses to a matching algorithm.
It is a scene of great depth and thin objects. The two foremost birch trees violate

7Full depth means the zone extends all the way to the border of matching table, which corresponds
to the largest possible disparity search range.
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(a) Stable (b) MAP

Figure 4: FX-stable matching and MAP matching via dynamic programming on the
Birch Tree image pair. Disparity search range [0, 60].

ordering constraint by about their own width. The images are of rather poor quality:
the shadowed floor areas are completely featureless due to under-exposure (image values
are exactly zero over large areas there). So is the dark corner in the image center and the
walls of the building. The sky is over-exposed and image function is again constant there.
Grass and tree leafs are under-sampled. Both images differ in their mean gray-level and
contrast.

In Fig. 4 we can see two disparity maps for the Birch Tree image pair: one computed
as FX-stable matching and the other as Maximum Aposteriori Probability (MAP) solu-
tion using the Cox et al. algorithm based on dynamic programming [5].8 Both algorithms
use 5× 5 matching window on the 484× 640 images. In stable matching the thin fore-
ground trees are mostly matched even though the (assumed) ordering does not hold
because of wide stereo baseline. Because of this violation the foremost tree is broken to
several sections according to which of the foreground or background texture is locally
stronger. In the MAP solution the featureless ground area often receives the foreground
tree disparity, which is a heavy artifact. Moreover, long sections of the foreground tree
remain unmatched. We say the MAP solution is heavily biased towards continuous
solutions. More on bias in Section 6.2.

Sensitivity to noise under low SNR We can see that in featureless areas there are
incorrect sparse random matches in stable matching (cf. the shadowed window area in
Fig. 3 and the texture-less floor patches in Fig. 4). Confidently stable matching should
clean these regions up. The results of confidently X-stable matching are shown in Fig. 5
and the results of confidently FX-stable matching are shown in Fig. 6. Alg. 3 was used
for the X-stable problem and the general Alg. 2 was used for the FX-stable problem.
The confidence interval was estimated as[

c(WL,WR)− α λ(WL,WR), c(WL,WR)
]
, (11)

where α is a constant parameter, c(WL,WR) is as in (10), and λ(WL,WR) is derived
from (10) and is as follows

λ(WL,WR) =
4 |c(WL,WR)|

varWL + varWR
. (12)

8Regularization penalty of the Cox et al. algorithm was set to 150 to achieve the visually best possible
results for this particular stereo pair.
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α = 0 α = 10 α = 20

Figure 5: Confidently X-stable matchings for the Shrub and Birch image pairs for
increasing confidence interval width, cf. (11). Results for α = 0 are (ordinary) X-stable
matchings. Disparity search range was [10, 30] in Shrub pair and [0, 60] in Birch pair.

The λ(·) is the sensitivity of c(·) to small Gaussian noise in the measurement. Note that
for α = 0 we obtain (ordinary) stable matching.

Note in Figs. 5 and 6 that widening the confidence interval results in cleaning up
mismatches in low SNR areas only. This is notable in the Birch image pair, where the
ground is featureless except in the illuminated areas. Mismatches are cleaned up quite
well there but they mostly remain in the upper part of the image where the image
texture is stronger and the confidence intervals narrow. This suggests that one cannot
rely on the confidence itself, without any prior continuity model. Results with FX-stable
matching are noticeably better since the X-zone of a monocularly visible pair p ∈ P \ S
need not contain any binocularly visible pair, whereas this is not the case in FX-stable
matching.9 Note also that for the same confidence interval the FX inhibition zone gives
significantly denser disparity maps than the X zone.

6.2 Quantitative Results

The results shown in the last subsection are not quantitative and predictive. By saying
they are not predictive we mean they give us only a little hint as to the failure likelihood
of any of the proposed algorithms. Here we describe experiment designed to estimate
matching failure probability and bias under varying SNR.

6.2.1 Experimental Setup

The test scene we used (see Fig. 7 left) consists of three long thin textured stripes (we
call it object; it is held in place by a silver U-frame visible at right) in front of a textured
plane (it will be called background; it is far-right, behind the frame). Of the four cameras
(mounted on a black frame at left) we used only one vertical pair in this experiment.
We used digital Pulnix TM-9701 cameras, DataTranslation DT3157 frame-grabber and
a custom digital multiplexer.

