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Module Il

Perspective Camera

@Basic Entities: Points, Lines

@Homography: Mapping Acting on Points and Lines
@Canonical Perspective Camera

@Changing the Outer and Inner Reference Frames
@Projection Matrix Decomposition

@ Anatomy of Linear Perspective Camera

@ Vanishing Points and Lines

covered by
[H&Z] Secs: 2.1, 2.2, 3.1, 6.1, 6.2, 8.6, 2.5, Example: 2.19
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1 Basic Geometric Entities, their Representation, and Notation

entities have names and representations
names and their components:

’ entity H in 2-space ‘ in 3-space ‘

point m=(u;v) | X =(X;y;2)

line n @)
plane ,
associated vector representations >3
u _ X
m=  =[uv]T; X=45; n
z

will also be written in an ‘in-line’ form as m = (u;v), X = (x;y;z), etc.
vectors are always meant to be columns x 2 R" !
associated homogeneous representations

m=[m1;mz;ms]”; X =[X1;X2;X3;X4]”; N
‘in-line” forms: m = (m1; m2; m3), X = (X1;X2; X3; X4), etc.
matrices are Q 2 R™ ", linear map of a R™ ? vector is y = Qx
J-th element of vector m; is (m;)j; element i;j of matrix P is Pj;j
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IImage Line (in 2D)

a nite line in the 2D (u; V) plane au+bv+c=0

has a parameter (homogeneous) vector n~* (ab;c), knk&O0

and there is an equivalence class for 2 R; &0 (a b; c¢) ” (a;b;c)

‘Finite’ lines
standard representative for nite n = (n1;n2;n3) is n, where = pﬁ
1 2
assuming n? +n3 & 0; 1 is the unit, usually 1 =1
‘In nite’ line
we augment the set of lines for a special entity called the line at in nity (ideal line)

n1 ~ (0;0;1) (standard representative)

the set of equivalence classes of vectors in R3 n (0;0;0) forms the projective space P?
a set of rays ¥21

line at in nity is a proper member of P2
| may sometimes wrongly use = instead of ~, if you are in doubt, ask me
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1 Image Point

Finite point m = (u;v) is incident on a nite line n = (a;b;c) i i = works either way!

au+bv+c=0

can be rewritten as (with scalar product):  (u;v;1) (a;b;c)=m"n=0
"Finite’ points

a nite point is also represented by a homogeneous vector m ~ (u;v;1) , kmk &0

the equivalence class for 2 R; &0 is (m1; mz; M3) = m

the standard representative for nite point mis m, where = % assuming m3 6 0

m

when 1 = 1 then units are pixels and m = (u;v;1)
when 1 = f then all elements have a similar magnitude, ¥ image diagonal
use 1 = 1 unless you know what you are doing;
all entities participating in a formula must be expressed in the same units
In nite’ points
we augment for points at in nity (ideal points) ma * (m1;myz;0)
proper members of P2
all such points lie on the line at in nity (ideal line) na ” (0;0;1), i.e. M3 na =0
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ILine Intersection and Point Join

The point of intersection m of image lines n and n’, n 8 n’ is

proof: f m=n n®is the intersection point, it
must be incident on both lines. Indeed, using
known equivalences from vector algebra

m-n n
n"(n n) n~(@m ) o
el " el
m m
.. . . . C
The join n of two image points m and m’, m 6 m° is m
. m
n~m m
- = = n

Paralel lines intersect (somewhere) on the line at in nity nq * (0;0;1):
au+bv+c=0;
au+bv+d=0; d&c
(& b;c) (asb;d) 7 (b; a;0)
all such intersections lie on nq
line at in nity therefore represents the set of (unoriented) directions in the plane
Matlab: m = cross(n, n_prime);
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1 Homography in P?

elements of P2 Projective plane P?: Vector space of dimension 3

excluding the zero vector, R3n (0;0;0), factorized to

linear equivalence classes (‘rays’), X > x; &0
including ‘points at in nity’

)\Xz

2 o
~—____ aplane selecting W€ call x 2 P ‘points

the l’epresentatl\/es
Homography in P?: Non-singular linear mapping in P2 an analogic de nition for P3
X 7 Hx; H 2R*2 non-singular

De ning properties
collinear points are mapped to collinear points
lines of points are mapped to lines of points
concurrent lines are mapped to concurrent lines

S . concurrent = intersecting at a point
and point-line incidence is preserved

e.g. line intersection points mapped to line intersection points

Hisa3 3 non-singular matrix, H ” H equivalence class, 8 degrees of freedom
homogeneous matrix representant: detH =1
what we call homography here is often called ‘projective collineation’ in mathematics
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1 Mapping 2D Points and Lines by Homography

H

H*l

m’ > Hm (image) point

n" > H “n (image) line H> =MH H)™=¢rH>) 1

incidence is preserved: (m")>n’ > mM™H™H “n=m>n=0

Mapping a nite 2D point m = (u;v) to m = (u’%°)
1. extend the Cartesian (pixel) coordinates to homogeneous coordinates, m = (u; v;1)
2. map by homography, m’ = Hm

