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Abstract

We address the problem of energy minimization, which is (1) generally NP-complete and (2)
involves many discrete variables — commonly a 2D array of them, arising from an MRF model.

One of the approaches to the problem is to formulate it as integer linear programming and relax
integrality constraints. However this can be done in a number of possible ways. One, widely applied
previously (LP-1) [19, 13, 4, 22,9, 23], appears to lead to a large-scale linear program which is not
practical to solve with general LP methods. A number of algorithms were developed which attempt
to solve the problem exploiting its structure [14, 23, 22, 9], however their common drawback is that
they may converge to a suboptimal point. The other LP relaxation we consider here is constructed
by (1) reformulating the optimization problem in the form of a function of binary variables [ 18], and
(2) applying the roof duality relaxation [6] to the reformulated problem. We refer to the resulting
relaxation as LP-2. It is different from LP-1 in many respects, and this is the main question of our
study. Most importantly, it is possible to apply an efficient, fully combinatorial, algorithm to solve
the relaxed problem.

We also derive the following relations: a) LP-1 is generally a tighter relaxation than LP-2, b)
LP-2 provides constraints on optimal integer configurations, which allows one to identify “a part” of
an optimal solution, c) a subclass of problems can be identified for which LP-2 is as tight as LP-1
providing additional characterization of solutions of LP-1 for this subclass.

Our last contribution is providing an alternative formulation of LP-2: we prove that it is equivalent
to computing a decomposition of the energy into submodular and supermodular parts so that the sum
of the lower bounds for each part is maximized.

1 Introduction

Outline. The energy minimization problems is introduced in Sect. 2, its natural linear programming
relaxation is reviewed in Sect. 3. Transformation into energy minimization with binary variables is
reviewed in Sect. 5. Then we show how the known results from operations research (in particular per-
sistencies) can be interpreted in terms of the original multi-label problem in Sect. 6. The LP-relaxation
of the binarized problem is studied in more detail in Sect. 8, and the subclass of problems is studied
for which this relaxation coincides with LP-1. Sect. 9 relates persistency properties derived from LP-2
with active constraints in the solution of LP-1. Sect. 10 is devoted to the submodular-supermodular de-
composition approach, and it shows that the approach is equivalent to the LP-2 relaxation. In appendix
we consider an order-independent reduction to binary variables and show that its linear relaxation is
degenerate.

Notation

R will denote set of reals, R, set of non-negative reals, B = {0, 1} set of “booleans”, where we adopt
0 =false and 1 =true.
d{Rr(z)} Will denote the function:

5 |1, R(z)=true
R@Y =0, R(z) = false,



where R(x) is a boolean predicate (e.g. “z > 07).

Ordered pair (s, t) of entities will be shorthanded by st. In particular, in notation 6, it is understood
that 6 is indexed by an ordered pair (s, t).

Euclidean scalar product of z,y € R? will be denoted by (x,%). In vector expressions 0 and 1 will
denote vectors of appropriate length of zeros and ones respectively.

Notation {x; | s € S}, where S is a finite set, will stand for the concatenated vector of variables
(rather that for the set of their values, which is denoted by {z; | s € S}).

2 Energy Minimization Problem

We consider the following problem illustrated in Fig. 1. Let £ = {1... K} be set of labels. Let
G = (V,€) be a graph with £ C V x V antisymmetric and antireflexive, i.e. (s,t) € € = (t,s) ¢ E.
In what follows we will denote by st the ordered pair (s,t) € €. Letalso £ = £ U {ts | st € £} denote
set of all directed edges and their reverse. Let each graph node s € V be assigned a label x4, € £ and
let a labeling (or configuration) be denoted as x = {z; |s € V}. Let {05(i) € R|i € L s € V} be
univariate potentials and {0(i,j) € R |i,j € L st € £} be pairwise potentials. Let in addition fqps;
be a constant term (meaning it is a constant function of labeling).

Let all potentials, including the constant term, be concatenated into single vector € () = R? x R,
where set of indices Z = {(s,i) |s € V,i € L} U{(st,ij) | st € &, i,j € L} correspond to univariate
and pairwise terms. Notation 67 will thus refer to all components of § but the constant term.

Let energy of a configuration x be defined by:

E(X|6) = Z 93(.1'3) + Z est(xsa xt) + econst- (1)
seV ste€g

It is conveniently written using scalar product in €2 as F(x|0) = (u(x), #), where p(x) € €2 is defined by
16010) = Sy [0 . ) = O~ F1z0msy and [0 oons = 1

Figure 1: Energy minimization: each node s of the graph is assigned a discrete variable x5, depicted by
a box with labels. Labels in the box represent values which discrete variable may attain. A labeling x is
shown by black circles and black solid lines.



3 LP-relaxation

The main subject of our analysis is the linear programming relaxation of energy minimization. The
natural relaxation, studied e.g. by [19, 4,22, 23] is obtained by reformulating the problem in terms of 0-1
integer variables and then relaxing integrality constraints. In this section we review this construction, the
Lagrangian dual problem and the closely related notion of equivalent reparametrizations of the energy
function.

Minimization of (1) can be written as:

min ,0), (2)
pe{pn(x) \xeﬁ"}w )

where objective function is linear and therefore minimization can be performed over the convex closure
of the constraint set:

2) = i ,0), 3

@)= min (u6) 3)
where M » = conv{u(x) |x € LV} is marginal polytope [22].
We consider the relaxation of (3) (see [4, 23, 22]), defined as:

1 ) 6 Y 4

i (n, 0) (4)

where Agr = {1 € Oy [Auz = 0, Buz = 1, feonsy = 1} is the local polytope of graph G. Set €
denotes vectors from 2 with all components nonnegative. Equalities Az = 0 express m; = 2|E||L]
marginalization constraints:

> psi(iyg') = ps(i), Vste &, Vie Ll

& (%)
Yoops(i ) = w(y), Vste &, VjeL,

el

where A is my x |Z| matrix. Equalities Buz = 1 express my = |V| normalization constraints:

dous(i) =1, VseV, (6)
ieL
where B is my x |Z| matrix. Polytope A¢  inherits all linear equality constraints of M , but keeps
only a small number of inequality constraints (only the constraint ;1 € €)), therefore it makes an outer
approximation to Mg  [22].

Equivalent reparametrizations (see [23, 9] and references therein). We say that §* € Q and 6% € Q
are equivalent, which is denoted by 6! = 62, if (1, 0") = (u, 6?) holds for all 1 € Ag .

It can be shown that that the statement (11, ¢) = 0 Vi € A is equivalent to (u, ¢) = 0V € Mg .
Therefore 6! = 62 iff F(x|0') = E(x]|0?) Vx € LY, so our definition of equivalent problems coincides
with the usual one [23, 22]. This fact follows from that aff A , = aff Mg ¢ (in other words Ag . is
tight by equalities outer approximation to Mg ).