The object stripes are approximately 14 pixels wide in the images. The object-
background distance was adjusted such that the width of the half-occluded region is
exactly equal to the width of the stripes (widening the half-occluded region would result
in violating the binocular ordering).

9A pair p = (i, j) is monocularly visible if either i ∈ I or j ∈ J are half-occluded, it is binocularly
visible otherwise.
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Figure 6: Confidently FX-stable matchings for the Shrub and Birch image pairs for
increasing confidence interval width.

experimental setup highest-contrast ground-truth
left image disparity map

Figure 7: The test scene.

The scene was illuminated by controlled stabilized illuminant, whose adjustable in-
tensity was used to vary texture contrast. The contrast was measured as the mean value
of the left image. The smallest-contrast texture is visually hardly distinguishable from
image noise (contrast value of 3.0) and the highest-contrast texture image is shown in
the middle in Fig. 7 (contrast value of 74).

Ground-truth occlusion boundaries were detected manually with the help of illu-
mination that enhanced them in the images. The ground-truth disparity within the
boundaries was obtained by fitting planes to disparity map obtained from Maximum-
Cost Stable Monotonic Matching algorithm [19] using the highest-contrast images. The
resulting map is shown in Fig. 7 right. The cameras used in the experiment were verging
towards a spatial point slightly behind the scene and their common optical axis was thus
not perpendicular to the target. This results in slowly varying disparity across both the
object and the background. The background disparity varies from −5 to 20 pixels and
the object disparity varies from −16 to 9 pixels.

Matching All algorithms used 5×5 matching window. The MAP algorithm discussed
in Section 6.1 was based on sum-of-squared-differences (SSD) correlation measure and
all other algorithms used correlation (10). In all cases disparity search was done over
the full range of ±333 pixels in 587× 333 images.
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6.2.2 Types of Error

Five types of specific error were considered. They are all mutually related and all of
them are important for assessing the quality of a matching algorithm. We assume half-
occluded regions are identified.

All errors are computed from three basic matching error types:

1. False positives, i.e. matches found in half-occluded region,

2. False negatives, i.e. missing matches in binocularly viewed area (holes),

3. Mismatches, i.e. matches in binocularly viewed area where the difference from
ground-truth was greater than 1.

In our experiment we distinguished foreground object and background object, since we
are interested to see if any of the studied matchings exhibits bias towards large objects.
The errors computed for the sake of the experiment were divided in three groups

1. Overall quality:

• Failure Rate (FR) is the number of all mismatches and all false negatives
in both the foreground object and the background normalized by the entire
binocularly visible area.
This error is related to overall matching quality but does not measure half-
occluded region artifacts. It is a sum of two parts defined below:

FR =
1
2
(MR + FNR).

• False Positive Rate (FPR) is the number of incorrectly assigned matches in
monocularly visible area normalized by that area.
This error measures the inability to correctly detect half-occluded regions.

2. Accuracy and density:

• Mismatch Rate (MR) is the number of all mismatches normalized by binocu-
larly visible area. one.
This error measures the accuracy of matching.

• False Negative Rate (FNR) is the number of missing matches (holes) in both
objects normalized by the entire binocularly visible area.
This error measures the sparsity of disparity map.

3. Unbiasedness (B) is the ratio of failure rates computed for the foreground and the
background object independently:

B =
FRbackground

FRforeground
.

Matching algorithm is biased if it assigns correct matches in large objects more
often than in small objects. Small values of B imply biased matching, values B = 1
imply unbiased matching.

6.2.3 Discussion

The results are shown in plots in Fig. 8 for X inhibition zones and in Fig. 9 for FX
inhibition zones. Texture contrast (horizontal axis) is directly related to signal-to-
(quantization)-noise ratio. Vertical axes show error values. Note that both axes have
logarithmic scale (except for unbiasedness). Disparity maps computed by the tested
algorithms are shown in Figs. 10 and 11. The top rows give results for the maximum
image contrast of 74.0 and the bottom rows give results for intermediate contrast of 10.5.

