
An MV-algebra for vagueness

Petr Hájek
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Vagueness versus fuzziness? (”He is tall”) Philoso-
phers: only two truth values, borderline cases.
(Shapiro: Vagueness in context.) Concerning
many-valued approach (comparative approach)
they criticize sharp break between true cases
(having truth value 1) and borderline cases
(< 1). But Smith: Vagueness and degrees of
truth (unfortunately almost no logic).

Here we offer a fuzzy semantics (a particular
non-standard MV-algebra) where this is (some-
how) handled.
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ÃLukasiewicz infinite-valued logic ÃL (Lukasiewicz-

Tarski 1930)

Axioms, provability; standard semantics

(ÃLukasiewicz algebra on the real interval [0,1],

general semantics (MV-algebras).

One of most important (mathematical) fuzzy

logics - t-norm based: standard semantics given

by a continuous t-norm and its residuum on

[0,1], general semantics by varieties of BL-

algebras – residuated lattices satisfying some

additional conditions (Hájek: Matemathemat-

ics of fuzzy logic, Kluwer 1998). Other most

important fuzzy logics: Gödel logic, product

logic.

Axiomatic extensions of ÃL - Komori’s charac-

terization (Komori 1981, see also the book by

Cignoli, d’Ottaviano, Mundici).
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Some details: ÃLukasiewicz infinite-valued logic

ÃL has one binary connective → and one truth

constant 0. Further connectives:

1 is ¬0.

¬ϕ is ϕ → 0

ϕ⊕ ψ is ¬ϕ → ψ

ϕ⊗ ψ is ¬(¬ϕ⊕ ¬ψ)

ϕª ψ is ¬(ϕ → ψ)

ϕ ∨ ψ is (ϕ → ψ) → ψ

ϕ ∧ ψ is ¬(¬ϕ ∨ ¬ψ)

ϕ ≡ ψ is (ϕ → ψ) ∧ (ψ → ϕ)

Axiomatic system: deduction rule modus po-

nens and axioms:

(1) ϕ → (ψ → ϕ)

(2) (ϕ → ψ) → ((ψ → χ) → (ϕ → χ))

(3) (¬ϕ → ¬ψ) → (ψ → ϕ)

(4) ((ϕ → ψ) → ψ) → ((ψ → ϕ) → ϕ)
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An MV-algebra (variant: Wajsberg algebra) is

a structure A = (A,⇒,0) such that, letting

(−)x = x ⇒ 0 and 1 = (0 ⇒ 0) the following

conditions are satisfied:

(W1) 1 ⇒ y = y,
(W2) (x ⇒ y) ⇒ ((y ⇒ z) ⇒ x ⇒ z) = 1,
(W3) ((−x)x ⇒ (−)y) ⇒ (y ⇒ x),
(W4) ((x ⇒ y) ⇒ y) = ((y ⇒ x) ⇒ x).

additional connectives:

x ∗ y = (−)(x ⇒ (−)y), x ∧ y = x ∗ (x ⇒ y),

x ∨ y = (x ⇒ y) ⇒ y.

The reduct (A,∨,∧, 0, 1) forms a bounded lat-

tice, the lattice order denoted ≤A. Moreover,

(A, ∗,⇒,∨,∧, 0, 1) is a BL-algebra, thus a resid-

uated lattice.

If ≤A is linear order we say that the given MV-

algebra is linearly ordered (or that it is an MV-

chain).
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The MV-chain on the real interval [0,1],

x ⇒ y being the ÃLukasiewicz implication

max(0, x + y − 1),

and ¬ being 1−x is called standard MV-algebra

(or standard algebra of the ÃLukasiewicz logic)

and denoted [0,1]ÃL.

Recall: An evaluation e of propositional vari-

ables by elements of an MV-algebra A gives

for each formula ϕ the value eA(ϕ). An A-

tautology is a formula having the value 1A for

each evaluation e. (ϕ is A-satisfiable ....)
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Standard completeness. A formula ϕ is a

theorem of ÃLukasiewicz propositional logic iff

ϕ is a [0,1]ÃL-tautology iff ϕ is a A-tautology

in each (linearly ordered) MV-algebra A.

Let (G,+,0,≤) be a linearly ordered Abelian

group, let e ∈ G, e > 0.

On A = {x ∈ G|0 ≤ x ≤ e} define

x ⇒ y = min{e, e− x + y}
and (−x) = e− x. Then

A = (A,⇒,0) is an MV-chain

and x∗y = max(0, x+y−e); each MV-chain re-

sults in this way from a linearly ordered Abelian

group.
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For n > 0 we define:

Kn+1 =

{(i, a) ∈ Z×lex Z | (0,0) ≤ (i, a) ≤ (n,0)},
Kn+1 = (Kn+1,⇒Kn+1

, (0,0))},
where (i, x) ⇒Kn+1

(j, y) =

min((n,0), (n− i + j,−x + y))

(i.e. min((n,0), (n,0)− (i, x) + (j, y)).

and K1 = ÃL1 is the trivial one-element algebra.

Kn - Komori’s algebras (1981); K2 - Chang’s

algebra (1958).

