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1 The notion of fuzzy set

1.1 Minimum about (classical) sets

To aviod problems of the set theory, we restrict ourselves to subsets of some universal set (universe) X
P(X) denotes the set of all subsets of a set X
A set A € P(X) is uniquely determined by its characteristic function (indicator) puy : X — {0,1},

() = 1 ifzeA,
A= 0 itz ¢ A

A={z e X: pa(x)=1}={x € X : pa(z) > 0}.

Using the notation
pat(M) = {z € X : pa(x) € M},

we may write

A=t ({1}) = pa' ((0,1).

Instead of p;' ({1}), we write u (1), etc.
In particular pg =0, px = 1.

1.2 Definition of fuzzy sets

A fuzzy subset of a universe X (a fuzzy set) is a mathematical object A described by its (generalized)
characteristic function (membership function) ua : X — [0, 1]

Alternative notation: A(x)

In this context, “classical” sets are called crisp or sharp.

F(X) denotes the set of all fuzzy subsets of a universe X

Range (level set): Range(A) = {a € [0,1]: (Gz € X : pa(z) = a)} = pa(X)

Height: h(A) = sup Range(A)

Support: Supp(A) = {z € X : palz) >0} = p;"((0,1])

Core: core(A) = {z € X 1 pa(z) =1} = p3' (1)

2 Examples of fuzzy sets

A,B e F(R),
0 if z <0,
(z) = x if x €10, 1],
AW =Y 2-2 ifaze (1,2
0 if £ > 2,

ifx =3,
if v =4,
if z =5,
otherwise.
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For finite fuzzy sets, we use an abbreviated notation like up = {(3, %1), (4,1),(5, 1)}
Alternative notations: up = {$/3,1/4,1/5}, up = 3/3+1/4+ /5.
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3 System of cuts of a fuzzy set
Definition: Let A € F(X), a € [0,1]. The a-level of A is the crisp set
py' (@) ={z e X: pa(z)=a}.
The system of cuts of A is the mapping R4 : [0,1] — P(X) which assigns to each « € [0, 1] the a-cut
Rale) =py ([, 1]) = {z € X : pa(z) > a}.
The system of strong cuts is the mapping Sy : [0,1] — P(X), where
Sala) = i3 (1)) = { € X+ ua(e) >l

Alternative notations of a-cuts: [A],, [A]Y, “A4, A

Range(4) = {a€[0,1]: uy'(a)# 0},
h(A) = sup{a€0,1]: Ra(a)# 0},
Supp(4) = S54(0),
core(4) = Ra(1),
Ra(0) = X,
Sa(1) 0.

4 The first representation theorem

Theorem: A mapping M : [0,1] — P(X) is the system of cuts of some fuzzy set A € F(X) if and only if
(R1) M(0) =X,

(R2) 0<a<pB<1= M) 2 M(Qp),
(R3)  0<F<1= M@= ) M)

Proof:
=" (R1): M(0) =RA(0) = X.
(R2): 2 e M(B) =Ra(B) = pa(x) >>a=x R4y

(@) )-
(R3) ‘€ (R2) = Va € [0,5) : M(B) € M(a) = M(3) €

= M
n M.

(R3) Dz € ﬂ<BM( a) = n<5RA( a) = Va el0,8): pa(z) > «a,

= pa(z) = B < z € Ra(B) = M(B).

‘«=": We shall prove that M = R, where pa(z) :=sup{a € [0,1] : = € M(a)}.
‘CrrxeMB)=palz) >0 <= zeRa(f),
Dz € Ra(B) = palz) =sup{a€[0,1]: z € M(a)} >3,
Va €[0,0) : x € M(a),
xre [ M(a)=M().

aa<f

5 Representations of fuzzy set

Horizontal representation: system of cuts
Vertical representation: membership function
Conversion from the horizontal to vertical representation:

pa(z) =sup{a € [0,1]: x € Ra(a)}.