3. if m} & 0 convert the result m’ = (m%; m%; m}) back to Cartesian coordinates (pixels),

0 0
m m
=11 V=_21
m3 ms
note that, typically, m$ & 1 m} =1when Hisa ne

an in nite point m = (u; v; 0) maps the same way
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Some Homographic Tasters

Recti cation of camera rotation: ¥59 (geometry), ¥ 127 (homography estimation)

H~” KR K ! maps from image plane to facade plane

Homographic Mouse for Visual Odometry: [Mallis 2007]

rsity and LIB‘IO: Libraor VISual Odometry

illustrations courtesy of AMSL Racin Team, Meiji Univ

H”K R t% K '  [H&Z p. 327]
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I Homography Subgroups: Euclidean Mapping (aka Rigid Motion)

Euclidean mapping (EM): rotation, 2 4 o0 1 2 3 4 5 6 7 8 3 10
translation and their combination s
2 . 3 I

cos sin - tx O =]
H = 4sin cos ty5 "
0 0 1 > 2r
- - 3r
eigenvalues 1;e ' ;e' l
st
EM = The most general homography preserving rotation by 30 , then translation by (7; 2)

1. areas: detH =1 D unit Jacobian
2. lengths: Let )5‘: = Hx; (check we can use = instead of 7). Let (Xxj); =1, Then
kxp  xik=kHxz Hxik=KkH(x2 x1)k= =kxz xk
3. angles check the dot-product of normalized di erences from a point (x z)~(y z) (Cartesian(!))

eigenvectors when & k , k =0;1;::: (columnwise)
3

2 3 2.3
tx + ty cOt i

er ” 4ty ty cot 5, e~ 415; e3 >415 ez, e3 { circular points, i { imaginary unit
0 0
4. circular points: points at in nity (i; 1;0), ( i;1;0) (preserved even by similarity)
similarity: scaled Euclidean mapping (does not preserve lengths, areas)
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I Homography Subgroups: A ne Mapping

2 3 s
ann az tx

H :4a21 oo ty5 ’ \
0 0 1 : ‘

AM = The most general homography preserving .- scarI?r:gtki)(;/nd%gs(ol' 1:5: 1)

par_allellsm then translation by (7; 2)
ratio of areas

ratio of lengths on parallel lines

linear combinations of vectors (e.g. midpoints)

convex hull
line at in nity n4 (not pointwise) 2 323 23
ail azy 0 0
does not preserve observe H n4 * 4a;2 az 05405=405=n3 D> nai "H “na
lengths et 1 1 1
angles
areas

circular points
Euclidean mappings preserve all properties a ne mappings preserve, of course
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I Homography Subgroups: General Homography

2 3
hll h12 h13
H=4%hy hyp hb N
ha1 hzz has or
preserves only - ol
incidence and concurrency 3t

collinearity

cross-ratio on the line 146

does not preserve

lengths

areas

parallelism

ratio of areas

ratio of lengths

linear combinations of vectors
(midpoints, etc.)

convex hull

line at in nity n4

line n=(1;0;1) ismappedtong: H “n ~

7 05 6
H=43 1 35
1 0 1

Na

(where in the picture is the line n?)
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I Canonical Perspective Camera (Pinhole Camera, Camera Obscura)

N

N o o Mo

in this picture we are looking ‘down the street’ C = 1 |

right-handed canonical coordinate system
(X;y; z) with unit vectors ex, ey, ez
origin = center of projection C

image plane  at unit distance from C
optical axis O is perpendicular to
principal point xp: intersection of O and

perspective camera is given by C and

y-z plane

projected point in the natural image
coordinate system:

y? 0 y _Yy.
1 1+z 1 z z
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I Natural and Canonical Image Coordinate Systems

projected point in canonical camera (z & 0) 2

1 0 O
<y = 5; x;1 f(xyz)’4o 0 05 gyé Po X
zz 1o,
|—'{
Po= 1 O
projected point in scanned image scale by f and translate by ( ug; Vo)
(0,0) ey
ev T
Xp = (Uo, Vo) ~— < - “~~ei;f:;t % S o
(u,v) . YD, B T
2 3
—fX 2 3 2 32 3
u="~_+uo fx+zu. F 0 u 10 0 0 &
v=fY +v Z4fy+zvyD5 740 f o940 1 0 05§ZZZKP0>§:PX
I z 001 0010

‘calibration’ matrix K transforms canonical Py to standard perspective camera P
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1 Computing with Perspective Camera Projection Matrix

2 3 2 2.3 2 3
f fx + Uoz X+ FUo my

49 V0 05 gy =4fy +vpzD 7 4y + Vo5 4m;S=m
0 0 Z ms

2 %6t % —f—)

P (@

ﬂ:fl+uozu; @:fl+v°:v when m3 &0
ms 4 ms z

f { “focal length’ { converts length ratios to pixels, [f]=px, f>0
(uo; vo) { principal point in pixels

Perspective Camera:
1. dimension reduction since P 2 R34

2. nonlinear unit change 1 @ 1 z=f, see (a)
for convenience we use P11 = Poo = f rather than P33 = 1=Ff and the ug, vo in relative units

