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Classical measure theory [Halmos]

THEOREMS about
FUNCTIONALS (MEASURES) on
SETS

Also [Sugeno; Dubois, Prade; Wang, Klir; Pap]

6/34



http://cmp.felk.cvut.cz

What is fuzzy measure theory?

7/34
THEOREMS about

FUZZY FUNCTIONALS (MEASURES) on
SETS
[Feng; Guo, Zhang, Wu]
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THEOREMS about

FUNCTIONALS (MEASURES) on
FUZZY SETS

[Butnariu, Klement]



http://cmp.felk.cvut.cz

What is fuzzy measure theory?

0/34
THEOREMS about

FUZZY FUNCTIONALS (MEASURES) on
FUZZY SETS

[777]
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FUZZY THEOREMS about

FUZZY FUNCTIONALS (MEASURES) on
FUZZY SETS

1]
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HERE:
THEOREMS about
FUNCTIONALS (MEASURES) on
FUZZY SETS

[Butnariu, Klement, Mesiar, Barbieri, Weber]
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HERE:
THEOREMS about
FUNCTIONALS (MEASURES) on
FUZZY SETS

[Butnariu, Klement, Mesiar, Barbieri, Weber]

Also measure theory on MV-algebras [Cignoli, D'Ottaviano, Mundici, Rieéan]
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Standard negation, -z =1 — =«
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Basic fuzzy logical operations

Standard negation, -z =1 — =«

Fuzzy conjunction (t-norm): T:[0,1]* — [0, 1] which is commutative,
associative, nondecreasing, and T'(a,1) = a
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Basic fuzzy logical operations

Standard negation, -z =1 — =«

Fuzzy conjunction (t-norm): T:[0,1]* — [0, 1] which is commutative,
associative, nondecreasing, and T'(a,1) = a

A t-norm 7' is strict iff it is continuous and
r>y,z>0="T(x,z) >T(y,2)
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Basic fuzzy logical operations

Standard negation, -z =1 — =z

Fuzzy conjunction (t-norm): T:[0,1]* — [0, 1] which is commutative,
associative, nondecreasing, and T'(a,1) = a

A t-norm T is strict iff it is continuous and
r>y,z>0="T(x,z) >T(y,2)

Fuzzy disjunction (t-conorm): S:[0,1]* — [0, 1] dual to T":

S(z,y) = ~T(—~x,~y)
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classical measure theory

fuzzy measure theory

o-algebra 7 C 2%

DeT
AcT=A=X\AecT
A BeT =ANBeT

(A)wen CT, A, /A= AcT

tribe (7,7T), where 7 C [0, 1]
07T
AeT=>A=1-AcT
A BeT =ANBeT*

(A)nen CT, A, /A= AeT

measure u: 7 — [0, oo|
u(0) =0

n(AU B)

= p(A) + p(B) — (AN B)
Apn /A= p(An) — u(A)

measure u: 7 — [0, 00|

u(0) =0

n(AU B)

= w(A) + u(B) —p(ANB) *
An /A= p(An) — p(A)

* (AN B)(z) = T(A(), B(x))

(AU B)(z) = S(A(z), B(z))
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classical measure theory

fuzzy measure theory

o-algebra 7 C 2%

DeT

AcT = A =X\AecT
A BeT =ANBeT

(A)wen CT, A, /A= AcT

tribe (7,7T), where 7 C [0, 1]
07T
AeT=>A=1-AcT

A BeT =ANBeT*

(A)nen CT, A, /A= AeT

measure [: 7 — [0, 00|

regular measure ;: 7 — |0, 00|

u(®) =0 u(0) =0
u(AU B) n(AU B)
= 1(A) + u(B) — (AN B) = w(A) + u(B) —p(ANB) *
Apn /A= w(An) — p(A) Ap /A= u(An) — p(A)
Ap A = p(An) — p(A) Ap A = p(Ar) — p(A)
* (AN B)(z) = T(A(z), B(x)) (AU B)(z) = S(A(z), B(x))
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classical measure theory fuzzy measure theory
o-algebra 7 C 2% tribe (7,7T), where 7 C [0, 1]
DeT 0eT
AecT=>A"=X\AeT AeT=>A=1-AcT
A BeT =ANBeT A BeT =ANBeT*
(An)nENgTaAn/AjAGT (An)nENgTaAn/AiAET
measure [: 7 — [0, 00| regular measure 1: 7 — [0, 00|
u(@) =0 u(0) =0
u(AU B) n(AU B)
= 1(A) + u(B) — (AN B) = w(A) + u(B) — (AN B) *
An /A= u(An) — p(A) Ap /A= p(An) — p(A)
Ap oA = p(An) — p(4) Ap oA = p(An) — p(4)