Theorem: (the second representation theorem) Let A € F(X). Then

HA = SUD QUR,(a) = sup QR 4 ()
ael0,1] aERange(A)

where the supremum is computed pointwise, i.e.,

pa(z) = sup  apR, ) ().
acRange(A)

5.1 Fuzzy inclusion

Classical definition
ACB < Vzec€A: z€B
cannot be used, because we cannot write x € A,z € B
However, we can write
ACB < Vo e X: pa(z) <pp(r) < pa<pp
For A, B € F(X):
ACB < Ve X: pualz) <uplr) < pas <pup <
Va€10,1]: Ra(a) C Rp(a)
Proof of the last equivalence:
=7 Assume pg < pp, ¢ € Ra(a),
a<pa(x) <pp(x), z € Rp(a),ie, Ra(a) C Rp(a)
<’ Assume Va € [0,1] 1 Ra(a) € Rp(a),
pa(z) =sup{a€[0,1]: z € Ra(a)} <sup{a€0,1]: z € Rp(a)} = pup(z)

5.2 Cut-consistency

A property P of fuzzy sets Ap,..., A, maps arguments Aj,..., A, to a truth value P(A4,,...,4,) € {0,1}
(“predicate”).
Property P of of fuzzy sets is called

e cutworthy if
P(Ay,...,A,)= (Ya € (0,1]: P(Ra,(®),...,Ra,(a))),

° cut-consistent if
P(Ay,...,A)) = Va € (0,1] : P(Ra,(a),...,Ra,(a))).

(0-cuts are ignored intentionally)

Examples:

Inclusion is cut-consistent.

Strong normality, dx € X : pa(z) =1, is cut-consistent.
Crispness is cutworthy, but not cut-consistent.

6 Operations with fuzzy sets

6.1 Operations with crisp sets

propositional
set operations operations formula

O PX) = P(X) | 2:{0,1} - {0,1} | A ={zeX: ~(zeA)}
N:P(X)2—=P(X) | A:{0,1}> - {0,1} | ANB={z € X: (x€ A)A(z € B)
U:P(X)2—-PX) | Vv:{0,1}> - {0,1} | AUB = }xeX: (xEA)\/(xEB)%
By means of membership functions:
() = ~pa(z)
s () = a(2) A (o)
paus(x) = pa(z) V ps(x)




6.2 Laws of Boolean algebras

——a = a
aVvVp = (Va, aNB = [BAa,
(avB)Vy = aV(BVy), (@nB)Ay = aA(BAY),
anN(BVy) = (@AB)V(any), aV(BAy) = (aVB)A(aVy),
aVa = «q«, alNa = a,
aVianp) = aq aN(aVp) = aq
aVvl = 1, anN) = 0,
aVvVl = aq, alNl = qa,
aN-a = 0, aV-a = 1,
~(anp) = -av-p, ~(avp) = -an-p
6.3 Fuzzy negation
unary operation - : [0, 1] — [0, 1] such that
a<f=-0<a, (N1)
ST = (N2)

Example: Standard negation: Ja=1—o

Properties of fuzzy negations

Theorem: Each fuzzy negation — is a continuous, strictly decreasing bijection satisfying

Its graph is symmetric w.r.t. the axis of the 1st and 3rd quadrant, i.e., - B -

Proof:
o Injectivity: If ma =74, thena=-7a=--8=0.
e  Surjectivity: For each o € [0,1] there is a § € [0, 1] such that o = = 3, namely 8 = ~a.

= continuity and boundary conditions.
The symmetry of the graph is equivalent to involutivity (N2).

Representation theorem for fuzzy negations

A function —: [0,1] — [0,1] is a fuzzy negation iff there is an increasing bijection ¢ : [0,1] — [0,1] (generator

of fuzzy negation ) such that

Proof: (According to [Nguyen-Walker].)
e  Sufficiency:
(N1): Assume o, € [0,1], a < .
i, i~! preserve the ordering, 3 reverses it:
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where id is the identity on [0, 1].
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Possible construction of a generator of a fuzzy negation

e  Necessity: We shall prove that

is a generator of a fuzzy negation —.

i is increasing, continuous, and satisfies ¢(0) = 0, #(1) = 1, thus ¢ is a bijection on [0, 1].

oz—i—g\f\a 1—a+1—§\—_\04

- e R |
Sa+SS'a

s 2 2 2
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A generator of a fuzzy negation is not unique.

6.4 Fuzzy complement

px- () = 7 pa(z).

We distinguish them by the same indices as the corresponding fuzzy negations, e.g., A° is the standard com-

plement.