Consider the set of zero problems defined as

const = _<172>

00 = {peq| o AES yeR™, zeR™ Y. (7)
Problems from this set and only they have the property E(x|¢) = 0 forall x € LY.
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Statement 1. Itis 0' = 02 iff 01 — 6% € QO.

Proof. Clearly, the statement can be reformulated as ¢ = 0 iff ¢ € Q0.

e Forany ¢ € Q%andany pu € Agcitis (u,¢) = (ur, ATy+ BT2) — (1,2) = (Auz,y) + (Bru, 2) —
(1,z) =(1,2) — (1,2) = 0.

e Let (¢, ) = 0holds for all 4 € Ag . Then it holds also for all 4 € aftf A, = {n € Q| Auz =
0, Buz = 1, piconss = 1}. Which means that the equation ®" 1w = 0 is a linear combination of equations
Apz =0, Buz = 1and ficonst = 1. Thatis Jy € R™, 2 € R™: ¢r = ATy+ BT 2, eonst = —(1,2). O

Often it is useful to consider the explicit form of elements ¢ € Q°. When matrices A and B are
substituted, it takes the form [19, 23, 9]:

¢St(i7j) = ySt(Z) + ytS(j)7 Vst € 57 Za] el
¢S<Z) = - Zt|st€g yst(z> + zg, Vs € V, 1 €L (8)
¢c0nst = - ZSEV Zsy

where it is understood that y € R™ has components {y,;(i) | st € £, i € L} and z € R™2 has compo-
nents {zs | s € V}. In[19, 23] it is shown that when graph G is connected and only problems with zero
constant term are considered, the space Q° can be parametrized without variables z. Indeed, in this case
itis{BTz|z€R™, (1,2) =0} C {ATy|y € R™}.

LP-dual. We write dual of (4) as follows (standard LP dual with y, z being dual variables):

min(ﬂIa QI> + 6)const = max(l, Z> + 6)const‘

AILLI =0 Y € R™ (9)
B,UI =1 z € R™m2
,U,IZO ATy—i—BngGI
Introducing auxiliary variables ¢’ € €2, (9) can be written as:
= max Qéonst = max eéonst .
0 =07 — Ay — BTz =6
éonst = HCOHSt + <17 Z> eéonst eR (LB)
0, >0 0, >0
The weak duality theorem implies that for any ¢ feasible to the dual problem, the dual cost, ¢/, is

/
cons

a not grater then the primal cost, (u,6), Vo € Ag . That is 6
particular, on E(x|0) = (u(x), 6).

The final expression LB can be seen to have similar form to the problem of maximizing the constant
term of a posiform [1]. More precisely this relation can be expressed by the following statement.

. 1s a lower bound on (u, ) and, in

Statement 2. When |£| = 2, bound LB coincides with the roof-dual bound [1]. In this case optimization
problem LB can be efficiently solved by a max-flow algorithm [2].



4 Binary Energy Minimization

Energy minimization problems with 2 labels are conveniently described in terms of 0-1 integer variables,
which will be called binary throughout this paper.
Let L = B = {0, 1}, then each variable =, is 0 or 1. Univariate and pairwise terms of (1) may be

written as
es(xs) = 9575(1)1'8 + est(o)(l - xs)a
Ost (x5, ) = Ose(1, Dxgzy + 05(0,1)(1 — )y (10)
+05:(1,0)5(1 — ) + 05(0,0) (1 — ) (1 — ).

Expanding braces in (10) it is clear that (1) may be written in the form:

X|77 Z nsxs + Z 77st3j T _'_ 77C0nst> (1 1)

which is a quadratic polynomial in binary variables ;. Functions of the form BY +— R are called
pseudo-Boolean [1] and minimization (or maximization) of (11) is called quadratic pseudo-Boolean
optimization.

Calculating coefficients 1 form 6 is equivalent to choosing the reparametrization § = 0 with the
non-zero elements being only 0, (1), Gst(l 1) and Beonsi-

5 Transformation to Binary Variables

Minimization of energy (1) can be always formulated as a MIN-CUT problem. Energies which corre-
spond to polynomially solvable MIN-CUT (with all weights nonnegative) include energies with convex
pairwise potentials [8] and, more generally, submodular pairwise potentials of binary [7, | |] or multi-
label [20, 16, 10] variables. Reversely, any MIN-CUT problem can be formulated as energy minimiza-
tion with 2 labels.

As there are simple transitions between MIN-CUT problem, quadratic pseudo-Boolean optimization
and energy minimization with 2 labels it is not very important to which of them energy minimization
with many labels will be reduced. The construction [&, 16, 18] adopted to our notation of binary energies
is as follows.

Transformation £ — B. First, we construct § = 6 satisfying the following:

0,(1,/) =0,(i,1)= 0 ste& i,jeLl

N 12
0;(1)= 0 seV. (12)
It is constructed as follows:
0, 5) = 0401, 5) — 00(i,1) — 04(1, 5) + O (1, 1) ste&, i, jeL;
0u(i) = 0u(1) + D Ouli, 1)+ > 0rs(1,4) - > ba(1,1)-
t| ste€ t|tse& t| ste€
— Z 0i5(1,1), seV, i€/l (13)
t|tse&
éconst - Qconst + Z Qst(]-a 1) + Z ‘95(]—>
ste& seV
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It is easy to verify that condition (12) holds for 0 and that § = 6. Note, that in the case of two labels,
reparametrisation # immediately provide coefficients for (11). In more general case it is useful because
of possibility to apply the next lemma.

Lemma 1 (Cumulative sum). Let f : {1... K} — R, let f(1) = 0. Then the following representation
holds for f:
fli)y=> Dyf i=1...K, (14)

2<i/ <

where D;f = f(i) — f(i — 1), i = 2...K, is the discrete derivative of f in i, and the result of the
summation is assumed to be 0 if there is no summands (when ¢ = 1).
Analogously, for a function g : {1... K}? — R with g(-,1) = g(1,-) = 0 it holds:

9(i,5) = Y Diyg i,j=1...K (15)
2<i'<q
2<5'<4

>

y

v
7

(s,2)

Figure 2: Transformation £ — B. Left: an interaction pair st € &; a labeling x is shown by black
circles; lowest labels are dashed since all weights in § associated with them are 0. Right: binary variables
2(s,i)s Z(t,5); labeling z(x) is shown by black circles; dashed lines marked with oo show hard constraints.

Shaded areas show the set {(s,7) |i < x5, s € V, i € L}.

Let a tuple (£, G, 0) define the energy minimization problem. Let L= {2...K}. Then components
of the equivalent binary energy minimization problem are as follows (Fig 2):
I. Graph N = (V, A), where V =V x Land A = AgUAy. Ag = {((s,9), (t,5))|st € £, i,5 € L}.
Ay = {((s,9),(s,i—1))[s€V,i€3...K}.

