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Fuzzy Controllers With Conditionally Firing Rules
Bernhard Moser and Mirko Navara

Abstract—Mamdani controller was successfully used in many
applications. One of its interpretations is that it uses a fuzzy rela-
tion as an approximation of the desirable input–output correspon-
dence. We analyze mathematical properties of Mamdani controller
and notice that it has lower computational complexity when com-
pared to the residuum-based controller. However, we show that
in standard situations, both these fuzzy controllers do not repre-
sent the rule base properly in the sense of finding a solution to
the related system of fuzzy relational equations. First, we consider
the premises and consequents as typical inputs and outputs and
we want their correspondence to be kept. Second, we require that
each normal input produces an output that bears nontrivial in-
formation. These two conditions appear to be almost contradic-
tory for the previous controllers. We suggest a generalization of
Mamdani controller which allows us to satisfy these requirements.
Theory and experiments suggest that it performs better without
any change of rule base and without a substantial increase of com-
plexity.

Index Terms—Fuzzy control, fuzzy interpolation, fuzzy rela-
tional equation.

I. MOTIVATION

T HE concept of approximate reasoning as it was conceived
by Zadeh [12], [13] provides a framework which allows us

to model and process vague linguistic information. The idea is
to model linguistic terms by fuzzy sets, their (logical) relation-
ship by fuzzy relations and their composition by the so-called
compositional rule of inference[12]. As an important field of
applications we refer to control processes for which linguistic
information of a human expert about the required input–output
behavior of the controller is available (for an introduction see,
e.g., [4]).

Let and denote the input and the output space, respec-
tively. The spaces and are supposed to be convex sub-
sets of finite-dimensional real vector spaces. Then usually the
expert’s knowledge can be expressed by means of a rule base

of if–then rules having the form

where and are fuzzy subsets of ,
respectively. For a universe of discourse, let denote
the set of all fuzzy subsets of. According to the paradigm of
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approximate reasoning, the knowledge from the rule basecan
be represented by a fuzzy relation . Applying
the compositional rule of inference to a fuzzy input
and the relation , a fuzzy output is derived via

(1)

i.e.,

where is a t-norm modeling a fuzzy conjunction [3].
It is interesting to point out that the first successful prac-

tical applications of fuzzy sets were realized by means of the
so-called Mamdani (or Mamdani–Assilian) inference [9] which
results from (1) for

(2)

We denote the induced mapping by .
Its explicit expression is

(3)
Note that Mamdani’s approach is not fully coherent with the

paradigm of approximate reasoning. For example, by employing
a fuzzy conjunction instead of a fuzzy implication, Mamdani ’s
approach does not represent the logical meaning of a linguistic
if–then rule.

A fuzzy set is calledconvexif all its -cuts are convex sets.
For fuzzy subsets of the same universe, , their
convex hullis the smallest (w.r.t. the pointwise ordering) convex
fuzzy set satisfying for all ,

. A fuzzy set is callednormal if it attains the value
1 at some point. Thesupport of a fuzzy set is

. For , let
denote a Singleton, i.e.,

if

if
for all .

In this paper, we are interested in Mamdani’s formula and
other inference methods asfuzzy interpolation

with respect to the rule base . The fol-
lowing axioms will be considered.

Int1) If the input coincides with one of the premises, then
the resulting output coincides with the corresponding
consequent, i.e., .

Int2) For each normal input , the output
is not contained in all consequents, i.e.,

there is an index with .
Int3) The output belongs to the convex hull of ,

, where .
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Axiom Int1) states that the “typical inputs” used in the rules
produce the corresponding outputs. Axiom Int2) ensures the
“significance” of each output set. It also implies that empty
outputs cannot occur for normal premises. Axiom Int3) is a
“weak monotonicity” of outputs provided that the rules are lo-
cally monotonic (i.e., in some interval the rules describe a mono-
tonic relation). Another interpretation (see [12]) understands the
pairs as fuzzy points and the relationas a fuzzy func-
tion from to . Axiom Int1) states that this function goes
through the given points, i.e., it is an interpolation. Axiom Int2)
expresses a “connectedness” of the fuzzy graph and the con-
dition that for each normal input the fuzzy function has a sig-
nificant value (giving nontrivial information about the output).
Axiom Int3) says that the interpolation preserves monotonicity
in a weak sense.

