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Minimal	
  problem:	
  	
  
	
  
use	
  as	
  few	
  data	
  as	
  to	
  generate	
  a	
  system	
  of	
  algebraic	
  
equaIons	
  with	
  a	
  finite	
  number	
  of	
  soluIons	
  	
  

1.  Problem	
  formulaIon	
  →	
  algebraic	
  equaIons	
  

2.  Solving	
  algebraic	
  equaIons	
  

S	
  O	
  L	
  V	
  I	
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  G	
  	
  	
  	
  M	
  I	
  N	
  I	
  M	
  A	
  L	
  	
  	
  P	
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  E	
  M	
  S	
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MathemaIcs	
  
	
  

1.  Cox	
  et	
  al.	
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  VarieIes	
  and	
  Algorithm.	
  Springer	
  2015.	
  
(An	
  IntroducIon	
  to	
  Algebraic	
  Geometry	
  …	
  New	
  ediIon!)	
  	
  

2.  Cox	
  et	
  al.	
  Using	
  Algebraic	
  Geometry.	
  Springer	
  1998.	
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  advanced	
  Algebraic	
  Geometry)	
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   All	
   SoluIons	
   to	
   Polynomial	
   EquaIons	
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Economics	
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  intro	
  to	
  polynomial	
  system	
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S	
  I	
  N	
  G	
  L	
  E	
  	
  	
  U	
  N	
  K	
  N	
  O	
  W	
  N	
  	
  →	
  	
  E	
  I	
  G	
  E	
  N	
  V	
  A	
  L	
  U	
  E	
  S	
  

1 equation, 1 variable 

... a simple rule 

→  companion matrix  →  eigenvalues 



Towards	
  the	
  	
  M	
  U	
  L	
  T	
  I	
  P	
  L	
  I	
  C	
  A	
  T	
  I	
  O	
  N	
  	
  	
  M	
  A	
  T	
  R	
  I	
  X	
  

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2 “ fpx3q “ 0

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

a polynomial 

with roots 

i.e. 

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2
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 …  remainder on division by  

•  remainders have low degrees 
 

•  can be represented by finite vectors 
 

e.g. for                                                 deg of              is smaller than 3: 

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

fpxq “ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

fpxq “ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq “ hpxqmod fpxq

fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq

“ qpxiq 0 ` rpxiq “ rpxiq

hpxiq “ rpxiq i “ 1, 2, 3

1

such that 
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Evaluate a general polynomial           on 
 
roots of         : 
 
using the the reminder   

Example 

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

fpxq “ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq

“ qpxiq 0 ` rpxiq “ rpxiq

hpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

fpxq “ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq

“ qpxiq 0 ` rpxiq “ rpxiq

hpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3
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hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia
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Consider a mapping      of polynomials to polynomials 
 

generated by multiplication by  

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

It generates a mapping on reminders on division by   

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0
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M
Ñ

»

–

0

1

0
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»

–
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1

0
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M
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»

–
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–
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6
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»

–
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»
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–
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»

–
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–
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hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
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Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
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»

–
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»

–
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–
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»

–
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»

–
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rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq
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–
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–
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–
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… can be seen as a mapping in the linear space of vectors of coefficients 

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 11x ` 6
»

–

1

0

0

fi
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M
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»

–

0

1

0

fi
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»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi
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»

–

0

0

1

fi
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M
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»

–

6

´11

6
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–

0 1 6

0 0 ´11

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq
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2
i ` b1xi ` b0
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–
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–
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»

–
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rpxq “ a2x
2 ` a1x`a0

xrpxq “ b2x
2 ` b1x ` b0

3

rpxq “ a2x
2 ` a1x`a0

xrpxq “ b2x
2 ` b1x ` b0

3

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi
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M
Ñ

»

–

0

0

1

fi
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»

–

0

0

1
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M
Ñ

»

–

6
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6
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»

–

0 1 6

0 0 ´6

0 1 6

fi
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»

–

0 1 6

0 0 ´6

0 1 6

fi
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»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2
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fl “

»

–

b0
b1
b2

fi

fl “

»

–
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xia2

fi

fl “ xi

»

–
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fi

fl

Mxa “ xia
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hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

is  a  L I N E A R   M A P P I N G !   … can be represented  by a matrix   

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ “ x3mod fpxq “ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl
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–

0 1 6

0 0 ´11

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–
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0 1 0

0 0 1
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–

b0
b1
b2

fi

fl “ Mx

»