II. Binary configuration z € BY. For a configuration x € £V the corresponding binary configuration
z(x) is defined by

Z(X)(s,i) = 6{i§ms}a (S,i) & V (16)
III. Binary energy function
E(Z’n) = Z Ny’ + Z TNuv2uv + Tlconst + H(Z), (17)
ueV uvEAg
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where weights 7 are constructed as

s = Dijby  stc& ijeLl

.0, seV,iel (18)

T(s,4)(t.5)
N(s,3)

I
S O

>

Tlconst = Yconst

and hard constraints read

H(z) = Y h(z,2), (19)

uvEAy
where h(2(s, 2(s,i-1)) = 0 if 2(5;) < 2(s,i-1) and oo otherwise, i = 3... K. Hard constraints
ensure that any z with finite energy is in the form (16).

IV. For a binary configuration z of finite energy the corresponding configuration x, denoted as x(z), is
found as

To=1+ ) 2 (20)

iel

Statement 3. Constructed binary energy is equivalent to the original multi-label energy: For all x € £V
itis E(z(x)|n) = E(x|0).

Proof. Let z = z(x). Using (16) and applying Lemma 1 pairwise terms in (17) expand as

Z NuvRuiv = Z Z T)(s,i)(t,5) ?(s,8) 2 (t,5) —

uv€Ag StEE el
Z Z i Z 5 2D
= Di’j’est = est(x& fL’t),
ste€ 2<i' <z ste€
2<j"<z¢

and univariate terms as:

Sna=Y ¥ Db =Y i) >

ueV seV 2<i'<xzg seVy

Therefore E(z(x)|n) = E(x|0) = E(x|6). O

5.1 Dependence on the Label Order

The construction [8, 16, 18] outlined above depends on the ordering of the set of labels L (separate label
sets L, with different order for each node s can be considered). While for all discrete configurations the
binarized problem is equivalent to the multi-label problem, the linear relaxation of it is not. Thus all the
results derived in the sequel will depend on the selected order of labels, which is a significant limitation.
Note that there is a combinatorial number of such orderings and solving all of the obtained in such way
relaxations does not seem feasible.

An order-independent reduction to binary variables can be obtained by introducing binary variables
as Z(si) = Ofi=a,}, (S,4) € V. Itis possible to construct weights of the binary problem in such a way
that optimal binary configurations z corresponds to optimal configurations x of the multi-label problem.
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It is achieved by enforcing constraint ) _, z(s ;) < 1 via K (K — 1)/2 hard pairwise terms and constraints
> ;%) >= 1 by adding sufficiently large negative value to all unary terms. Unfortunately, this many
hard constraints lead to full loss of tightness of the LP relaxation. We show in the appendix that this LP
relaxation is degenerate.

6 Optimality Properties

Finding a minimizer of a function F : B" +— R is generally NP-complete, however it is often possible
to find certain constraints on the set of minimizers. In particular, if for some element © € V' and some
a € B it is known that any minimizer z must satisfy z,, = «, then it is said that strong persistency[ |, 3]
holds for (u, «) or that (u, «) provides part of optimal solution. It is easy to see that all constraints of
this form may be expressed as:

7N < g < gmax (23)

where z™" z7* ¢ BY and inequalities are component-wise (e.g., 0 < 2z, < 1 means no constraints on
24, whereas 0 < z, < (0 means z, is constrained to be 0). We will say that pair (z™", z%*) defines strong
(resp. weak) persistency if (23) holds for all (resp. for some) minimizers of £. Following [3] we will
distinguish the notion of autarkies.

Let z V 7' denote component-wise maximum of z and 7/, let z A z’ denote component-wise minimum
of z and 7. We will say that pair (z™", z%%) is strong (resp. weak) autarky for E if inequality

E((zV z™™) A z™) < E(z) (24)

(resp. E((zV z™™) A z™) < E(z) ) (25)

holds for all z € BY,z # (z V z™") A 2%, It is easy to see that if (z™, z™%%) is strong (resp. weak)
autarky for F then it also implies strong (resp. weak) persistency. Generally, not all persistencies can be
derived via autarkies but we will consider only such type of persistencies since network flow model [2]
efficiently computes strong (resp. weak) autarky (z™®, z™%%) as a pair of “extreme” (resp. arbitrary)
minimum cuts.

We will consider now the form which persistencies and autarkies take when transfered to multi-label
setting by mapping x(z) defined by (20). For simplicity we will show only strong properties.

Statement 4. Let (G, £, 0) define a multi-label energy minimization problem. Let (N,B,n) define
the corresponding binary energy minimization problem and let (z™™, z**) define strong persistency for
E(|n) such that E(z™") < oo and E(z™) < co. Then any optimal configuration x € argmin v E(-]0)
must satisfy

Xmin S < S Xmax’ (26)

min ) ma;

, XX = x(gMax),

where x™" = x(z

Proof. Let us first note that conditions F(z™") < oo, E(z™%) < oo are needed in order that ™" and
x™M% are correctly defined. If they are not satisfied we can easily find tighter constraints (z™", z™2)
which does satisfy them.



Let us show that x™™ < x. Configuration z™" satisfies hard constraints, therefore for x™" = x(z™")
it holds F(x™|§) = E(z™™"|n). Let z = z(x), then z is optimal for F(-|n) and therefore (23) holds. We
then verify that

Usii) = Zlaiy
min
1+ Z Z(si) = 1+ Z Z(syi)
iel iel

x > x(z™m).

Constraint x < x(z™*) is verified similarly. O
Xmax X
c ® 1 JII SEEEARES °
e Z x*
® Qgsnnnnans =111 R o V)
@ -------1 o ® o s
Xmln

Figure 3: Strong autarky (x™", x™#*): if a labeling x (thin dashed) does not satisfy constraints (26) then
labeling x* = (x V x™") A x™2* (thick dashed) does satisfy them and it posseses a lower energy.

Statement 5. Let (z™", 2™%%) be a strong autarky for F/(-|n) such that F(z™") < oo and F(z™*) < cc.
Then

E((x Vx™) A x™|0) < E(x|6)

. 27
Vx e LY, x # (x Vv x™) A X @7

min

where x min) - ymax

, XM = x(7

= x(z max),

Proof. Letx € LY and let z = z(x). We will show that (x V x™") Ax™* = x((zV z™") A z™%), then the
statement will follow by equivalence of energies E(-|0) and E(-|n). Let us show that for any z, 7z’ € BY
itisx(zVz')=x(z)Vx(z), indeed

x(zV7)s =1+ Z max(z(s,q), ZEs,i)) -

i€l
L+ it V O,y = (28)
i€l
max (x(z2)s, x(z')s)-
Similarly, we can verify that for any z, 7’ € BY itis x(z A 2') = x(z) A x(7). O

The statement shows how a strong autarky for binary energy is interpreted for multi-label energy, this
interpretation is illustrated by Fig. 3.