In Section II, we investigate under which conditions on
the rule base the Mamdani inference (3) meets the axioms
Int1)–Int3). It turns out that these natural axioms of a fuzzy
interpolation lead to rather restrictive conditions, especially
for the standard choice of the t-normand the shapes of the
membership functions of the fuzzy sets and . A similar
analysis is done in Section III for relations in (1) made up
by the residuum induced by the t-norm. In Section IV, we
use Mamdani’s formula (3) and generalize it by changing the
scales of membership degrees of premises and consequents.
This allows us to satisfy Int1) under quite general conditions.

In contrast to the approach given by (1), in Section V we pro-
pose a construction for a fuzzy interpolation that does not rely
on the compositional rule of inference any more. We modify the
Mamdani’s formula in a way that the rules are firing condition-
ally depending on the degree of overlapping with some of the
premises. As a result we obtain a formula which maps a fuzzy
input to a fuzzy output and performs a desirable fuzzy interpo-
lation under very general conditions.

Assumption 1:Throughout the paper we assume thatand
are nonempty compact convex subsets of finite-dimensional

real vector spaces. The rule base is , where
, are normal and , .

We denote by a fixed continuous t-norm.
To make the examples simpler, we demonstrate the ideas on

rule bases with a single input and single output (i.e.,and
are sets of reals). Nevertheless, all results in this paper are

formulated and proved for the multidimensional case.

II. M AMDANI’S APPROACH

In this section, we want to analyze under which conditions
on the rule base and the t-norm the mapping meets
the conditions Int1)–Int3) for a fuzzy interpolation.

Axiom Int1) leads to the question under which conditions (2)
satisfies the system of relational equations

(4)

A complete answer is given by de Baets in [1] (see Theorem 1).
It provides a necessary and sufficient condition in terms of an
inequality between the “degree of overlapping” of the premises
and the “degree of indistinguishability” of the consequents. To

formulate it, we use theresiduuminduced by , i.e., the opera-
tion such that

(Various notations for this operation can be found in literature,
e.g., in [5], in [8], or in [2]. We use the
notation of [1] from which the following notions are taken). No-
tice that, for continuous, we may take instead of in
the latter formula. Recall that the residuumis characterized
by the so-calledadjointness(see, e.g., [5])

(5)

The correspondingbiimplication (also called symmetrized
biresiduum, see [2]) is

Let , be fuzzy subsets of a universe. We define theirde-
gree of overlapping by

(6)

and thedegree of indistinguishability by

Recall that the degree of indistinguishability
is a fuzzy equality relation on with re-

spect to [7]. Notice that all these notions are dependent on the
choice of the t-norm .

Due to the associativity and the continuity of, the Mamdani
inference (3) can be expressed by means of the degree of over-
lapping of the input and the premises

(7)

Let us point out that (7) provides an algorithm that avoids com-
plex computations in the compound space . The degree of
overlapping can be computed in one cycle, then another cycle
gives the output. In this sense Mamdani controller is well de-
signed, while many other formulas require nested cycles for
input and output space. Now, we are ready to formulate the the-
orem.

Theorem 1 [1]: Let be a rule base with
for pairwise different elements .

Then, (2) satisfies the system (4) iff all satisfy

(8)

The criterion (8) can be interpreted as a many-valued model
of the assertion

If the premises and are not disjoint, then the
corresponding images and are equal.

In particular, (8) ensures that there is at most one image corre-
sponding to a premise. For Singletons, this property character-
izes a relation to be a function.