6.5 Fuzzy conjunction (triangular norm, t-norm)

binary operation A : [0,1]> — [0,1] such that, for all o, 8,7 € [0, 1]:

aNf=0BNa (commutativity)
al(BAy)=(aNB)Ny (associativity)
B<y=>aAB<aNy (monotony)
aANl=qa (boundary condition)

Theorem: a A0 = 0.

. (T3) (T4)
Proof: Using (T3) and (T4): aAO0 < 1A0 ="0.

Examples of fuzzy conjunctions

e Standard conjunction (min, Gédel, Zadeh, ...):
a)\p= min(a, 3).

e Lukasiewicz conjunction (Giles, bold, ...):

oz/L\,B{OH_ﬂ_l ifa+p8—-1>0,

0 otherwise.
° Product conjunction (probabilistic, Goguen, algebraic product, ...):
al 8=a-f.
e  Drastic conjunction (weak, ...):
a ifg=1,

apNf=48 ifa=1,

0 otherwise.



Properties of fuzzy conjunctions

Theorem:
Vo, 5 €[0,1] : apB<anB<app.

Proof: If a« =1 or 8 =1, then (T4) gives the same result for all fuzzy conjunctions. Assume (without loss
of generality) that & < 8 < 1. Then

a{)\ﬂzoga{\ﬂga/_\lza:a/s\ﬂ.
Theorem: Standard conjunction is the only one which is idempotent, i.e., Va € [0,1] :aAa =«
Proof: Assume «,f € [0,1], a < .

(T3) (T3)
a=alha < aAf < a{\l(E)a,

thusa/_\ﬂ:a:a/s\ﬂ.
Analogously for a > .

Reprezentation of fuzzy conjunctions (in general)
Theorem: Let A be a fuzzy conjunction and i : [0,1] — [0, 1] be an increasing bijection. Then the operation
A [0, 1]?> — [0, 1] defined by
1y .
apf=i'(i(a)Ni(B))
is a fuzzy conjunction. If A is continuous, so is A.

Proof:
e  Commutativity (analogously for associativity):

apB=i"(i(0) Ai(B) =i (i(8) Ai(a) = BAa

e  Monotony: Assume 3 < .
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e  Boundary condition:

Classification of fuzzy conjunctions

Continuous fuzzy conjunction A is

° Archimedean if
Vae(0,1): aha<a (TA)

. strict if
Va e (0,1] VB, €[0,1]: B<y=aAf<aiy (T3+)

e nilpotent if it is Archimedean and not strict.
Example: Product conjunction is strict, Lukasiewicz conjunction is nilpotent, standard and drastic con-
junctions are not Archimedean (the standard one violates (TA), the drastic one is not continuous).



Representation theorem for strict fuzzy conjunctions

Operation A : [0,1]% — [0,1] is a strict fuzzy conjunction iff there is an increasing bijection i : [0,1] — [0,1]

(multiplicative generator) such that
anB =it (i) pi(B)) =i (i(e) - i(8)).

Sufficiency has been already proved (except for strictness which is easy).
The proof of necessity is much more advanced.

A multiplicative generator of a strict fuzzy conjunction is not unique.
Representation theorem for nilpotent fuzzy conjunctions

Operation A : [0,1]* — [0,1] is a nilpotent fuzzy conjunction iff there is an increasing bijection i : [0,1] — [0, 1]

(Lukasiewicz generator) such that

o hB =i (i(a) pilB)).

A Lukasiewicz generator of a nilpotent fuzzy conjunction is not unique.
Theorem: Let A be a nilpotent fuzzy conjunction. Then

Vae(0,1)IneN: \pa=0

Proof: According to the representation theorem, it suffices (without loss of generality) to prove the theorem
for the Lukasiewicz conjunction. For a sufficiently large n we obtain

a—i—i(a—l)go, /\Zzlazo.
i=2 L

6.6 Fuzzy intersection
is an operation on fuzzy sets defined using a fuzzy conjunction:
pans(x) = pa(x) A pp(z)

(we distinguish them by the same indices as the respective fuzzy conjunctions)
Theorem: The standard intersection is cut-consistent.
Proof: 1. Cutworthiness:

Ragp(a) = {z€ X :pagp(zr)=a}

= {zeX:(palz) 2 a)A(up(z) = a)}
= {zeX:palx)>atn{re X :uplx) > a}
= Ra(e)NRp(a)

2. Cuts Ra(a) NRp(a) (for all a € (0,1]) determine a unique fuzzy set equal to A () B.

6.7 Fuzzy disjunction (triangular conorm, t-conorm)
is a binary operation V : [0,1]? — [0, 1] such that
aVvVp=pVa (commutativity
aV(BVy)=(aVp)Vy (associativity

B<y=aVp<aVy (monotony
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avi=a (boundary condition

Theorem: aV1=1.