7 Submodular Energy Minimization

Let x V x’ denote component-wise maximum and x A x’ component-wise minimum of x and x’. Let us
introduce the mapping S : LY + 2" defined as

S(x)={(s,i)[s €V, 2<i<u}, (29)

see Fig. 2. Union S(z) U S(z’) corresponds to S(x V ') and intersection S(z) N S(z’) to S(x A ).
Thus a set of subsets U = {S(x) | x € £Y} is closed under union and intersection. A function of subsets
E': U Ris called submodular if E'(AU B) + E'(ANB) < E'(A) + E'(B) forall A, B C U.

It is seen therefore that certain energies £'(x|f) may be identified with submodular set functions via
FE'(S(x)) = E(x|6). The submodularity of E(x|0) is then expressed as: F(x V x') + E(x A x') <
E(x) + E(x') Vx,x' € LY. Vector 6 in this case will be also called submodular and the condition may
be expressed simpler (e.g. [23] ) as:

Ost(st)+0st(Yst) > Ost(TeNYst) F0st(XstVYst) VTt Yst € LPVst € &, (30)

which means that all pairwise terms 6,; are submodular.
It can be seen (e.g. [5, 15]) that 0, satisfies (30) iff

Dy <0, Vi,je{2.. K} (31)

We see now that when € is submodular then pairwise coefficients of binary energy (17) calculated by (18)
are not positive which is precisely the condition when binary energy is submodular and can be minimized
exactly by max-flow.

Let Q5P denote the set of submodular vectors 6, let Q5"P = —s"P denote set of supermodular vectors.
Submodularity and supermodularity will play important role in our analysis. Note that for ¢ € Q9 it is
E(:|¢) = 0 therefore Q0 C Qs> Qs

8 LP-relaxation of Binary Energy

We will construct a linear relaxation of min, F(z|n) explicitly. Also it will coincide with LP-relaxation
as was defined by (4), a part of variables related by equality constraints will be excluded. In this form it
is also easily identified with the linearization approach in quadratic pseudo-Boolean optimization [1].
Let us replace each variable z, by a relaxed variable v, € [0, 1] and each product z,z,, where uv € Ag,
by a relaxed variable v,,, € [0, 1]. We restrict relaxed variables to satisfy the following constraints:

0<ry,<1VYuelV,

max (0, v,+v,—1) < vy < min(vy, v,) Yuv € Ag, (32)

which hold automatically for all 0-1 assignments vy, = 7,2y, V) = 2y, Yy = 2,. Moreover, for pairs
uv € Ay the inequality 2z, < z, imposed by hard constraints (19) must hold, therefore corresponding
relaxed variables v, v, must satisfy:

V(s,i) < V(s i—1) VseVi=3...K. (33)

10



Accordingly, we defile local polytope as

Ay = {v e RY?=P1m | (32) and (33) hold for v; Veons; = 1} (34)
LP-relaxation takes the form:
min [Z NuVy + Z NuvVauv + nconstyconst] : (35)
vEAN B ueV wvEAg
uv € Ag uv € Ay
N | @ T ®| v Nu | @f--------=---- @ M
Noo
N =
% K
1” \ o
Of--mmmee 0 Of--emmmeee O

Dy Uy
Vy— Wy Vy— Uy 0\‘\\ Vy— Uy
1—v — — ™
u 1—wy l-vy, F——-7770 1,
1—vy—wtryw 1-vy

Figure 4: Simplifying LP relaxation of binary energy: equivalent assignment of 77 and v is shown for
graph edges uv € Ag (left) and uv € Ay, (right). Thin dashed lines have associated values zero.

Statement 6. Problem (35) can be equivalently written in the form (4) as mingea (7, 7) (see Fig. 4).

Proof. Let 7 be defined as:'
ﬁu = (07 77u)7 u e V

ﬁuv - 8 0 ) uv € AS

Thuv (36)
- 010
Nuv = o0 | 0 ) uv € AV

Tconst = Tlconst

"We write functions f : B — R as (f(0), f(1)) and functions g : B? — R as 5(0’ 0) g((l),

11



Let a relaxed labeling 7 € Ay p has finite energy: (,77) < co. By exploiting equality constraints of
Ay g we verify that any such o can be written in the form:

ve=01—-vy, v,), weV

- l-v,—v,+v Uy — V,
]/uv — u v uv v uv ’ ’U/U 6 Aé‘
Vy— Vo Vs (37)
- l—v, | v,—V
Vuw = vt € Ay
Vu

which provides a one-to-one mapping of relaxed labellings 7 € Ay of finite energy and relaxed la-
bellings v € A ~.- Note that constraints 7, > 0 are equivalent to (32). It is seen that under such defined
mapping it holds (7, ) = (v, n). O
It was observed that LP-relaxation of binary energy minimization always has a half-integral optimal
solution, i.e. with v € {0, 1, 1}VAeUtconst) [ 93],
Letv € A ~,5 be an optimal half-integral relaxed labeling. Under constraints (33) it implies that for
all s € V components {1, |i € L} are in the form

(1...1,3,...,3,0...0), (38)

ni n2 n3

where nq, nq, ns > 0, ni+ngst+nsg = |£~| Further on, under constraints (32) for all st € £ components
{V(s,i).j) 14,7 € L} are in the form (i-row, j-column):

1...1]5...5]0...0 | vy
1
: 1 1 0
1
2
: : [{o,3}] O (39)
2
0
: 0 0 0
0
V(s.i)

where corresponding values v(, ;) and v(; ;) appearing in constrains (32) are shown on the sides of the
table. For example, constraints max(0, 3 + 1 — 1) < z < min(}, 1) imply z = 1. In the central part of
the table values v,,, with marginals v,, = v, = % are restricted to be in the set {0, 3 }.

Statement 7. Let 0, be a submodular (resp. supermodular) pairwise term of the multi-label energy
minimization problem. Let {v(s:;) |4, € £~} be associated values of the relaxed labeling in the
binarized problem. Then an increase (resp. decrease) of v/, ;) ;) does not lead to an increase of the
associated part of objective (35), > M(s,3)(t,5) V(5,0 (,5)

ijel
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Proof. 1tis 1(s)j) = Dijfs < 0 (resp. > 0). Therefore an increase (resp. decrease) of any of v/, ;5
does not increase the objective. ]

Statement 7 implies that for problems where each interaction term 6, is either submodular or super-
modular there exists an optimal solution v* of (35) with central part of v, set to % for submodular 6,
and to 0 for supermodular ;.