Inequality (8) yields a rather restrictive condition on the rule
base for t-norms without (nontrivial) zero divisors. This case
includes the t-norms most commonly used in the field of fuzzy
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control applications, the minimum and
the algebraic product . Indeed, suppose that

for some . [This is not an unusual situa-
tion for the shapes of membership functions commonly used in
fuzzy control. Note that for t-norms without zero divisors we
have iff , and this usually
is not the case]. Then, (8) implies , which
means that the fuzzy premises must not overlap
at all (their supports have to be disjoint). When this condition
is satisfied, axiom Int2) is usually violated. For example, if the
premises are continuous, then their supports are open in. As
they are nonempty and mutually disjoint, there is an
not belonging to any support of a premise. The normal input

gives the empty output, violating Int2).
As a consequence of this we get the following proposition.
Proposition 1: Let be a t-norm without zero divisors. Let

, be continuous normal premises and let
be consequents with mutually different

supports. Then the Mamdani inference (3) does not satisfy the
axioms Int1) and Int2) simultaneously.

This means that, for the standard choice of fuzzy sets and a
t-norm without zero divisors, the Mamdani algorithm cannot
be considered as a good fuzzy interpolation in the sense of our
axioms.

Proposition 2: The mapping violates axiom Int2) iff
there is an element such that

(9)

Proof: Axiom Int2) is violated iff there is some normal
input with , , such that for
all we have , where is the
Mamdani relation defined by (2). Observe that this inequality is
equivalent to any of the following conditions:

where the latter reformulation was obtained by the adjointness
(5). For , this implies

and (9) follows.
Except for the choice , all the transformations were

equivalent. To prove that condition (9) implies that axiom Int2)
cannot be satisfied, consider the input and follow the
arguments just outlined, proceeding in the reverse direction.

Note that axiom Int3) is trivially satisfied for the Mamdani
inference. Indeed, for an input set , the corresponding output
set is obtained as the maximum of the fuzzy subsets of

The maximum is contained in the convex hull of
, .

Concluding this section, we may state that under reasonable
conditions the Mamdani inference meets the requirements of a
fuzzy interpolation only if the t-norm has zero divisors. How-
ever, also for t-norms having zero divisors (e.g., the Łukasiewicz
t-norm ) inequality (8) for fuzzy
sets with pairwise vanishing degrees of indistin-
guishability leads to the restriction that implies

whenever .

III. FUZZY CONTROLLER BASED ON THERESIDUUM

In this section, we consider (1) with the fuzzy relation
of the form

(10)

We denote the induced mapping by .
Axiom Int1) again leads to the question under which conditions
on the rule base (10) satisfies the system of relational equa-
tions (4). A characterization similar to the inequality (8) is not
known in literature. Nevertheless, it can be shown that if the
system (4) has a solution at all then (10) is a solution (for de-
tails, see, e.g., [3]). Indeed, if there is a solutionsatisfying (4),
then we have, for all and all indexes , the
equation

By applying the adjointness (5), we obtain

for all , , . As this holds for all ,
we get

This inequality implies

stating that (10) is the biggest (w.r.t. the pointwise ordering) so-
lution of (4) if there is a solution at all. Provided that a composi-
tional rule of inference of the form (1) is used, the restrictions for
the rule base to satisfy axiom Int1) are as weak as possible.
In particular, inequality (8) is a sufficient criterion for (10) to
satisfy axiom Int1).

Contrary to the case of , no nice necessary and suf-
ficient property for to satisfy axiom Int1) is known. (A
detailed analysis of solvability of such systems of fuzzy rela-
tional equations is given in [10]. Also a degree of solvability
is defined and studied there. Nevertheless, we think that [10]
does not possess a method of testing solvability with an ef-
fort much smaller than necessary for finding the solution.) The
reason of this nonsymmetry is the supremum in the composi-
tional rule (1) as the following arguments show. We have always



MOSER AND NAVARA: FUZZY CONTROLLERS WITH CONDITIONALLY FIRING RULES 343

. Whenever condition (8) is violated at some
point and for some , i.e.,

then the th relation from (4) is violated, too. For , we have
always the reverse inequality . In order to have
the equality, it is sufficient that

This minimum can be achieved for , giving the following
sufficient condition:

and

(11)

In this sense, the necessary and sufficient conditions for
to satisfy Int1) may be independent of local changes of,

. In particular, if we take for an satisfying
, then the condition (11) reduces to a stronger suffi-

cient condition [obtained by a double use of the adjointness (5)]

(12)

As and
, the condition (12) is apparently weaker than

(8) [but still not necessary for to satisfy Int1)]. In
comparison to (11), (12) is stronger, but easier to verify.