Always: Crisp elements of 7, i.e., 7 N {0, 1}, determine a o-algebra 3
* (AN B)(2) = T(A(2), B(z)),  (AUB)(z) = S(A(z), B(x))
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Full tribes

Example: Let B be a o-algebra of subsets of X,
7 be the corresponding collection of characteristic functions (indicators):

T:{XA|A€B}.

Then (7,T) is a tribe (for any t-norm 7).
It is called a Boolean tribe.
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Full tribes

Example: Let B be a o-algebra of subsets of X,
7 be the corresponding collection of characteristic functions (indicators):

T:{XA|A€B}.

Then (7,T) is a tribe (for any t-norm 7).
It is called a Boolean tribe.

Example: The tribe of all constants from |0, 1]
(w.l.o.g., with a singleton domain)

may be identified with numbers from [0, 1].

It is called a full tribe of constants.
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Full tribes

Example: Let B be a o-algebra of subsets of X,
7 be the corresponding collection of characteristic functions (indicators):

T:{XA‘AEB}.

Then (7,T) is a tribe (for any t-norm 7).
It is called a Boolean tribe.

Example: The tribe of all constants from [0, 1]
(w.l.o.g., with a singleton domain)

may be identified with numbers from [0, 1].

It is called a full tribe of constants.

Example: Let B be a o-algebra of subsets of X,

T ={A € [0,1]* | A is B-measurable}

Then (7,7 is a T-tribe for any measurable t-norm 7.
It is called a full tribe.
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Tr(x,y) = max(x +y — 1,0)

These tribes correspond to set-representable o-complete MV-algebras
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Tr(x,y) = max(x +y — 1,0)

These tribes correspond to set-representable o-complete MV-algebras

Theorem: [Butnariu, Klement| All elements of 7 are 3-measurable. Each
measure is regular and it is of the form

p(A) = [ Adv

where v = 11| B is a (classical) measure on B.
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Tr(x,y) = max(x +y — 1,0)

These tribes correspond to set-representable o-complete MV-algebras

Theorem: [Butnariu, Klement| All elements of 7 are 3-measurable. Each
measure is regular and it is of the form

p(A) = [ Adv

where v = 11| B is a (classical) measure on B.

[ Adv ... linear integral measure
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Frank t-norms

Frank t-norms T}, A\ € [0, 0o, [Frank] are defined by

/

logy (1+X=2551) - if aeo,00[\ {1},
TF(z,y) = { Tw(z,y) = min(z, y) FA=0,
Tp(x,y) =x -y ifA=1,
\TL(x,y):max(x%—y—l,O) if A=oc.
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strict Frank t-norms 19/34

Frank t-norm 77 is strict iff 0 < A < oo
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Regular measures on full tribes, @ .
strict Frank t-norms 19/34

Frank t-norm 77 is strict iff 0 < A < oo

Theorem: Regular measures on (7,7}) are (regular) measures on (7 ,Ty,),
l.e., of the form

p(A) = [ Adv

where v = 11 [ B is a classical measure on 5
(1 is a linear integral measure).
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Nearly Frank t-norms
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[Mesiar, MN]

Nearly Frank t-norm:
T(a,b) = hy' (T, (hr(a), hr(D)))

where T 'is a Frank t-norm and
hp:|0,1] — [0, 1] is an increasing bijection which commutes with —, i.e.,
hr(—a) = —hr(a)
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[Mesiar, MN]

Nearly Frank t-norm:

T(a,b) = hy (T (hr(a), hr(b)))

where TfT is a Frank t-norm and

hp:|0,1] — [0, 1] is an increasing bijection which commutes with —, i.e.,
hr(—a) = —hr(a)

A1, hp are uniquely determined by 7' (except for the case T = Tyy)
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[Mesiar, MN]

Nearly Frank t-norm:

T(a,b) = hy (T (hr(a), hr(b)))

where TfT is a Frank t-norm and

hp:|0,1] — [0, 1] is an increasing bijection which commutes with —, i.e.,
hr(—a) = —hr(a)

A1, hp are uniquely determined by 7' (except for the case T = Tyy)

There are nearly Frank t-norms which are not Frank (take hp # id)
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Strict nearly Frank t-norms correspond to strict Frank t-norms
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Strict nearly Frank t-norms correspond to strict Frank t-norms

Theorem: Each regular measure is of the form

u(A) = [(hroA)dv

where v = i [ 3 is a classical measure on 5.
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strict nearly Frank t-norms 21/34

Strict nearly Frank t-norms correspond to strict Frank t-norms

Theorem: Each regular measure is of the form

u(A) = [(hroA)dv

where v = i [ 3 is a classical measure on 5.

[(hg o A)dv ... generalized integral measure
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There are strict t-norms which are not nearly Frank [MN]
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There are strict t-norms which are not nearly Frank [MN]

Can we recognize them?
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Regular measures on full tribes, @ C
strict t-norms which are not nearly Frank 22/34

There are strict t-norms which are not nearly Frank [MN]

Can we recognize them?

Yes [Mesiar]
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There are strict t-norms which are not nearly Frank [MN]
Can we recognize them?

Yes [Mesiar]

Theorem: For each strict t-norm which is not nearly Frank, there are
no non-zero regular measures on a full tribe.
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Regular measures on full tribes, @ C
strict t-norms which are not nearly Frank 22/34

There are strict t-norms which are not nearly Frank [MN]
Can we recognize them?

Yes [Mesiar]

Theorem: For each strict t-norm which is not nearly Frank, there are
no non-zero regular measures on a full tribe.

measures | tribes | T" nearly Frank (with A7) | 1" not nearly Frank
regular | full | [(hroA)dv 0
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(Regularity is omitted.)



http://cmp.felk.cvut.cz

Measures on full tribes, @ 0
strict t-norms which are not nearly Frank 23/34

(Regularity is omitted.)
Theorem: Each measure is of the form
1(A) = o(Supp A)

where o is a classical measure on 5.
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Measures on full tribes,
strict t-norms which are not nearly Frank

(Regularity is omitted.)
Theorem: Each measure is of the form
1(A) = o(Supp A)

where o is a classical measure on 5.

o(Supp A) ... support measure

23/34
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strict nearly Frank t-norms 24/34

Theorem: [Butnariu, Klement; Mesiar, MN] Each measure is of the form

pu(A) = [(hroA)dv £ o(Supp A)

where v, o are classical measures on 5.
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Measures on full tribes, @ o
strict nearly Frank t-norms 24/34

Theorem: [Butnariu, Klement; Mesiar, MN] Each measure is of the form

pu(A) = [(hroA)dv £ o(Supp A)

where v, o are classical measures on 5.

Particular case of strict Frank t-norms:

u(A) = [ Adv £ o(Supp A)
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Measures on full tribes,

strict nearly Frank t-norms

Theorem: [Butnariu, Klement; Mesiar, MN] Each measure is of the form

pu(A) = [(hroA)dv £ o(Supp A)

where v, o are classical measures on 5.

Particular case of strict Frank t-norms:

u(A) = [ Adv £ o(Supp A)

®

measures | tribes | T nearly Frank (with A7)

T" not nearly Frank

regular | full | [(hroA)dv

0

all full | [(hroA)dv + o(Supp A)

o(Supp A)

24/34
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Examples of measures on the full tribe of
constants (|0, 1|,7"), T strict nearly Frank

Example:
1 ifx>0

k(lx) =

() { 0 ifxz=0
It Is a support measure on a singleton.

It is monotone, but not regular.

25/34
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Examples of measures on the full tribe of
constants (|0, 1|,7"), T strict nearly Frank

Example:
1 ifx>0

k(lx) =
() { 0 ifx=0
It Is a support measure on a singleton.

It is monotone, but not regular.

Example:
1—2 ifx>0

“(x):{o C fr=0

25/34

It is a measure which is a linear combination of a support measure ~ and a

regular measure v =1id, |t = K — %id
It is neither monotone nor regular.



http://cmp.felk.cvut.cz

Charges
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Alternative notion:

Signed measure (charge) on a tribe (7,7):
7 — R s.t.