More generally, for arbitrary v € A ~ . let us introduce two mappings projecting pairwise components
of v on the corresponding side of the constraints (32):

Uu(v) = v, uevV
U: /A\NVB — AM& defined by { U,,(v) = min(v,, v,), uv € A¢ (40)
Uconst(V) = 17

Lu(V) = Vy, ueV
L: /AXN,B — /AXN,B, defined by { L,,(v) = max(0, v, + v, — 1), uv € Ag 41)
Lconst(V) =1

Clearly, mapping U preserves the optimality of the solution for submodular problems, while mapping
L preserves optimality of solutions for supermodular problems. Another important property of these
mappings is given by the following statement.

Statement 8. Result of the mapping v* = U(v) (resp. v* = L(v)) satisfy supermodularity constraints:
Visiyt.g) T Visi-1)(tj—1) — Yisi)t.i—1) — V(si-1)t,y) = 0 Vst € &, Vi, j = 3...K]. (42)
Proof. 0
Let us fix arbitrary st € £. Under constraints (33) on vitis vs; < vs;—q and v, ; < v ;.
U: Without loss of generality, let v, ; < 14 ;. Thenitis also v,; < 1 ;-1 and (42) reduces to
Ve +Min(Vs 1,V j-1) > Vs + min(vs 1, 14 5), (43)
which follows now from v, ;_; > v, ; and that min(a, -) is a monotonous non-decreasing function.
L: Inequality (42), when mapping L is substituted, can be expressed as
max(1 — v ;, Vs ;) + max(l — vy j_1,vs;-1) > max(l — vy 1, Vs;) + max(l — vy j, vsi-1). (44)

Under constraints (33) itis vg; < vg; 3 and 1 — v, ; > 1 — 1v,;_1. Consider now three possible
cases:

I. 1 - <vs; <1, then (44) reduces to

Vit Vsio1 2 Vsi + Vsi1. (45)
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2. vs; <51 < 1—1,,then (44) reduces to
1 —v;+max(l — vy o1, Vsi1) > max(l — vy o1, V) + 1 — 14, (46)

which follows now from v,; ; > v,; and that max(c,-) is a monotonous non-decreasing
function.

3. vs; <1 —1; < v, then (44) reduces to
L=+ vsim1 > max(l — vy 1, vs;) + Vs, 47)
which follows from 1 — v, ; > 1 — 14 ;_; and the assumption.

Statement 9 (A reduced submodular linear program). Let (G, £, 0) define a submodular multi-label en-
ergy minimization problem. Let (N, B, n) define a corresponding binary energy minimization problem.
Then LP-relaxation (35) can be reduced to

min (7, v)
v, €10,1], YueV (48)
Vip < min(v,, v,), Yuv € Ag

Proof. Let v be optimal to (48). Then making a correction of v by setting v, := min(v,, v,), Yuv €
Ag will not increase the objective (as implied by Statement 7) and gives a solution which is feasible
to (35). [

While it is always possible to map a relaxed labeling 1+ € Ag . to a relaxed binary labeling v € A NB
such that costs (u,6) and (v, n) are equal, the reverse mapping is not always possible. This is why
LP-2 is weaker than LP-1. To construct the reverse mapping we will need the following extended
supermodularity constraints on v:

1 Vg 0
Dij Vs | Vst 0 207 Z,j:2K+17 (49)
01010

Accordingly we define additionally constrained polytope
ANY = {v € Ay | v satisfies (49)}. (50)

Proposition 1 (Mapping of relaxed labelings). Let mapping IT : Ag » — /A\j\‘,% defined as follows:

[H,u]si’ = Hi’us = Z ﬂs(l), i € E, s eV,
iI<i<K
[H,u}si’,tj’ = Hi’j/,ust = Z ,ust(i,j), i/j, € ;CN, st € g, (51)
' <i<K
J'<i<K
[H,U/]const =1.

sup

Proof. We need to verify that v = IIx obeys constraints of A N.B-
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e Constraint vs; < v;_1,1 € L follows from nonnegativity of z.
e Constraint v, ; € [0, 1] follows from nonnegativity of ;¢ and normalization constraints (6).

e Constraints v, ,, < min(v,,v,), uv € Ag are verified as follows. Let us show e.g. v, — 1/, > 0.
Substituting (51) and using marginalization constraints (5), it is

Ve = Vsirayr = >, pat(h0) = Y pat(B0) = Y patliy§) > 0. (52)

iI<i<K i <i<K i <i<K
1<G<K J<I<K 1<j<4’

e Constraints 0 < v, follow from nonnegativity of ..

e Constraints v,,, > v, + 1, — 1 are verified as follows. Substituting (51) they read

D malind) = Y ms() = Y (i) +120. (53)
i/ <i<K i/ <i<K J<j<K
J'<G<K

Using marginalization constraints (5), the LHS equals to

Z Mst<i7j)_ Z /’LSt(i7j)_ Z Mst(ivj)+ Z M8t<i7j):

i <i<K i <i<K 1<i<K 1<i<K
J<j<K 1<j<K J'<j<K 1<<K
(54)
ZE pst(i, ) > 0.
1<i<d!
1<5<g’

e Supermodularity constraints follow from that when the mapping II is substituted into the expres-
sion (49) it yields exactly matrix of non-negative values fi;.

[
Statement 10. The inverse mapping [T : /AX?\'}"I’B — Ag  is given by
M '](i)= —Di1 (1 v 0), i=1...K;
1 Vi 0
[H_ly]st(iaj) :Di+lj+1 Vg | Vst 0 Za.] = 1K7 (55)
01010

[Hily]const = 1.

Proof. Let u = II"'v. We need to verify that 4 € Ag forall v € /A\S‘Glt% and that II"'TIy = p for all
it € Ag . First claim is verified as follows. Expanding expression (55) it is

ps(l) = —(vs2—1) =1 -4
) = _(Vs,i—i—l — 1/371') = Vs,i — Vs,i—l—h Z = 2 Ce K — 1 (56)
Ns(K) = —(0 — Vs,K) = V57K-
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e Constraints ps(i) > 0 follow from that v are monotonous non-increasing (33) and from con-
straints v, » < 1.

o Itisalso ), ,ps(i) =1 —vso+ Vs —Vez+ -+ Vg1 — Vs + Vs = 1.

e It may be verified that

1—V572 1=1
Z:U’st(iaj) = Q Vsi— Vsit1 1=2... K -1 (57)
jeL Vs K 1= K7

which coincides with (56), and therefore marginalization constraints (5) are satisfied.
e Non-negativity of yi4(i, 7) is implied by the supermodularity (49) of v.
The claim IT-'TIy = p is verified as follows. Let 1/ = T~ p.

e Substituting mapping II into (56) it is

(1) =1— Z s (") = pu5(1)

2<i"<K
pi(i) = D m(i) = > mli") =p(i), i€l (58)
i<i'<K i+1<i <K
1y (K) = Z 115 (") = ps(K).
K<i"<K

e Similarly it is verified for pairwise terms. Let us expand, e.g., the term p, (i, 1):

po, (i,1) = Vsi— Vs itl — Vs it2 + Vs it1t2 = fhs(1) — Vs it2 + Vs it1:02 =
S opalin i) = Y na( 5+ D pali ") = palis1). (59)

1</ <K i<i"<K i+1<i <K
255K 2<" <K

Thus we proved that II is a bijective mapping between A¢ » and /A\ﬁ\‘,%.