Let us give examples of rule bases for which (10) does not
satisfy the axioms Int1)–Int3) simultaneously. The examples
are drastically reduced in order to demonstrate the mathemat-
ical problems in the simplest cases. However, we use shapes of
membership functions which are typical for practical applica-
tions.

Example 1: Let us consider a rule base consisting of three
rules with , ,

, and
, for . Assume the input .

The output of a residuum-based fuzzy controller at is

Depending on the choice of the t-norm, we have two possi-
bilities: In the case of , axiom Int2) is violated.
In the case of , the output is not con-
tained in the convex hull of and , hence axiom Int3) is not
satisfied.

In the following example, we show a situation in which the
axiom Int1) cannot be satisfied by means of any compositional
rule of inference of (1).

Example 2: Let us consider a rule baseof two rules with
and and the membership functions

, ,
and (see Fig. 1). Next, we show that axiom Int1)

Fig. 1. Rule base of Example 2.

cannot be satisfied by a mapping of the form (1) for any t-norm
and any relation . It suffices to prove that axiom Int1) is not

satisfied for any residuum-based relation of the form (10). Con-
sider an arbitrary continuous t-normand

Observe that

Note that iff , thus . There-
fore, we obtain and .

It is interesting that, in contrast to the Mamdani inference
(3), here t-norms without zero divisors are the better choice in
the sense that the axioms Int1)–Int3) become less restrictive.
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Indeed, let us define . Then
iff the t-norm has zero divisors. Observe that if

then there is a constant and a normal input
such that for all . Indeed, take
such that and a normal input

with . We obtain, for all , the in-
equality

where (given by the above expression) is strictly positive. This
means that the axiom Int3) will not be satisfied in the case of
t-norms having zero divisors. For example, let be
normal premises and such that
and the convex hull of attains 1 at . Then the input

is contained in the convex hull of and it
induces an output satisfying
for all . We obtain a necessary condition that the convex
hull of is at least everywhere; this is a too restrictive
requirement on .

IV. GENERALIZED MAMDANI CONTROLLER

In this and the following section, we are going to propose a
construction modifying Mamdani’s formula (3) in order to get a
fuzzy interpolation under as weak as possible conditions on the
rule base . In view of Example 2, the formula obtained is never
more a composition rule, but it is based on similar principles.

First, we change the membership degrees of the premises by
an increasing bijection (automorphism) . This
allows us to change the degree of overlapping to a
(possibly smaller) value .

Remark 1: Another motivation of this step uses the t-norm
defined by

The new degree of overlapping is

Further, we change the membership degrees of the conse-
quents by an increasing bijection (isomorphism)

, where . This allows us to increase the degree
of indistinguishability of the consequents in order to satisfy (8).
To extend the inverse of to the whole interval , we define
thepseudoinverse as

if
otherwise.

We obtain a generalized inference rule
in the following form:

(13)

Theorem 2: Let be a rule base with
for pairwise different elements .

Let be the mapping defined by (13).
Then satisfies the system of relational equations (4) iff
all satisfy

(14)

Proof: The proof of Theorem 2 is a routine generalization
of Theorem 1. Indeed, due to the transformations, we work
with the modified rule base . We apply the
classical Mamdani inference to the modified input , and
we obtain the modified output . Then, the
pseudoinverse is used to get the outputs in the original
scale .

If the degree of overlapping is less than one,
but not sufficiently small, we may reduce it to an arbitrary small
positive value by the choice of, e.g., for a sufficiently
large . This may allow us to satisfy axiom Int1). Nevertheless,
we get a smaller and “less significant” output and we may have
problems with axiom Int2). Analogously, the choice of the map-
ping , especially of the value , helps us to satisfy Int1).
Although the output set increases, it is again “less significant”
if compared to , . If we want to satisfy Int1)
and Int2) simultaneously, the techniques of this section do not
help much. In the next section, we shall improve them in this
direction.