.o (83) .
Proof: av1l > 0\/1(324)1.



Examples of fuzzy disjunctions

e Standard (max, Godel, Zadeh ...):
av 8 = max(a, B3).

° Lukasiewicz (Giles, bold, bounded sum ...):

1 otherwise.

a\L/ﬂ:{a—i—ﬁ fora+ 6 <1,

e Product (probabilistic ...):
a\P/ﬂ:a—h@—Owﬂ.

e  Drastic (weak ...):

« for B =0,
aV =<0 for a =0,
1 otherwise.
° Einstein 5
E [
\/ =
avp 1+ap

Properties of fuzzy disjunctions
Va,B€[0,1]: aVB<aVB<aVp.

The standard disjunction is the only one which is idempotent, i.e., a V a = a for all a € [0, 1].

Duality

Let — be a fuzzy negation.

A. If A is a fuzzy conjunction, then a V 3 = =(~a A =) is a fuzzy disjunction (dual to A with respect
to 7).

B. If V is a fuzzy disjunction, then a A 3 = =(-a V =) is a fuzzy conjunction (dual to V with respect
to —).

Theorem: .
e  The Lukasiewicz operations A,V are dual with respect to the standard negation.

e  The product operations /, V are dual with respect to the standard negation.
e  The standard operations /\, V are dual with respect to any fuzzy negation.

e  The drastic operations A V are dual with respect to any fuzzy negation.

Classification of fuzzy disjunctions
A continuous fuzzy disjunction V is

° Archimedean if _
Vae (0,1): aVa>a«a (SA)

e  strict if ' '
Va €10,1) VB8,7€[0,1]: B<y=aVi<aVy (S3+)

e nilpotent if it is Archimedean and not strict.



Representation theorems for fuzzy disjunctions

Theorem: An operation V : [0,1]2 — [0,1] is a strict fuzzy disjunction iff there is an increasing bijection

i:]0,1] — [0, 1] such that
aV B =i"t(i(a)Vi(B)).

Theorem: An operation V : [0,1]> — [0,1] is a nilpotent fuzzy disjunction iff there is an increasing

bijection 4 : [0,1] — [0,1] (additive generator) such that

i~ (i(a) +i(8)) iti(a) +i(B) <1

1 otherwise.

avp=iti(a) Vi(F) = {

6.8 Fuzzy union

is an operation on fuzzy sets defined using a fuzzy disjunction:

Haop(@) = pa(@) V (@),

(we distinguish them by the same indices as the respective fuzzy disjunctions)
Theorem: The standard union is cut-consistent.

6.9 Fuzzy propositional algebras

equations written in black always hold
equations written in red hold for the standard fuzzy operations, but not for some others
equations written in blue hold only for some choices of fuzzy operations (not for the standard ones)

e = o

avB = fpVa, ahNB = BAa,
(avB)vy = aVv(BVy), (@nB)Ay = an(BA),
an(BVy) = (@AB)V(aAy), aV(BAry) = (aVB)A(aVy),

aVa = a, aNa = aq,
aV(ng) = a aA(aVvp) = a

avl = 1, and = 0,

avlo = a, aNl = a,

aN-a = 0, a\Vj'a = 1,

anpf) = Tavop “(@vp) = Tanop

6.10 Fuzzy implication

is any operation — : [0, 1]> — [0, 1] which coincides with the classical implication on {0, 1}2.

We would like to satisfy the following properties, but we do not require them as axioms:
« —> b=1<a<p,
« —> b=1=a<p,
1—8=4,
.% is nonincreasing in the first argument and nondecreasing in the second,
a—-f=7077q,
as(Boy) =8> (a>7),

continuity.