Statement 11. Let (G, £, 0) and (N, B, n) define the pair of corresponding multi-label and binary energy
minimization problems. Mapping II preserves the associated primal cost:

(TTge, ) = (u, 0). (60)

Proof. Without loss of generality we assume that ¢ satisfies (12), so 1) = D;0s, 0(s.0)1,j) = Dij0s and

Teconst = econst .

e Univariate terms of (y, f) are expressed as:

Zus(z)es@) - Zﬂs(z) Z Di’es = Zn(s,i/) Z “s(l) = Zn(s,i’)[nﬂ]s,i“ (61)

iel ieL 2<i/<4 el i1<i<K il
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e Analogously, pairwise terms of (y, 6) are expressed as:

ZlustZ] stZ] Zﬂstlj ZDZ]’est—

1,JEL 1,JEL 2<i'<s
2<5'<j
(62)
E Nsi’ st E Mst(la ]) = E Nsi’;st5! [Hﬂ]si’;tj’-
2<¢'<5 i <i<K 2<¢'<s
2<5'<y J'<G<K 2<5'<4
[l

Theorem 1. Let (G, L, 0) define a multi-label energy minimization problem. Let for each edge st € £
term Oy is either submodular or supermodular. Let (N,B,n) define the corresponding binary energy
minimization problem. Then

(a) LP-relaxations of E(x|0) and E(z|n) coincide:

min (u,0) = min (v,n); (63)

LEAG, L VEANB

(b) There exists half-integral optimal solution of LHS of (63).
Proof. Using mappings II, U and L the claim is proved as follows:
Let 1* be optimal to the LHS of (63). Then (I1x*,n) = (u*, 0) and therefore LHS > RHS.

Let v* be optimal solution of the RHS of (63). Let v** be constructed from v* using Stat. (7), with

V(e = min(vy;, ;) for submodular 6 and with vy ) = max(0, Vsz + v;; — 1) for super-

modular 6. In this case v} is supermodular (see Statment 8) and it is (v**, n) = (IIII~1v** n) =
(IT"'v**, §) and therefore LHS < RHS.

Claim in (b) follows trivially from the existence of half-integral optimal »* by considering y =
-1y, [

It worse noting that under conditions of the theorem half-integrality of optimal x implies that for each
s € V there could be at most two labels assigned non-zero weights by pu, i.e. g is either integral:
(0...0,1,0...0), either half-integral: (0...0,2,0...0,2,0...0).

) 9 )’ 9

Corollary 1. For a subclass of problems defined by conditions of the theorem there exist efficient fully
combinatorial algorithm to maximize the L3, which is an improvement over e.g. TRW-S algorithm [22,
]. It is the network flow algorithm [2] applied to binary energy F(-|n).

9 Persistency for Relaxed Labelings

Theorem 2. Let (G, L,0) define a multi-label energy minimization problem. Let (N,B,n) define the
corresponding binary energy minimization problem. Let (z™",7z™%) provide strong persistency for
E(:|n). Let 1 € A¢ ¢ be an optimal solution of the LP-1 relaxation.

Then it is pis; = 0 for all labels i outside the interval [x™", x|, where x™* = x(z™") and
XM = x(z™Mx),
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Proof. Let us denote components of vector v € Anp aS Vyq, Vupap Where a, 5 € {0,1} are binary
labels. If u = (s, 4) then for brevity we will use notation like vy,; = vy,;.q and vg;j = Vepijii1-

Earlier we defined a mapping z = z(x) from multi-valued configurations to binary configurations.
Let us extend it to a mapping Il : Ag., — A for relaxed labelings. For index i € {2,..., K'} define
the following sets of labels:

Lyi,0)=1{1,...,i—1} Lyi,1)={i,....K}

Then we can define vector v = Il as

Vsipa = E Hs:i! Vstyij;a = E Hest;i 5!

i'€Ls(i,x) i'€Ls(1,a)
jleLi (]’ﬁ)
It is easy to see that mapping II is precisely the mapping i +— v defined by (51) only extended to
polytope Ay p by relations (37). When proving Theorem 1 we already showed that under this mapping
objective is preserved, which may be written as:

(1, 0) = (v,m), (64)

where v = Ilu and 7 is understood to have components 7., Muv:ag, Where a, 5 € {0,1} are binary
labels and only non-zero components are 7,1, Myu;11-

Next we define “truncated” vector ji. Loosely speaking, values of ;1 associated with labels 7 < ™"
are reassigned to z™", and values associated with labels i > ™ are reassigned to ™. Formally, if

M < gmaX then for label 7 let us define the set of labels T (4) associated with 7 as

(

o if i < gmin
{1,2,...,i} if i = gmin

T, (i) = { {i} if pmin < § < gmax
{ii+1,... K} if i=gm
& if i > gmex

If zM0 = M then Ty(i) = {1,...,K} if i = 2™ and T,(i) = & otherwise. Using these sets,
“truncated” vector is defined as

Hs:i = g Hs:ir Hstiij = E Hstsirj

i €T (i) i €T (4)
J'€Te(5)

It is trivial to check that i € Ag .
We define “truncated” vector 7 in a similar way:

0
1

]

Il
Q

T..:(0) = {0,1 o
O=101 e
T(l) = @ 7 /
T,:(0) = |
«(0) =10} if Zmin = 0, 2max = |
Ty:(1) = {1}
(0)
(1)

23 3

5 _
R 851
) 071} 7

)

Il
—

{

18



Vsiisa = Z Vssiza/ Vstiijiaf = Z Vstiijia'p!
a’efg;i(a) a’GY:“S;i (o)
B' €T (8)
We prove below that [Izi = ©. This will imply the desired result. Indeed, suppose that the condition
in theorem 2 does not hold, then v,,;., > 0 for some index (s;%) and binary label « outside the interval

[zmin ymax] Therefore,

<ﬂ> 9> = <D ) 77)
< (v,n) = (. 0)
(The inequality follows from the the properties of roof duality). This contradicts to the optimality of ..
In order to prove that I[1i = 7, let us show the following

Lemma 2. For any node s, index i € {2,..., K} and label a € {0, 1} there holds
U )= |J L)
i/eLs (’i704) a’efg;i(a)
Furthermore, all unions are disjoint.

Proof. We prove the lemma only for o« = 1; the other case is similar. (Actually, the case = 1 would
be sufficient for showing that [Ii = ¥ since it is enough to establish the latter equality only for indexes
(u;1) and (uv; 11).) Also, we consider only the case when ™" < z%; the case ™" = ™ can be
analyzed in the same way.