Failure Rate (see Figs. 8(a) and 9(a)) measures the overall quality of computed
disparity map in binocularly visible areas. We can see the quality of FX-stable match-
ing (FXS) is much better than in any other matching, which is confirmed visually in
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Figure 8: Five types of matching error evaluated on ground-truth test data for X-stable
matchings.
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Figure 9: Five types of matching error evaluated on ground-truth test data for FX-stable
matchings and for MAP matching.
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(a) (b) (c)

(d) (e) (f)

XS XD CXS-10

Figure 10: Disparity maps from algorithms based on X zone under texture contrast of
74.0 (top) and 10.5 (bottom). Unassigned matches are shown gray. The maps show the
character of failure in the various tested algorithms.

Figs. 11(b) and 11(f). We can also see that there is a large difference in error rates
between FX-dominant (FXD) and FX-stable matchings. Confidently stable matching
(CXS, CFXS) quality depends on the parameter α; results for α = 10 (CXS–10, CFXS–
10), α = 40 (CXS–40, CFXS–40), and α = 100 (CXS–100, CFXS–100) are shown in
Figs. 8 and 9, respectively. Increasing α decreases overall quality mostly because of
increasing sparsity of the map (cf. Figs. 8(c) and 9(c)). Results of the MAP algorithm
are shown for comparison. The regularization penalty of the MAP algorithm was set to
the value of 500, which minimizes the false positive rate for the highest-contrast image
pair. The re-ascending character of the failure rate curve is due to increasing sparsity
in high-contrast images (cf. Fig. 11(a)).

False Positive Rate (see Figs. 8(b) and 9(b)) measures the inability to detect half-
occluded regions. The FX-dominant matching is clearly the best for contrasts over 20.
This is confirmed in Fig. 11(c). Under contrasts lower than 10 the confidently stable
matchings are empty, which is why the corresponding curves start at higher values of
contrast. The MAP algorithm performs the worst.

Note the increasing tendency of false positive rate in confidently stable matchings.
This suggests that their ability to suppress unreliable matches weakens in high-contrast
images where their performance approaches that of the ordinary stable matching. Al-
though the ordinary X-stable matching is not able to detect half-occluded regions at all
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MAP FXS FXD CFXS-10

Figure 11: Disparity maps from algorithms based on FX zone under texture contrast of
74.0 (top row) and 10.5 (bottom row).

(it involves no model of occlusion) the results for confidently stable matching confirm it
is possible to detect some half-occluded pixels based exclusively on the statistical prop-
erties of match similarity value. If geometric model of the occlusion is included (the
ordering constraint), however, the additional improvement is dramatic (the FPR is by
the order of magnitude better, cf. Figs. 8(b) and 9(b)). From the experiment it follows
that the geometric constraint is considerably more useful for detecting half-occluded
regions than the statistical properties of match correlations. For even greater accu-
racy (to gain more than two additional orders of magnitude) one could use confidently
FX-dominant matching.

False Negative Rate (see Figs. 8(c) and 9(c)) measures disparity map sparsity. The
sparsest maps are obtained from FX-dominant matching (except for small contrasts for
which confident matchings are empty). The densest maps are obtained from the MAP
algorithm, except for large contrasts where both FX-stable and confidently FX-stable
matchings perform substantially better. The density of the MAP results is achieved at
the cost of missing the foreground object completely, see Fig. 11(e).

It is interesting to note that, in false positive rate, the FX-dominant matching is su-
perior to the FX-stable matching but in false negative rate the situation is just opposite.
It seems that in stable matchings detecting objects is possible at the cost of misdetecting
half-occlusions and vice versa.

Note the sparsity of FX-dominant matching along lines where disparity changes by
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a unity (Fig. 11(c)). This is probably due to sensitivity of correlation measure to image
discretization. Discretization insensitive correlations [3] could help increase dominant
matching density substantially.

Mismatch Rate (see Figs. 8(d) and 9(d)) measures disparity map inaccuracy. The
most accurate is FX-dominant matching except under low contrasts where all confidently
stable matchings performs better. The worst is the MAP algorithm, since it tends
to either miss the foreground object or to smooth the discontinuity between the thin
foreground object and the background. The re-descending character of the error in
confidently stable matchings is an interesting phenomenon, probably due to rapidly
increasing discriminability of correlation measure. The rapid improvement in all errors
between the last two measurements is also apparent in other errors and algorithms.