V. CONDITIONALLY FIRING RULES

Although we generalized the Mamdani inference substan-
tially in the preceding section, we can go on and obtain a for-
mula that satisfies Int1)–Int3) under very weak assumptions. In
(13), we replace the degree of overlapping with thedegrees of
conditional firingof the th rule defined as

(15)

(In fact, this value is dependent not only onand , but also
on and on all premises , .) For each normal
input , the values , , belong to
and at least one of them is 1. According to definition (15), the
value can be interpreted as the quasi-truth value of the
implication

If the input overlaps with theth premise, then
activate theth rule.

This means that the rules are activated conditionally in the sense
that the activation takes place provided there is a premise which
overlaps with the input.
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The explicit formula of the inference rule
based on conditional firing is

(16)
The fuzzy inference rule based on the degree of conditional
firing allows us to satisfy the axioms Int1)–Int3) under condi-
tions that are relatively weak and easy to verify.

Theorem 3: Let be a rule base with normal
premises and let be any automorphism satis-
fying the conditions

Con1)“covering of premises”: ;

Con2)“disjointness of premises”: there is a constant
with whenever ;

Con3)“significance of consequents”: for each
, there is an element satis-

fying .

Then for any isomorphism the mapping
from (16) satisfies the axioms Int1)–Int3).

Proof: Int1): As is normal,
and . The output corresponding
to the input set is

(17)

For , Con2) implies

Hence, the maximum in (17) is achieved for and the
right-hand side is .

Int2): It is sufficient to consider the (worst) case when the
input set is the characteristic function of a Singleton

. According to Con1), always at least one rule fires totally, i.e.,
for some . The corresponding output set satisfies

and Con3) implies Int2).
Int3): The same argument as in Section II works here,

too.
The assumptions of Theorem 3 are very weak and natural.

The condition Con1) says that the input spaceis covered by
the premises so that for each input value there is at least one
firing rule. This is an obvious requirement which also ensures
that the denominator in (15) is nonzero. To satisfy Con2), it
is sufficient that whenever . Then we
may choose such that Con2) is fulfilled. The condition Con3)
requires that each consequent is significant (i.e., not covered by
the other consequents). Also, this condition is usually satisfied
by the rule base of a fuzzy controller.

Under very weak assumptions Con1)–Con3), the inference
rule based on conditional firing satisfies our axioms Int1)–Int3)
and hence possesses a desirable fuzzy controller. We point out
the following.

• The conditions of Theorem 3 are easy to check.
• The numerical effort for computing the output (16) is

of the same order as for the Mamdani inference (3). To
keep the numerical complexity as low as possible we may
choose for example and ,

.
Moreover, we get the following desirable behavior if one rule
fires totally.

Proposition 3: Let us make the same assumptions as in The-
orem 3. Let for such that (for a
fixed ). Then, .

Proof: Let . As

and , the degrees of conditional firing
are , for . We obtain, for all

and

and, as the maximum of these fuzzy sets, .
Remark 2: The latter proposition means that if one rule fires

totally, then the other rules are irrelevant. (Condition Con2) en-
sures that this cannot happen for more than one rule). This al-
lows the output to attain all its extreme values described by the
consequents. In a Mamdani controller, we have this property if
and only if there are elements , , such that

, for all .
Our method preserves the continuity of the input–output cor-

respondence in the following sense.
Theorem 4: Let be a rule base satisfying

Con1) and such that all are continuous. Then the mapping
defined by is continuous

with respect to the pointwise (weak) convergence in .
Proof: As , , are continuous functions of

and also is continuous, so are the degrees of overlapping
. Also their maximum is con-

tinuous and, according to Con1), strictly positive, hence, the de-
grees of conditional firing are continuous functions of. The
continuity of , and implies the pointwise convergence
of the corresponding output sets.