R-implication (residuated fuzzy implication, residuum)
is an operation

a'iﬁ:sup{wza/_\'ygﬁ} (RI)

where A is a fuzzy conjunction

(if A is continuous, we may take the maximum instead of the supremum)

Examples of R-implications

e  From the standard conjunction A we obtain the Godel implication

a}ﬁ:{l if a < 8,

Jé] otherwise.

It is piecewise linear and continous except for the points (o, @), @ < 1.
e  From the Lukasiewicz conjunction A we obtain the Lukasiewicz implication

R 1 if a <0,
a—>ﬁ = ]
L l—a+p otherwise.

It is piecewise linear and continous.
e  From the product conjunction /A we obtain the Goguen (also Gaines) implication

apgﬂ{l if a <3,

8 otherwise.
«

It has one point of discontinuity, (0, 0).

Properties of R-implications
Theorem: Let A be a continuous fuzzy conjunction. Then the R-implication E» satisfies (I1a), (I1b), (I2), (I3).
Proof: o i B =supT (e, 3), where

I'(a,B) = {y: a Ay < [} is an interval containing zero. (Moreover, due to the continuity of A the interval is

closed.)
(T1a) If a < B, then I'(av, B) = [0,1], supT'(er, B) = 1.
(I1b) If @ > G, then 1 ¢ I'(«, ), supI'(e, B) < 1 (from the closedness of I'(a, 3)).

(12): 18 =sup{y: v < B} = 4.
(I3): When « increases, I'(«, 8) does not increase.
When £ increases, I'(«, 3) does not decrease.

Theorem: A residuated fuzzy implication induced by a continuous fuzzy conjunction A is continuous iff

A is nilpotent.

S-implication
is an operation

a>f=7aVp (SI)

where V is a fuzzy disjunction
Example:
e  From the standard disjunction we obtain the Kleene—Dienes implication

asiﬂ:max(l —a, ).

10



e  From the Lukasiewicz disjunction we obtain the Lukasiewicz implication Li which coincides with the Lu-
kasiewicz residuated implication Li
Among all fuzzy implications studied here, only residuated implications induced by nilpotent fuzzy conjunc-

tions (e.g., the Lukasiewicz implication) satisfy all properties (I1a),(I1b),(I2)—(I6).

6.11 Fuzzy biimplication (equivalence)

is an operation <—> usually defined by
acf=(@=B) (B a)

where — is a fuzzy implication and A is a fuzzy conjunction

(biimplications are distinguished by the same indices as the respective fuzzy implications)
If H satisfies (I1a) (e.g., for a residuated implication), at least one of the brackets equals 1, hence the choice

of the fuzzy conjunction A is irrelevant.
a%ﬂ:1—|a—ﬁ|.

Example: Lukasiewicz biimplication

7 Fuzzy relations

7.1 Classical relations
A binary relationisan RC X xY
Inverse relationto R: R-! CY x X
R'={(y,z) €Y x X: (z,y) € R}
The composition of relations RC X XY, SCY X ZisRoSC X x Z:
RoS = {(x 2)eXxZ: (yeY:(z,y) €R(y,2) ES)}

Using membership functions:
ur: X xY —{0,1}
pr-1(y,7) = pr(z,Yy)

o 9 - b /\ b
[tRos (€, 2) r;leag(uzz(x y) A ps(y, 2))

7.2 Fuzzy relations
A fuzzy relationis R€ F(X xY), ur: X xY — [0, 1]

The inverse relation to Ris R~! € F(Y x X):
Vee XVyeY:pup(y,z)=pr(z,y)
The - -composition of relations R € F(X xY), Se€ F(Y x Z)is RoS € F(X x Z):

pires (@, 2) = sup (ur(z,y) A ps(y, 2))
yey

Theorem The inversion of fuzzy relations is cut-consistent.
Theorem If Y is a finite set, then the standard composition of fuzzy relations R € F(X xY), S € F(Y x Z)

is cut-consistent.

11



7.3 Special crisp relations
R C X x X can be:

an equality: F = {(x,x) S X},
reflexive: Ve € X : (z,z) € R,i.e., ECR,
symmetric: (z,y) € R= (y,x) € R, i.e., R= R,
antisymmetric: ((z,y) € R) A ((y,2) € R) =z =y, ie, RNR' CE,
transitive: ((z,y) € R) A ((y,2) € R) = (2,2) € R, i.e., RoRC R,
a partial order: antisymmetric, reflexive, and transitive,
an equivalence: symmetric, reflexive, and transitive.
The membership function of the equality relation, £ C X x X, is the Kronecker delta:

1 forz=y
9 - 6 ’ - ’
1e(z,y) (z,y) {0 for & % y.