Unbiasedness (see Figs. 8(e) and 9(e)) measures the ability not to miss small objects
in favor of large objects (background). Methods based on strong prior continuity models
will be heavily biased, methods without such models will be unbiased. We can see that
the FX-dominant and all confidently X-stable matchings show no bias. The FX-stable
matching and its confident version shows small bias towards larger objects confirming
that it possesses weak global optimality property. Bias is very large in MAP algorithm
except for highest-contrast images. Under the high contrast the ability of MAP to detect
small objects is undermined by increased sparsity of the map, cf. Fig. 9(c) and Fig. 11(a).

Summary For high SNR the FX-dominant matching is the most accurate of all tested
algorithms (in terms of FPR, MR). For low SNR it is the next most accurate to confi-
dently FX-stable matchings. In both cases the accuracy increased at the cost of increased
sparsity (FNR). Combining confidence and dominance could lead to an algorithm that
finds extremely accurate (but sparse) correspondences.

FX-stable matching is the best in sparsity for high SNR (Figs. 9(c) and 11(b)) and
quite good in detecting half-occlusions (the error is by about an order of magnitude
smaller than in the MAP algorithm). In the overall error (FR+FPR) the FX-stable
matching performed the best.

There is a question whether confidently X-stable matching could help in wide-baseline
stereo based on interest (feature) points. Since the points are usually selected based on
their distinctiveness, introducing the confidence intervals may improve the results only
a little. Confidently stable matching is useful in situations when there is no prior set of
interest points and we need to solve two problems at once: select distinctive points and
solve the correspondence problem for them.

6.3 Stable Union

Let M1, M2, . . . , Mn be all subsets of P . The stable union of Mi, i = 1, . . . , n is the
stable subset of their (ordinary) union. The union is computed as stable matching on
the following problem (

n⋃
i=1

Mi, c∗, Z

)
. (13)

The correlation c∗ may be constructed in several possible ways. The simplest possibility
is that each pair inherits its original correlation from matching Mi whose member it is
(or it retains the maximum over several correlation values if it is a member of more than
just a single matching).

Stable unions are useful for disparity map fusion. The individual disparity maps
are the matchings Mi above. The task is to produce a new matching by ‘fusing’ these
maps. See Fig. 12 for an example of disparity map fusion. Three disparity maps from
the R,G,B channels of a color image pair were obtained independently by X-stable
matching (only two of them are shown). Note that they are quite noisy. The three maps
were fused using FX-stable matching to obtain the final map shown in Fig. 12(f). The
resulting map quality increased markedly10 although its density is low because the glazed

10The goal of this example is to demonstrate the fusion principle. Normally, better results would be
obtained if the correlation function c was evaluated directly on color images.
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(a) left (b) right

(c) R channel (d) G channel

(e) intersection (f) stable union

Figure 12: Fusion of disparity maps obtained independently from three channels of an RGB
image. The input images (a,b), two of the three independent disparity maps (c,d), maps fused
by intersection (e) and by stable union (f). Disparity map size is 1000×1500 pixels, correlation
window was 5× 5 pixels.

china has very little (if any) natural intrinsic texture.11 For comparison, in Fig. 12(e)
we can see the intersection of all the three component disparity maps. Intersection
of matchings M1, M2, . . .Mn is the ordinary set theoretic intersection

⋂n
i=1 Mi. The

intersection disparity map is rather sparse. It looks quite clean except for a few gross
mismatches at the borders of one of the 3 × 3 checkerboard patterns. Interestingly
enough, the mismatches are missing in the stable union, which we attribute to weak
global optimality properties of stable matchings briefly discussed in Section 6.1.

7 Discussion

It is clear that a stronger prior model results in more accurate results of any algorithm
solving a vision task like stereo matching, especially under low SNR. The problem here
is that a prior model which is always valid is too weak to be helpful in such a task
(unless the application domain is strongly limited). If the prior model is strong then
its violation gives rise to very strong artifacts (illusions). A good visual system must

11Fused matching need not be dense, or complete, because of the sparsity of population of I × J by⋃
Mi.
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therefore be able to reject a prior model (or to select one from a range of such models).
This has been recognized as a very difficult task and the problem is still not sufficiently
well understood, namely for weak prior models (like continuity). For strong models the
Recover-and-Select principle has proved very successful [12]: Alternative models compete
for explaining the observed data in the most compact way (a smaller number of models
with fewer parameters give more compact explanation).