Three cases are possible; in each case it is easy to see that all unions are disjoint:

e i€ {2,...,27"™}. Thenthe LHS is {1,..., K} since {#[™",... 2*} is a subset of L,(i, ).
The RHS equals the same set since 23" = 25%* = L and T};;(1) = {0, 1}.

e i € {z™" 4+1,..., 2™}  Then the LHS is {i,..., K}. The RHS equals the same set since

S

Znin = 0, zmx = 1 and Ty,(1) = {1}.

) 85t

o i€ {a™+41,..., K}. Then the LHS is empty. The RHS is empty as well since 25" = 20 = 0
and T,.;(1) = @.

Using the lemma, we can write

(Hﬂ>8;i;a = Z [s;ir
= Z Z Ms:irt

€ L4 (iya) i €Ts ()

= Z Z M’

O/GTS;Z' (a) 7LIGLS (7;,0/)

= E Vs = Vsiiza

O/GTS;,-(Q)
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(H,a)st;ij;aﬂ = Z Fstsir J’
i'€Ls(i,0)
J GLt(] B)

= Z Z st o1

'€Ls(1,a) i €T (4
J'€L (7, B)J”GTt(J )

- Z Z Hstsil

' €Ty.i(a) ©'€Ls(i,0)
Bty (8) I €Le(:A)

- E Vgt = Dst;ij;aﬁ

€Ty (a)
ﬁlGTt;j (B)

10 Submodular-Supermodular Decomposition

LP-relaxation of binary energy can be written directly in terms of the multi-label problem via addition-
ally relaxed LP (4). The construction is motivated by considering a lower bound obtained by decompos-
ing 6 into sum of submodular and supermodular problems.

Lemma 3 (Decomposition, [21]). Any 6 € ) can be decomposed as § = 0 + 02, with 1 € Q="b,
0% € Qsup,

Proof. For any st € € let cL,(i,7) =
let qst(i,j) = Qst(i, 1) + 93t<1,j> — 9

0L ) = 2 Wi J) + auli.g)
s Ss

0alid) = 5 .5 (65)
2575

N1 _p2 1 1 N2 _ 1
05 - 05 - 5987 econst econst 590011813

min(D;;04,0) and ¢2,(i, j) = max(D;;04,0),4,j = 2... K and
+(1,1),4,j € L. Then choosing

provides such a decomposition. Note it is not unique. [

It was noticed [2 ] that the family of all decompositions of this kind provide an alternative to the tree-
structured decomposition [22] and may be used to construct a lower bound on the energy. The tightest
lower bound by all possible decompositions from the family may be written in the form, similar to our
expression of LB as:

o1 c qub

62 € Qs

grllzzx(Qiontb + 0% ) St O +62=0 (LB2)
0L >0, 62>0

0L s> 0% € R.

\ “const? Y cons
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It is clear that LB2 < LB since there are additional constraints in the optimization problem LB2 com-
pared to LB (the submodularity of §' and supermodularity of #?), which means that LB2 bound is
weaker. However, as we show here, LB2 is equivalent to the LP-relaxation of the binarized energy mini-
mization (LP-2), considered in Sect. 8. Thus the bound L B2 can be efficiently computed via a max-flow
algorithm. The optimal solution (6, 6?) can be shown to provide constraints in the form of autarky on
the set of minimizers of (1), completely analogous to those considered in Sect. 6.

To show the stated equivalence we first derive a non-trivial dual of L532 and then show it is equivalent
to LP-2. The construction is accomplished in several steps: characterize the set of constraints in the
problem LB2 and use it to simplify the standard Lagrangian dual.

The following lemma describes the (convex) set of all possible submodular-supermodular decompo-
sitions. Decomposition 0! + 62 by Lemma 3 plays a role of an extreme point in this set.

Lemma 4 (All decompositions). Let 0 + 6% = 0, §* € Q5,92 € 5", Then there exist o € Q' such
that R R
' =0" + ¢, 6*=06°— o, (66)

where #! and 6 are defined by decomposition (65).

Proof. Let us construct ¢ as follows

(,Dst(i,j) = Z Di’j/(g;t — Di/jltggt, st € 5, i,j el
2<i/ <4

2555 &7
@uli) = 0X(0) — 01(2), sEV. iel ©7)

1 1
Spconst econst econst

The definition of ¢ ensures equation (66) holds. We will prove now ¢ is submodular, i.e. Dyg < 0.
From D!, + D6? = DO, itis DO% = DOy, — DO, > 0, since 6? is supermodular. And itis D6, <0
(since A" is submodular). Therefore DAY, < min(0, Df,;) = DAY, O

It is also easily seen that for any ¢ € QP equation (66) provides a submodular-supermodular decom-
position. It follows that the family of the decompositions can be constructively defined as follows:

{(64,0%) 10" +0> =0, 0' € ™, 62 € PP} = {(6' + ,0% — ) | p € Q). (68)

Lemma 5. Space (°'", up to equivalent transformations, can be parametrized as follows:

peQ™ & JeeRTY, FgeRVE: p=p(cq), (69)
where . . .
[p(c, q)]s(i) = qs(3), seV,ieLl
[p(e, @)]a(i, ) ca(i',j), ste& ijeL
2<zz’:<z (70)
2<5'<j

[‘p(ca Q)]const - O

Proof. Let ¢ = y satisfy (12). Then, setting ¢y (7', j') = Dy @5 and q5(i) = @s(i) + %l@;onst provides

the necessary result. [
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Statement 12 (LB2-dual). The dual of LB2 can be written as:

: 1 A1 2 )2 wt, u?eA
l&m}g(u 00y + (1, 0%) st {uizu? voEV, (71)
where 0! and 62 are defined by decomposition (65).
Proof. Using Lemma 4, we rewrite LB2 as
Glzél—i—cp
02592—<p
1 2 61>0
Grlngzx (econts + gconts) S.L. 9%20 (72)
Y 0L . .02 R
const?’”const
chqub7
or, changing the order of maximization, as:
1 2
= max max 0 max 0 7
@egsub ( 6%>0 const + 0%>0 const)? ( 3)
01=0'1¢ 02=6%—

applying the duality relation (4)=LDB to the two maximization problems in the brackets it is

. 1 41 . 2 52

— ma Ot o)+ 62— ) 74
nax, (Mggim ) M;&lgﬁ@ ®) (74)
- g 2 o _ 75
= in sup ((u,0" + @) + (1,0 — ) (75)

phPEANG L peqsub

= inf ((ul,é1> + (1%, 0%) + sup (p,pu' — ,u2>>. (76)

plu2ehG o pEQsub

The supremum in the expression (76) can be expanded using Lemma (5) as follows:

sup (o, pt = p®) = sup Y (ui(d) — p2(D))gs(i) + D (i) =m0 ) D cald, )

peQub 9ERV*C ey ier Ste€, ijer 2<i/<i
cEREXF 2<5'<j
= Ssup Z (Mi(l) - M§<2))QS(Z) + sup ~ Z Cst<iluj/) Z (Mit(%]) - Mit(%]))
geRV*£ seV,iel —CER‘EXLQ ste€, il j'el i'<i<K
J<i<K
0, pi())=p2() VseV,Viel A Y (uk(i,))—p2(i,j)) 20, Vste& VijeLl
i <i<K
- J'<i<K

o0, otherwise.