7.4 Special fuzzy relations
A fuzzy relation R € F(X x X) can be:

e reflexive: £ C R,

e symmetric: R = R7!,

e - -antisymmetric: RN R1CE,

e - -transitive: Ro RC R,

a --partial order: --antisymmetric, reflexive, and - -transitive,
an --equivalence: symmetric, reflexive, and - -transitive.

The last four terms depend on the choice of the fuzzy conjunction A.

Theorem The following properties of fuzzy relations are cut-consistent:

reflexivity,

symmetry,

standard antisymmetry,
standard transitivity,
standard partial order,
standard equivalence.

7.5 Projections of fuzzy relations

The left (first) projection of a fuzzy relation R € F(X x Y) is Pi(R) € F(X):

wp, (ry(z) = sup pr(z,y)
yey

The right (second) projection of a fuzzy relation R € F(X xY) is Po(R) € F(Y):
1py(r)(Y) = sup pr(z,y)
zeX

Theorem The projections of fuzzy relations are cut-consistent.

7.6 Cylindric extension

(also the cartesian product) of fuzzy sets A € F(X), Be F(Y)is AxBe F(X xY):
taxp(z,y) = pa() A ps(y)

It is the maximal fuzzy relation R € F(X x Y) such that P;(R) C A and Py(R) C B.
Equality occurs iff h(A) = h(B).
Theorem
Pi(R) x P(R) 2 R

Theorem The cylindric extension is cut-consistent.
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8 Extension principle

8.1 The extension of binary relations to crisp sets
A mapping is RC X xY:
Vee X ly=r(z)eY :(z,y) €R
A mapping R C X xY corresponds toanr : X — Y by (z,y) € R <= y = r(z), R={(z,r(x)): z€ X}
The extension of a relation R C X x Y is a mapping
r:P(X)—=PY):
r(A)={yeY: BzecA:(z,y) €R)}

Analogously, the extension of the relation R~! C Y x X is a mapping 7~ : P(Y) — P(X):
r ' (B)={z€X: (yeB:(z,y) ER)}
The extensions r and r~! are mappings even if the original relation R was not a mapping. However, they are

not mutually inverse.
If, moreover, R is a mapping, then

=

—~
N

S~—"
|

= {r(z): z€ A}
r'(B) = {zeX: r(z)€B}
In particular,
i) =t {y) = {r e X (@) =y}
Using membership functions:
pr() (y) = max (pg(@, y) A pa(z))

fr—1(p) (z) = ryneag(mz(w, y) A ps(y))

8.2 The extension of binary relations to fuzzy sets
The extension of a relation R C X x Y is a mapping r : F(X) — F(Y):
fr(a)(y) = Sug(ua(x,y) Apa(r)) (A€ F(X), yeY)
pAS

Analogously, the extension of the relation R~! C Y x X is a mapping r—1 : F(Y) — F(X):
pr-1(p)(z) = Sg(uR(Ly) Apsly)  (BeF(Y), ze€X)
y

As R is a crisp relation, the choice of the fuzzy conjunction A is irrelevant:

pa(z)  for pr(z,y) =1

pr(,y) /\ﬂA(x) = {0 for pg(r y) =0

Using the extensions
r:P(X)—PY), r1:PY)— PX)
of relations R, R™! to crisp sets, the extensions to fuzzy sets can be written as

pray(y) = sup  pa(x)
zer—1(y)

pr—1(By(x) = sup pp(y)
yer(z)
If, moreover, R is a mapping, then
:ur—l(B)(x) = up(r(z))
If R~! is a mapping, then
tray(y) = pa(r—(y))
Theorem
r(Ra(a)) € Rya)(a)
If the sets
rHy)={x € X : (z,y) € R}
are finite for all y € Y, then the equality holds.