® u(0)=0
¢ WAUB) = pu(A) + p(B) — p(AN B)

® A, A= pu(An) — p(A)
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Alternative notion:

Signed measure (charge) on a tribe (7,7):
w7 — R s.t.

® u(0)=0
¢ WAUB) = pu(A) + p(B) — p(AN B)

® A, A= pu(An) — p(A)

Moreover, for a regular signed measure (regular charge) we require

® AN A= p(Ag) — p(A)
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They exist

Example: Boolean tribes

Example:
T ={A € 0,1 | Ais Borel-measurable, A(x) € {0,1} almost everywhere}
(7" an arbitrary measurable t-norm)
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They exist

Example: Boolean tribes

Example:
T ={A € 0,1 | Ais Borel-measurable, A(x) € {0,1} almost everywhere}
(7" an arbitrary measurable t-norm)

Example: [Butnariu, Klement; Mesiar; MN]

I5 ... a o-algebra of subsets of X
A ... ao-ideal in B

T ={A € [0,1]** | Ais B-measurable, A71(]0,1]) € A}
(7,7T) is a tribe called a weakly full tribe (weakly generated tribe)
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Tribes which are weakly full

There are many strict t-norms 7" such that all tribes (7,7") are weakly full.
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Tribes which are weakly full

28/34
There are many strict t-norms 7" such that all tribes (7,7") are weakly full.

These are strict sufficient t-norms, i.e., t-norms which — with the standard
negation and limits of monotone sequences approximate sufficient sets of

fuzzy logical operations “as much as possible” [Butnariu, Klement,
Mesiar, MN]
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Tribes which are weakly full

28/34
There are many strict t-norms 7" such that all tribes (7,7") are weakly full.

These are strict sufficient t-norms, i.e., t-norms which — with the standard
negation and limits of monotone sequences approximate sufficient sets of

fuzzy logical operations “as much as possible” [Butnariu, Klement,
Mesiar, MN]

Example: Strict t-norms from the following families are sufficient:
Aczél-Alsina, Frank, Hamacher®, the eighth Mizumoto, the tenth
Mizumoto, Schweizer—-Sklar®™, the third Schweizer, etc.

* except for one value of the parameter
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They exist (even for strict t-norms)

Example: Hamacher product, 73"

0 fx=y=0
H L )
To'(x,y) = { T2, Otherwise.

Let X = {x,y}. Thereis a distance d on [0,1] and ¢ € R such that (7,7}
is a tribe, where 7 = {0,1} U {4 €]0,1[" | d(A(z). A(y)) < ¢}



http://cmp.felk.cvut.cz

Tribes which are not weakly full

29/34

They exist (even for strict t-norms)

Example: Hamacher product, 73"

0 ifx=y=0,

H _
To (,y) = { Y __  otherwise
rt+y—xy )

Let X = {x,y}. Thereis a distance d on [0,1] and ¢ € R such that (7,7}
is a tribe, where 7 = {0,1} U {4 €]0,1[" | d(A(z). A(y)) < ¢}

Further counterexamples:
T-norms 1" obtained from the Hamacher product by the formula

T(x,y) = hy (Ty (ho(x), hr(y))) .

where h is an order automorphism of [0, 1| which commutes with —
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This way, we obtain
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@ strict Dombi t-norms (A € |0, ool)

ajlg\ky:
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This way, we obtain

@ strict Dombi t-norms (A € ]0, oof)

a:lg\ky:

® the first Mizumoto t-norm

A : t( t 22 4 cot — )
€ZT = — arcco cot—2xI COotl —
i Y T 2 2y
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Further counterexamples

This way, we obtain

@ strict Dombi t-norms (A € ]0, oof)

a:lg\ky:

® the first Mizumoto t-norm

A : t( t 22 4 cot — )
€ZT = — arcco cot—2xI COotl —
i Y T 2 2y

Theorem: All other strict t-norms found in the literature are sufficient.

30/34
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Open problem: Characterize tribes for non-sufficient t-norms.
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Open problem: Characterize tribes for non-sufficient t-norms.

Although we do not know a characterization of tribes, we can characterize
regular measures on them.
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Open problem: Characterize tribes for non-sufficient t-norms.

Although we do not know a characterization of tribes, we can characterize
regular measures on them.