From the very beginning of computational stereopsis research the emphasis was put
on prior models based on continuity or coherence-principle: basically a solution is better
if it is continuous. This, unfortunately, results in the artifacts discussed above. The goal
of this work was not to select a good prior model, our goal was to explore the case when
the prior model is not available at all. To our knowledge, this problem has not been
studied systematically in stereo vision. We believe that only after we understand this
case well enough it will be possible to study the problem of model selection.

As it turns out, the solution suggested in this work opens also the way to the solution
of the problem of prior model selection. This is possible since the stability principle is a
fairly general concept allowing for a great versatility in defining matching problems:

A. Competition among potential matches may be defined by other rules than by just
comparison of correlation costs and one is still able to compute stable matchings.
There are two interesting cases to explore:

1. Multi-criterial stability, which is particularly useful for multi-spectral or mul-
tichannel matching and multi-view fusion.
It is also useful when one needs to make correspondence decisions based on
similarity of neighborhood, color, local image variation, shading, photometric
stereo information or photometric ratios [21], etc. In such a case one can nei-
ther construct any overall match similarity measure nor can one simply com-
bine partial measures by majority voting or similar methods. Moreover, rules
are necessary that control which information is to be considered dominant
(similarity of neighborhood in highly textured areas, shading in untextured
areas, etc.).

2. The rules may be generated by a high-level vision process according to the
current scene context. This opens the possibility to influence the low-level
process of stereo matching by prior information.

As long as the rules on which stable matching is based are defined on pairs the
existence and uniqueness theorem holds. There is also a possibility to define pref-
erences that rank the potential matches to J for each i ∈ I and to I for each j ∈ J .
If the preferences are not symmetric, the matching problem does not have a unique
solution. This problem is called the Stable Marriage Problem [7].

B. If the inhibition zone shape and depth are varied, not only bipartite and monotonic
matching are possible but also piecewise monotonic matching (when the F inhi-
bition zone is of finite depth) or even non-unique matchings (when the X-zone is
of finite depth) are possible. This is particularly appealing in the case when there
may be multiple matches for each image pixel as in semi-transparent objects or on
occluding boundaries.

In our view, non-unique matchings with finite-depth FX-zone are in fact potential
match aggregates rather than matchings. After an aggregation step, a pair p ∈ P may
belong to one of a few (semi-)local aggregates. For each aggregate it is possible to
re-compute the correlation cost much like on the disparity components in the work of
Boykov et al. [4]. As opposed to Boykov et al. we are not limited to disparity compo-
nents (aggregates) of equal disparity, they may even be the entire matchings. A new
competition relation for pairs may then be defined on ranking provided by correlations
computed on entire aggregates. The new point-wise matchings are computed from the
aggregates via stable union. This scheme may then avoid the necessity of

1. using matching windows of pre-selected size, since the aggregates will play the role
of the matching window, and their effective size will be data-dependent,
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2. the (somewhat arbitrary) uniqueness constraint, since the uniqueness is no longer
necessary to find an aggregation, and

3. the global ordering constraint, which may be quite restrictive in large-depth scenes.

These extensions are topics for our ongoing research.

8 Conclusion

Stable matchings and their confident variants show interesting properties. The dominant
matchings have extremely low false positive error (in half-occluded regions). All confi-
dent matchings correctly handle the case when data do not support the correspondence
hypothesis (like in featureless areas). The accuracy of confidently stable matchings does
not degrade with worsening signal-to-noise ratio, only the density of matches decreases.

Reliable disparity maps can serve as initial guesses to more elaborate matching algo-
rithms that use prior models. The task for such algorithms would be to “fill the holes.”
Half-occluded regions are partly identified, therefore a prior model can be employed that
captures their contiguity.

Stable matchings are suitable for sparsely populated matching tables. They can be
used for matching problems without additional structure (like ordering) which occur in
problems like wide-baseline stereo matching. Stable matching is very efficient in fusing
multiple disparity maps via stable union.

Half-occluded regions are detected based on a prior geometric model (spatial order-
ing) and unambiguous data supporting the correspondence hypothesis.

Stable matching algorithms have very few parameters: the expected disparity range
(usually set to infinity), matching window size (usually 5× 5 window suffices), and the
confidence level in confident matchings.
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