Paper: P. Hájek, P. Cintula: Complexity issues

in axiomatic extensions of ÃLukasiewicz logic, J.

Log. Comput. 19(2): 245-260 (2009)
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Predicate calculus.

In first-order ÃLukasiewicz fuzzy logics the se-

mantics restricted to MV-chains only.

For each MV-chain A, an A-structure for a

predicate language Γ is M = (M, (PM)P∈Γ, (fM)f∈Γ)

where M 6= ∅, for each predicate symbol P of

arity n, PM is an n-ary A-fuzzy relation on M

(a mapping Mn → A), and for each n-ary func-

tion symbol f , fM is a mapping Mn → M (con-

stants are treated as 0-ary functions).

The truth value ‖ϕ‖AM,v of ϕ in M determined

by the MV-chain A and evaluation v of free

variables of ϕ in M – in the usual (Tarskian)

way. (In particular, the truth value of a uni-

versally quantified formula is the infimum of

truth values of all its instances, similarly for ∃
and supremum.)
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M is witnessed if the truth value of each uni-

versally quantified formula is the minimum of

truth values of all its instances, similarly for ∃
and maximum.

A structure M is safe if the truth value is de-

fined for each ϕ and v (each witnessed struc-

ture is clearly safe).

Sometimes we write only ‖ϕ‖ instead of ‖ϕ‖AM
if both the algebra and the structure are known

from the context.

Other basic syntactical notions like theorem,

theory, proof, free and bounded occurrence of

a variable, substitutability, etc. are defined as

usual.

10



Let L be an axiomatic extension of ÃL and Γ

a predicate language. The logic L∀ has the

deduction rules of modus ponens and general-

ization (from ϕ infer (∀x)ϕ) and the axioms:

the axioms resulting from the axioms of L by

the substitution of propositional variables with

formulae of Γ,

(∀1): (∀x)ϕ(x) → ϕ(t), where t is substitutable

for x in ϕ,

(∀2): (∀x)(χ → ϕ) → (χ → (∀x)ϕ), where x is

not free in χ.

Completeness theorem. Let L be an axiomatic

extension of ÃL, Γ a predicate language, and ϕ

a formula. Then the following are equivalent:

• L∀ proves ϕ

• ‖ϕ‖AM,v = 1 for each L-chain A, safe A-structure

M, and each M-evaluation v

• ‖ϕ‖AM,v = 1 for each L-chain A, witnessed

A-structure M, and each M-evaluation v

11



Arithmetical hierarchy of sets of natural num-

bers (or sets of things coded by natural num-

bers, like formulas, proofs etc.)

A set X ⊆ N is Σ1 if there is a recursive relation

R ⊆ N2 such that X = {m|(∃k)R(m, k)}. X is

Π2 if there is a recursive relation R ⊆ N3 such

that X = {m|(∀k1)(∃k2)R(m, k1, k2)}.

Similarly for Σn, n ≥ 1 and Πn, n ≥ 1 (block of

alternating quantifiers beginning by ∀). Let Λ

be Σn or Πn; X is Λ-hard if each Λ-set Y is

recursively reducible to X, i.e. for a suitable

recursive function f, Y = {k|f(k) ∈ X}. X is

Λ-complete if X ∈ Λ and X is Λ-hard. A set X

is arithmetical if for some n X is Σn. The set

Th(N) is not arithmetical.
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Our algebra.

Take the lexicographic product of two copies of

the ordered additive group of reals (operations

coordinatewise, ordering lexicographic); this is

a linearly ordered Abelian group. Now our MV-

chain KRe is the interval [(0,0), (1,0)] with the

usual operations; thus a pair (x, y) ∈ Re2 is in

KRe iff (x = 0 and y ≥ 0) or (0 < x < 1 and

y arbitrary) or (x = 1 and y ≤ 0). For each

(x, y) ∈ KRe let β(x, y) be the set of all ele-

ments of KRe with the first coordinate x (the

neighborhood of (x, y) or the set of elements

infinitely near to (x, y)). The set β(1,0) is

the set of degrees of almost full truth, say ft-

degrees. Identify (0,0) with 0 and (1,0) with

1.
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Observe that the operation (a, b) ⇒ (c, d) is

min[(1,0), (1,0)− (a, b) + (c, d), i.e.

min[(1,0), (1− a + c,−b + d)], in more details,

(a, b) ⇒ (c, d) equals to (1,0) if (a, b) ≤ (c, d),

otherwise it equals to (1− a + c,−b + d).

The set of all (x,0) ∈ KRe is (the domain of)

a subalgebra of KRe isomorphic with the stan-

dard MV-algebra [0,1]ÃL. The mapping f(x, y) =

x (projection to the first coordinate) is a ho-

momorphism of KRe to (the copy of) [0,1]ÃL.

Form this it easily follows (for propositional

calculus):
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(Theorem) The following sets are equal:

the set 1Taut([0,1]ÃL) of standard ÃL-1-tautologies,

the set 1Taut(KRe) of KRe-1-tautologies,and

the set β(1)Taut(KRe) of KRe-β(1)-tautologies.