–
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2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–
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–
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Example 

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

fpxq “ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–
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3
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hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .
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a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

Evaluate reminder 

and its image 

Roots of          are eigenvalues of  

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

For all generic 
roots → 
•  use monic  
•  use LA  



S	
  O	
  L	
  V	
  I	
  N	
  G	
  	
  	
  A	
  L	
  G	
  E	
  B	
  R	
  A	
  I	
  C	
  	
  	
  E	
  Q	
  U	
  A	
  T	
  I	
  O	
  N	
  S	
  	
  	
  &	
  	
  	
  GB	
  

generalize	
  remainder	
  on	
  division	
  to	
  	
  
m	
  equaIons	
  &	
  n	
  vars	
  

→ Groebner	
  basis	
  …	
  	
  	
  	
  divisors	
  for	
  which	
  remainder	
  well	
  defined	
  	
  
→  does	
  not	
  depend	
  on	
  the	
  ordering	
  of	
  	
  

divisors	
  

→ 

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

2

For general                    reminder                    not well defined  
 

… depends on the ordering of divisors! 

divisors remainder 

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

2
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Linear	
  equaIons	
  are	
  algebraic	
  equaIons	
  

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

4x ` 8 y ` 7 z “ 0

6x ` 3 y ` 2 z “ 0

7x ` 7 y ` 1 z “ 0
»

–

4 8 7

6 3 2

7 7 1

fi

fl

»

–

x

y

z

fi

fl “ 0

»

–

4 8 7

0 36 34

0 0 ´167

fi

fl

»

–

x

y

z

fi

fl “ 0

4x ` 8 y ` 7 z “ 0

0x ` 36 y ` 34 z “ 0

0x ` 0 y ´ 167 z “ 0

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

4x ` 8 y ` 7 z “ 0

6x ` 3 y ` 2 z “ 0

7x ` 7 y ` 1 z “ 0
»

–

4 8 7

6 3 2

7 7 1

fi

fl

»

–

x

y

z

fi

fl “ 0

»

–

4 8 7

0 36 34

0 0 ´167

fi

fl

»

–

x

y

z

fi

fl “ 0

4x ` 8 y ` 7 z “ 0

0x ` 36 y ` 34 z “ 0

0x ` 0 y ´ 167 z “ 0

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

4x ` 8 y ` 7 z “ 0

6x ` 3 y ` 2 z “ 0

7x ` 7 y ` 1 z “ 0
»

–

4 8 7

6 3 2

7 7 1

fi

fl

»

–

x

y

z

fi

fl “ 0

»

–

4 8 7

0 36 34

0 0 ´167

fi

fl

»

–

x

y

z

fi

fl “ 0

4x ` 8 y ` 7 z “ 0

36 y ` 34 z “ 0

167 z “ 0

2

linear  
equations 

G
au

ss
ia

n 
el

im
in

at
io

n 

Groebner basis 
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  O	
  L	
  V	
  I	
  N	
  G	
  	
  	
  A	
  L	
  G	
  E	
  B	
  R	
  A	
  I	
  C	
  	
  	
  E	
  Q	
  U	
  A	
  T	
  I	
  O	
  N	
  S	
  	
  	
  &	
  	
  	
  GB	
  

m	
  equaIons,	
  n	
  variables	
  (an	
  example	
  for	
  m	
  =	
  2	
  &	
  n	
  =	
  2)	
  	
  	
  

→ Groebner	
  basis	
  	
  	
  
	
  (polynomials	
  with	
  the	
  same	
  soluIons	
  but	
  easy	
  to	
  solve	
  
lexicographical	
  ordering	
  of	
  monomials)	
  

←  how to get it ? 

…	
  a	
  polynomial	
  combinaIon	
  of	
  



M	
  A	
  T	
  R	
  I	
  X	
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A	
  generalizaIon	
  of	
  the	
  Gaussian	
  eliminaIon	
  
	
  
	
  

mulIplicaIon	
  by	
  	
  scalars	
  
↓	
  

mulIplicaIon	
  by	
  scalars	
  &	
  variables	
  



P R A C T I C A L  C A S E S  –  (10 eqns, 10 vars, deg 3) 

m equations, n variables    

→  Groebner basis →  generalized  
 companion  
 matrix (multiplication in                          )  

(e.g. in grevlex ordering) 

. 

. 