VI. EXAMPLES

In this section, we demonstrate the properties of a controller
based on conditional firing. We present several simple examples
showing how our axioms can be satisfied. Then we show prac-
tical results confirming that this tool is not only theoretically,
but also practically advantageous.

First of all, note that the conditions of Theorem 3 are satisfied
by Example 2 (with the identity taken forand with ,
Cond2) is satisfied for any t-norm). Thus, there is a fuzzy con-
troller with conditionally firing rules which satisfies Int1)–Int3).
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Fig. 2. Rule base of Example 3, a sample input set (X ) and the corresponding
output set of the controller with conditionally firing rules (Y ).

This was not possible for any controller based on the composi-
tional rule of inference, including the Mamdani controller.

Next, we present a typical fuzzy output in Example 3 and
the interpolation behavior when defuzzifying the output in
Example 4.

Example 3: Let us consider a rule baseof two rules with
, and , ,

and . We take for and
the identity for . The degree of overlapping is

and we may choose . Then Fig. 2 illus-
trates the output for

. The degrees of overlapping are
, , the maximum value is

achieved for . Hence, the degrees of conditional firing are
and

The output is

Example 4: Let us consider a rule baseof two rules with
, , and , ,

, . Then .
We choose such that . Let us set

and for all . We derive the

Fig. 3. Graphs of the input–output functions of Example 4.

output corresponding to a crisp input, . We obtain the
following formula, independently of the choice of the t-norm:

if

if .

Defuzzifying the output by computing the center of
gravity [4], we obtain the input–output function

if

if

if

if .

(18)

Observe that for the Łukasiewicz t-norm the degree of over-
lapping vanishes, i.e., . Therefore, we can
choose and equal to the identity. Then, (18) yields

for all . We obtain the line segment in-
terpolating the points and . This result coincides
with the input–output function induced by the Mamdani infer-
ence. For the resulting function is 1 on the
interval and 2 on the interval .
Fig. 3 illustrates the induced input–output functions for
and . In this simplified example the
input–output function for given from Theorem 3 is in-
dependent of the choice of the t-norm. However, the possible
values of satisfying Con2) are limited by . For , we
can choose arbitrarily. For , resp. ,
we have to take , resp. .

Until now, we presented theoretical arguments why the con-
troller based on conditional firing should be recommended. Also
practical experiments confirm this opinion. To demonstrate this,
let us mention a recent simple experiment with balancing a ball
on a plate. (This classical control task is also called “ball on
beam,” see [4].) The aim was to stabilize the ball in zero posi-
tion. We implemented a simple Mamdani controller solving this
task. Then we used a simplified version of the controller based
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(a)

(b)

Fig. 4. (a) Results of Mamdani controller. (b) Controller with conditionally
firing rules (bottom).

on conditional firing. A complete description of this experiment
can be found in [11]. The position and velocity before reaching
the final state can be seen in Fig. 4. One can see the following
advantages of our controller:

• the speed varies monotonically and smoothly;
• the assymptotic value is smaller;
• the transient time is shorter.

What is important is that these improvements were obtained
without an additional tuning of the rule base, just by switching
to another type of controller. It only interprets better the knowl-
edge already expressed by the rule base. This tool is ready for
further testing on more complex tasks.

VII. CONCLUSION

We investigated the suitability of the compositional rule of in-
ference for the purpose of fuzzy interpolation and fuzzy control.
It turned out that the standard inference mechanism due to Mam-
dani seems not to be always a satisfactory fuzzy interpolation
under practical conditions. Therefore, we modified the Mam-
dani inference by changing the scales of membership functions
and by replacing the degree of overlapping with the truth-value
of a corresponding (many-valued) conditional statement.

As a result, we obtained a suitable fuzzy interpolation under
rather weak restrictions of the rule base. Finally, we illustrated
its input–output behavior by means of numerical examples. As
we study the fuzzy outputs in full generality, our results are ap-
plicable independently of the choice of the subsequent defuzzi-
fication.
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