The same for satisfiability instead of tauto-

logicity.

Proof hint. Use standard completeness of ÃL,

the homomorphism f and the fact that stan-

dard ÃLukasiewicz algebra is a subalgebra of KRe

intersecting β(1) just in the element 1. Thus

1Taut([0,1]ÃL) = Provable(ÃL) ⊆ 1Taut(KRe) ⊆
β(1)Taut(KRe) ⊆ 1Taut([0,1]ÃL). Similarly,

1Sat([0,1]ÃL) ⊆ 1Sat(KRe) ⊆ β(1)Sat(KRe) ⊆
1Sat([0,1]ÃL).
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Now turn to predicate calculus. The morphism

f preserves all existing infinite sups and infs

BUT be aware of what sups and infs in KRe

exist: a non-empty set X ⊆ KRe has infimum

iff f(X) has a minimum; similarly for sup and

max (easy to see). Consequently,

Lemma The homomorphic image f(M) of a

safe KRe-structure is a witnessed [0,1]ÃL-structure.

And each witnessed [0,1]ÃL-structure is a safe

KRe-structure modulo the embedding above.

Now recall that standard 1-tautologies of ÃLuka-

siewicz predicate calculus equal to standard

witnessed 1-tautologies and similarly for satis-

fiables. (See my first paper on witnessed mod-

els.) Our last lemma then gives:
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(Theorem) (1) A formula ϕ of predicate cal-

culus is a β(1)-KRe-tautology (i.e. has a value

in β(1) for each model over KRe) iff it is a

witnessed standard 1-tautology of ÃLukasiewicz

predicate calculus ÃL∀.

Proof:(1) Use the fact that witnessed [0,1]ÃL-

structures are particular safe KRe-structures,

which gives β(1)TAUT∀(KRe) ⊆ (1)TAUT∀([0,1]ÃL)

and that the morphism f maps all safe KRe-

structures onto all witnessed [0,1]ÃL-structures

and f maps all elements of β(1) and no other

elements to 1, thus if ϕ is not in β(1)TAUT∀(KRe)

then ϕ is not in (1)TAUT∀([0,1]ÃL).
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(Theorem) (2) ϕ is β(1)-KRe-satisfiable (i.e.

has a value form β(1) in some model over KRe)

iff it is (1)-KRe-satisfiable iff it is satisfiable in

a witnessed standard model over ÃL∀.

Proof:(2) If ϕ has a witnessed model (with

value 1) over [0,1]ÃL then this model is also

a (1)-KRe-model and hence a β(1)-KRe-model;

and if ϕ has a β(1)-KRe-model then its f-image

is a witnessed (1)-model over [0,1]ÃL.

(Corollary.) The set β(1)TAUT∀(KRe) is Π2

complete and the set

β(1)SAT∀(KRe) = (1)SAT∀(KRe) is Π1-complete.

Problem: (1) Is the set (1)TAUT∀(KRe) of 1-

tautologies over KRe equal to β(1)TAUT∀(KRe)?

(2) If not, what is the arithmetical complex-

ity of the set (1)TAUT∀(KRe) of 1-tautologies

over KRe?
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Analogous results for Komori’s algebras.

First represent each Kn as a subalgebra of KRe

(with elements being pairs whose first member

is from i/n, i = 0, . . . , n).

Let β(1) = {(1, j)|j negative integer}.

Fact (*). Let X ⊆ Kn. If X has infimum then

it has a minimum; similarly for supremum and

maximum. Indeed, assume X 6= ∅ and let j be

least that X contains and element (j, u). If the

set of such u’s is infinite the it has no infimum,

ad it it is finite then it has a least element.

Let f(j, u) = (0, u); then f is a MV-homomorphism

of Kn onto its ”zero level”, subalgebra isomor-

phic with the finite MV-algebra ÃLn. For each

formula ϕ and model M over Kn we get

|ϕ‖f(M) = f(‖ϕ‖M).

(By fact (*), M is witnessed.)

Consequently, ‖ϕ‖M ∈ β(1) iff ‖ϕ‖f(M) = 1.
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Theorem. β(1)TAUT (Kn∀) = 1TAUT (ÃLn∀)
and this set is Σ1-complete.

Indeed, β(1)TAUT (Kn∀) ⊆ 1TAUT (ÃLn∀) using

the f homomorphism; and if ϕ is not a

β(1)-tautology of Kn∀ and ‖ϕ‖M 6∈ β(1) then

‖ϕ‖f(M) 6= 1, thus ϕ is not a 1-tautology of

ÃLn.

Theorem. The set 1TAUT (Kn∀) is Π2-complete.

This is proved in the paper with Cintula by

showing tha the set of positively satisfiable for-

mulas of Kn∀ is Σ1-complete.

Theorem. The sets β(1)SAT (Kn∀), 1SAT (Kn∀)
and 1SAT (ÃLn∀) are equal and Σ1-complete.

Indeed, β(1)SAT (Kn∀) ⊆ 1SAT (ÃLn∀) ⊆ 1SAT (Kn∀)
⊆ β(1)SAT (Kn∀).
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