S O L V I N G   A L G E B R A I C   E Q U A T I O N S 

→  Groebner basis 

m equations, n variables   

→  generalized 
 companion  
 matrix 

→   eigenvectors 



T H E   D I F F I C U L T   P A R T 

no simple rule: 

1.  NP-complete in m, n (~ 3-coloring of graphs) 
 (takes very long time to compute) 

2.  EXPSPACE-complete problem  
 (needs huge space to remember intermediate results) 

Equations      →     Groebner basis 



1888  David Hilbert: Finitness theorem 
  Every ideal has a finite generating set 
   

H I S T O R Y 

1965  Bruno Burchberger: Groebner bases 
 Computational procedure for solving systems 
 of polynomial equations 

  (Extremely simple: 20 lines of Maple code!) 
   

1999  Jean-Charles Faugere: F4 algorithm 
  An efficient computational tool for cryptography 
   

1998  Hans Stetter: Multiplication matrix 
 A stable numerical procedure via eigenvectors 
  



1.  “Standard” (Hironaka 1964) and  
  Groebner  (Burchberger 1965) bases 

G B   C O M P U T A T I O N   A L G O R I T H M S 

2.  1965: Buchberger’s algorithm  

 –  a generalization of the Gauss-Jordan elimination  
 –  extremely simple:  7 (+ 13 for the rem division)  
     lines of code 
 –  not efficient  
 –  not good for numerical approximations 

3.  1999 (2005): F4 (F5) algorithm (J.-C. Faugere)  
  
 –  more efficient, more robust, more complex 



C O M P U T I N G   G B    M A Y   B E   V E R Y   H A R D 

have extremely simple Groebner basis 

Example:  
 

4 polynomials,  3 variables,  degree ≤ 6,  small integer coeffs 



H O W E V E R 

when computed by the Buchberger’s algorithm over the  
rational numbers w.r.t. the grevlex ordering x > y > z, 
the following polynomial appears during the computation:  

    ~ 80,000 digits 



W H Y ? 

 C
 o

 m
 p

 l 
e 

x 
i t

 y
  

Input Groebner basis 

General algorithms can construct all GBs but 
often generate many complicated polynomials 

G e n e r a l 
a l g o r i t h m  

S p e c i f i c 
a l g o r i t h m  



S P E C I F I C    G B    C O N S T R U C T I O N   A L G’ S 

Use floating-point arithmetics to do the manipulations 
to avoid huge coefficients. 

1.    

2.    

Find a short path towards the GB which is independent 
from the actual coefficients, implement it efficiently 
 

→  Solver is made out a single concrete system and 
then used on other systems 

 

→  This works around generic solutions 

a	
  polynomial	
  
system	
  used	
  
to	
  build	
  the	
  solver	
  …	
  

…	
  but	
  works	
  here	
  



C O M P U T A T I O N 

will run very long. 
 
The problem is in remembering very long coefficients. 



C O M P U T A T I O N 

returns a very similar basis in a fraction of second 



S H O R T   P A T H   T O   G B 

try P = 1, 2, 3, 5, 7, ..., 30011, 30013, 30029, ... 
 
untill the result stabilizes (always does) 

1.  Use a computer algebra system (Macaulay2) to compute 
 the Groebner basis in a finite field (fast!) for random 
 coefficients and remember the path:   

“lucky” prime number (always exists) 

2.  Remember the “path of construction” and hard-code it. 



F L O A T I N G    P O I N T   A R I T H M E T I C S 

Strictly speaking, polynomial manipulations must be done  
in exact arithmetics 

Double canceling               may fail when rounding occurs 
 
in floating point arithmetics 
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Roots may be (often are) complex 
 
1.  Often, due to relaxing originally semi-algebraic problem,  

(i.e. including inequalities or only interest in real  
solutions) to an algebraic problem. 

2.  Sometimes many more complex than real solutions  
→	
  waste	
  of	
  effort	
  on	
  compuIng	
  them 
 

Remedy 
 
1.  Use bracketing to look for real roots only 
+   Easy to stop as soon as sufficient accuracy reached 
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If	
  there	
  are	
  roots	
  in	
  an	
  interval	
  …	
  split	
  it	
  …	
  test	
  again	
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+	
  only	
  real	
  roots	
  are	
  computed	
  
+	
  search	
  only	
  roots	
  with	
  meaningful	
  values	
  
+	
  precision	
  can	
  be	
  controlled	
  
	
  
→	
  Onen	
  faster	
  for	
  many	
  computer	
  vision	
  problems	
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