Extreme cases:
Full tribes: no non-zero regular measures.
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Tribes which are not weakly full

Open problem: Characterize tribes for non-sufficient t-norms.

Although we do not know a characterization of tribes, we can characterize
regular measures on them.

Extreme cases:
Full tribes: no non-zero regular measures.

Boolean tribes: many non-zero regular measures.


http://cmp.felk.cvut.cz

CAm ¢

31/34

Tribes which are not weakly full

Open problem: Characterize tribes for non-sufficient t-norms.

Although we do not know a characterization of tribes, we can characterize
regular measures on them.

Extreme cases:
Full tribes: no non-zero regular measures.

Boolean tribes: many non-zero regular measures.

General case: something between.
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Ar={A1(0,1]) | A€ T} is a o-ideal in 3
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Regular measures on tribes

Ar ={A1]0,1]) | A€ T} is a o-ideal in B

Theorem: |f 7' is strict and not nearly Frank, then each measure is of the
form

((A) = o(Supp A)

where o is a (classical) measure on B which vanishes at A,
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Regular measures on tribes

Ar={A1(0,1]) | A€ T} is a o-ideal in 3

Theorem: |f 7' is strict and not nearly Frank, then each measure is of the
form

((A) = o(Supp A)

where ¢ is a (classical) measure on B which vanishes at A
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Regular measures on tribes

Ar ={A1(0,1]) | A€ T} is a o-ideal in B

Theorem: If T is strict and not nearly Frank, then each measure is of the
form

1(A) = o(Supp A)

where o is a (classical) measure on B which vanishes at A,

For strict nearly Frank t-norms the tribes are weakly full and the
characterization is as before.

measures | tribes | 71" nearly Frank (with h7) | T" not nearly Frank
regular full | [(hroA)dv 0
all full | [(hroA)dv + o(Supp A) | o(Supp A)
regular | general | [(hpoA)dv o(Supp A) *

* where o | A7 = 0; then o(Supp A) = o(A" (1)) = [(hroA) do
(hp arbitrary)
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Then measures are as before [Barbieri, H. Weber, MN]:

measures | tribes | 7" nearly Frank (with i) | T not nearly Frank
regular full | [(hroA)dv 0
all full | [(hroA)dv £ o(Supp A) | o(Supp A)
regular | general | [(hroA)dv o(Supp A) *
all general | [(hroA)dv £ o(Supp A) | o(Supp A)**

* where ¢ | A = 0; then o(Supp A) = o(A™"'(1)) = [(hroA)do (hr
arbitrary)
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measures | tribes | 7" nearly Frank (with i) | T not nearly Frank
regular full | [(hroA)dv 0
all full | [(hroA)dv £ o(Supp A) | o(Supp A)
regular | general | [(hroA)dv o(Supp A) *
all general | [(hroA)dv £ o(Supp A) | o(Supp A)**

* where ¢ | A = 0; then o(Supp A) = o(A™"'(1)) = [(hroA)do (hr
arbitrary)

** only for weakly full tribes

Open problem: Characterize measures on tribes which are not weakly full.
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Characterization of measures is known only for weakly full tribes
(e.g., if T is sufficient).

Then measures are as before [Barbieri, H. Weber, MN]:

measures | tribes | 7" nearly Frank (with i) | T not nearly Frank
regular full | [(hroA)dv 0
all full | [(hroA)dv £ o(Supp A) | o(Supp A)
regular | general | [(hroA)dv o(Supp A) *
all general | [(hpoA)dv + o(Supp A) | o(Supp A)**

* where o | Az = 0; then o(Supp A) = o(A~'(1)) = [ (hroA)do (hy
arbitrary)

** only for weakly full tribes
Open problem: Characterize measures on tribes which are not weakly full.

For regular measures, the characterization is known in full generality.
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We have a reasonable generalization of measure theory for tribes of fuzzy
sets.

(There are analogues of Jordan and Hahn decomposition, Lyapunov
theorem, etc.)

In contrast to preceding work, most of the results do not need any
assumptions on the structure of the tribe.

Regular measures seem to be a reasonable alternative to the original
definition by Butnariu and Klement.

The characterization of charges is simpler than that of measures.

Frank (more exactly, nearly Frank) t-norms play a prominent role in
the characterization of measures.
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