13



8.3 Convex fuzzy sets

Here L denotes a linear space.
A crisp set A C L is called convex if

Ve,y e AVA€(0,1): e+ (1-NyeA
Using membership functions:
min(pa (@), pa(y)) < pa(dz+(1-N)y)
Let X be a crisp convex subset of a linear space.
A fuzzy set A € F(X) is called convex if
Vo,y € XVA€ (0,1): pa(Az+(1=N)y) > pal(z) A pa(y)

Convexity of fuzzy sets has nothing in common with the convexity of its membership function!
Theorem Convexity is cut-consistent.
In particular, a fuzzy set of real numbers is convex iff all its cuts are intervals.

8.4 Fuzzy numbers and fuzzy intervals
A fuzzy interval is an A € F(R) such that:

e Supp A is a bounded set,
e For all a € (0,1], the cut Ra(«) is a closed interval,
e TRa(1)#0 (ie., Ra(1) is a nonempty closed interval).

If, moreover, R 4(1) is a singleton, then A is called a fuzzy number.
Fuzzy intervals are convex.
The fuzzy interval inverse to a fuzzy interval A is —A € F(R):

p—a(z) = pa(—z)
(The extension principle for binary relations applied to the unary minus)

R,A(Oé) = —RA(Oé)

8.5 Binary operations with fuzzy intervals

Oe{+ -/}
[: R? — R can be understood as a crisp relation
[1CcR2xR:
1 fory 2= x,
0 otherwise.

ME[((ya Z),.Z‘) = {

This can be extended by the (already introduced) extension principle for binary relations to an operation
F(R?) — F(R); this has to be composed with the cylindric extension F(R) x F(R) — F(R?). We obtain the

binary operation L1 : F(R) x F(R) — F(R).
Ae F(R), BeFR)

l
AxBeFRxR)

!
AOB =04 x B) e FR)

ranp(z) = HO(AxB) (z)

= sup (paxs(y,2) Hpo((y2),z))
(y,2)ER?
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sup paxs(y,z)
(y,2)eR? ylz=x

= sup  (pa(y) Aus(z))
(y,2)€ER2,yOz=x

In particular, for =+

We compute the supremum of the function pa(y) A pp(z) over all y € R, z € R such that y + z = z.

A
S
This is the supremum of the function pa(z — 2) A pp(2) over all z € R (because y + 2 =z =y =2 — 2).

parp(x) = SEE(MA(UC ) A up(z z)),

pa-p(x) = blelp(uA(x ) A ps(2)),

pap(z) = sup (pa(z/z) ppp(2), z#0,
z€R, z#£0

pasp(x) = sgg(m(x -2) A pp(2)).

Only for pa.5(0) we have to use the original definition (because of problems with division by zero).
In particular, for crisp intervals A = [a,b], B = [¢,d] we obtain the interval arithmetic:

[a,b] + [e,d] = [a+c¢b+d],

[a,b] — [c,d] = [a—d,b—(],

[a,b] - [e,d] = [mln (ac, ad, be, bd), max(ac, ad, be, bd)]7
[a,b]/[c,d] = [min(a/c,a/d,b/c,b/d), max(a/c,a/d,b/c,b/d)].

The latter equality holds only for 0 & [e, d].
panp(@) =max{ua(y) Aps(z): y,z e Ry z =2}

(In case of division we assume pup(0) =0.)

Theorem The addition, subtraction, multiplication, and division of fuzzy intervals is cut-consistent. (In
case of division we assume zero membership to the divisor.)

Theorem The addition, subtraction, and multiplication of fuzzy numbers (resp. fuzzy intervals) is a fuzzy
number (resp. a fuzzy interval). (The same holds for division unless zero is in the closure of the support of the
divisor.)

Any real number z € R can be understood as a fuzzy number (represented by a crisp singleton {x}); we
denote it by .

Theorem Properties of operations with fuzzy intervals:

0+A = A,
0-4 = 0,

1-A = A

A+B = B+A,

A-B = B-A,

A+(B+C) = (A+B)+C,
A-(B-C) = (A-B)-C,
A+(-B) = A-B,

(-A)-B = —(A-B)=A-(-B),
_(_A) = Av
HA(B+C) < H(A-B)+(A-C)

In the latter inequality, equality occurs if A crisp number (A = ).
The following situations may happer for fuzzy intervals:

A—A # 0,
(A+B)—B # A,
AJA # 1,
(A/B)-B # A4,

A-(B+C) # A-B+A-C.