(77)
Thus, (76) may be continued as:
— min ({,0) + (2, 6)).
pt € Ag e
pl(i) = p2(i) VseV,VieLl i (78)
SOV (uh(ig) - p3(i0) 20, VsteE Vi jeL
i <i<K
J'<G<K

22



where the inequality constraints may be discarded (consider proofs of Statement 9 and Theorem 1), and
it is
1, 92)) :

phoi? € Mg (79)
SUY i) = 12() Vsev,viel
O

Theorem 3. Let (G, L,0) define a multi-label energy minimization problem. Let (N,B,n) define a
corresponding binary energy minimization problem. Then (71) is equivalent to min 5 (v, ).

Proof. Let v be optimal solution of the relaxed binarized problem. Then the corresponding (u!, y?) is
constructed as follows:

e Values pl(i) = p2(i) = II; 'v,, Vs€V, VicL.
e Values /J“;t(lhy) = H,L'_lest(V)’ Vst € g, VZ,] € L.
e Values Mgt(l’]) = Hi_lest(V)’ Vst € (.c:, VZ,] e L.

The pair (1}, 11?) is feasible to (71) as followed by properties of II~1. To see that objective is preserved
we need to verify that pairwise terms preserve the associated parts of the objective. It is seen as follows:

§ 1 N1 2 N2 _
[Mst;ijest;ij + Mst;ijest;ij} -
1,jEL

A1 A2
E [Ust<7/)i’j’Di’j’95t+Lst(V>i’j’Di’j’05t] = E Vst;i’j’Di’j’gst: g Vstsir ' Nst;i 5! -

i’ j'el i j'el il j'el

(80)

Let (u!, u?) be optimal to (71), then the corresponding v is constructed as follows:

o Values v,y = Iypl = Tup?, YVt €V, Vi' € L.

Hi/j/,u;t, Di/jfe S 0

; , Vste &V, e L.
Hi/j/,ust, Di/jlg >0

e Values v, 1)) = {

Marginalization constraints hold for v since p! = p? for all s € V. Pairwise terms of the objective are
expressed as:

_ 1 ZA
> Vaiissry = Y, Vs [ D0y + Dirgr03] =

i j'el il j'el
1 H1 2 N2\ _
> (ol )(Dirge0ly) + Y (ijeps,) (Dirr02) = @81)
i’ j'el i'j'el
1 a1 2 2
E :ust;ij‘gst;ij + E : Mst;ijgst;ij’
ijeL i,jeL
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where we used the following rearrangement of sums:

Z (Hi'j/:uit)( ’ljlest Z Z :u’st ¥ ljlest - Z :ust ¥ Z Dl J'est - Z :ust ¥ st H¥)

i j'eL il j'el V<i<K i,jeL 2<4' <4 i,j€EL
J<j<K 2<5'<j

(82)
and analogous equality for 2. O]

Appendix: Order-independent Reduction
to Binary Variables

In section 5 we mentioned an order-independent reduction of multi-label energy 1 minimization to the
following binary energy minimization:

Zes(l) (s2) + Z stzj (t])

(8,2),(t.7)

+CZ 1—2%1 (83)

Here 2(;;) = 0{,—s are binary indicator variables. H(z) is a hard constraint prohibiting two variables
2(s,i)> %(s,j) With i # j to be 1 simultaneously; it can be written as

- Z Z h(2(s,0)1 Z(s.5) ) (84)

s d,juiA]

where h(z,, z,) is +00 if 2, = 2z, = 1, and 0 otherwise. Finally, C'is a sufficiently large constant which
ensures that at least one of the indicator variables for node s is 1, e.g. C' > 2C|, where

Co = zssz‘st(i)l +(§;H%3X|95t(i,j)|- 83

Let us show that the roof duality relaxation applied to (83) is degenerate if K > 3, i.e. it does not
label any nodes. Let v(,; € [0, 1] be the fractional variable which is the relaxation of binary variable
Z(s) € {0,1}. (The relaxation also uses variables for pairwise terms; below we always assume that
given variables v = {v/(,;}, variables for pairwise terms are chosen so that the objective of the roof
duality relaxation is minimized.) It is known (see e.g. [1]) that extreme points of the polytope in the
roof duality relaxation are half-integral, i.e. (5, € {0,0.5,1}. (Note, variables for pairwise terms are
half-integral as well). Thus, there exists a half-integral vector v* which is an optimal solution of the roof
duality relaxation.

Lemma 6. There holds v/, ,, = 0.5 for all (s, 7).

Proof. Let A be the set of half-integral vectors v € {0, 0.5, 1}Y** whose cost in the roof duality relax-
ation is finite. It is,

A={re{0,051}%|Vs (Fivsy=1) = (Vj#ivs,)=0) }.
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Indeed, suppose i#j and v ;=1 and v(,; > 0. By constraints (32) it must be that v(s;)s ;) >
max(0, V(377:)+1/(57j)_1) = 1(s) > 0, and because of the hard terms / the relaxed cost is infinite. Under
other cases v/, ;)(s,j) can be 0 and the relaxed cost is finite.

For vectors v € A the relaxed cost can be written as

E(v)=Ey(v)+C> (1- Z Visii))s

where Ey(v) corresponds to the relaxation of the first two terms in (83). Without loss of generality we
can assume that Ey(v) > 0 Vv. We will not need an explicit form of Ej(v); however, we will use the
property —Cy < Ey(v') — Ey(v) < Cy for v,/ € A, which is easy to check.

For v* € A for each s consider the following hypothetical cases:

e Suppose Ji v, ;) = 1. Then it is necessary v; = (0,...,0,1,0,...,0). Let v be the vector
obtained from v* by setting v/, ;) for all 7 to 0.5. We have v € A and

B(v) — B(") = Bo(v) ~ Eo(v*) + 5CK — C(K ~1) < Cy - %c <0,

which contradicts to the optimality of v*.

e Suppose Vj v(; , < land v ;) = 0 for some 7. Let v be the vector obtained from v by modifying
V(s,i) from 0 to 0.5. We have v € A and

E(v)— EWV") = Ey(v) — Ex(v*) — % <Cp— %C <0,

which again contradicts to the optimality of v*.

These contradictions imply the lemma. ]
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