3. mz = 0 represents points at in nity in image plane i.e. points with z =0
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1 Changing The Outer (World) Reference Frame

A transformation of a point from the world to camera R.t Cam\%
coordinate system:

‘7:(‘
Xe = RXy +t world
. . Fuw
R { camera rotation matrix world orientation in the camera coordinate frame F¢
t { camera translation vector world origin in the camera coordinate frame F¢
X RXw +t R t X
PX.=KPo ¢ =KPg oy =K1 0 - Y =K R t Xuw
1 1 0 1.1
|—{z—}
T
Po (23 4 mtx) discards the last row of T
R is rotation, R"R =1, detR = +1 1 2 R%3 identity matrix

6 extrinsic parameters: 3 rotation angles (Euler theorem), 3 translation components

alternative, often used, camera representations

P=KR t =KR 1| C
C { camera position in the world reference frame F, t= RC
r§ { optical axis in the world reference frame Fy third row of R: r3 = R 1[O; 0;1]”
we can save some conversion and computation by noting that KR 1 C X=KR(X O©)
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1 Changing the Inner (Image) Reference Frame

The general form of calibration matrix K includes
skew angle of the digitization raster
pixel aspect ratio a

u u 2 3
af af cot u
e /lio 0

v K=40 f=sin VoD
v 0 0 1

units: [F] = px, [uo] = px, [Vo] = px, [a] =1

~ H1; 2pt: Verify this K; deadline LD+2wk

Hints:

1. image projects to orthogonal system F 7, then it maps by skew to F?, then by scale f, af to
F®, then by translation by ug, vo to F%®

2. Skew: Express point x as
x =uleyo +Veyo =u7el +v7el
e. are unit basis vectors
3. K maps from F? to F™ as

WOOO [UOOO; VOOO; 1]> — K[U?; V?; 1]>
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I Summary: Projection Matrix of a General Finite Perspective Camera

m ~ PX; P=Q g KR t =KRI C a recipe for lling P

general nite perspective camera has 11 parameters:

5 intrinsic parameters: f, uop, Vo, &, nite camera: detK 6 0
6 extrinsic parameters: t, R( ; ; )

Representation Theorem: The set of projection matrices P of nite perspective cameras is
isomorphic to the set of homogeneous 3 4 matrices with the left 3 3 submatrix Q non-singular.

random nite camera: Q = rand(3,3); while det(Q)==0, Q = rand(3,3); end, P = [Q, rand(3,1)];
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1 Projection Matrix Decomposition

P= Q q ! KR t

Q2R3 full rank (if nite perspective camera; see [H&Z, Sec. 6.3] for cameras at in nity)
K 2 R®3  upper triangular with positive diagonal elements
R 2 R%3  rotation: R™R =l and detR = +1

1. Q g =KR t =KR Kt also ¥35

2. RQ decomposition of Q = KR usiﬂg three Givens rota’ﬂons ) [H&Z, % 5791
1 1 1
K=Q F32|?§1R2} QRs2= | ;QRxRai= = ;| QRx2RxuRz = 9
R 1

Rjj zeroes element ij in Q a ecting only columns i and j and the sequence preserves previously
zeroed elements, e.g. (see next slide for derivation details)

21 0 03
2462 —
R332 =40 ¢ s5 gives Ozkgziiqg_gisq% D c=e|L s=qq%
0 s ¢ 3, + 033 43, + a3,

~ P1; 1pt: Multiply known matrices K, R and then decompose back; discuss numerical errors

RQ decomposition nonuniqueness: KR = KT TR, where T = diag( 1; 1;1) is also a

rotation, we must correct the result so that the diagonal elements of K are all positive
‘thin” RQ decomposition

care must be taken to avoid over ow, see [Golub & van Loan 2013, sec. 5.2]
R. Sara, CMP; rev. 29{Sep{2020 il
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I RQ Decomposition Step

91,2 €91,2+8d1,3 -8d3,2 +¢Cdy,3
Clapd @ Clapn 7 2 Clhys =9 Sasa ¢S g
93,1 © 93,2 + $d3,3 -S54d3,2 +Cd3,3

-91,393,2*91,2 93,3 91,2 93,2%91,3 93,3

d1,1
e
S92,393,2%92,2 93,5 92,293,2%92,3 93,3
92,1
\/“§,2‘°§,3 \/“g,z”‘g,s
as,1 0 al,2*+ 95,5
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I Center of Projection (Optical Center)

Observation: nite P has a non-trivial right null-space rank 3 but 4 columns

Theorem
Let P be a camera and let there be B & 0 s.t. PB = 0. Then B is equivalent to the
projection center C (homogeneous, in world coordinate frame).

Proof.
1. Consider spatial line AB (B is given, A & B). We can write

X()” A+Q )B 2R

2. it projects to
PX()” PA+(1 )PB”PA
the entire line projects to a single point D it must pass through the projection center of P
this holds for any choice of A & B ) the only common point of the lines is the C, i.e. B * C

Hence

C
0=PC=Q g ;| =QC+g> C= Q'q

C = (cj), where ¢j = ( 1)J det PD, in which PU is P with column j dropped
Matlab: C_homo = null(P); or C = -Q\q;
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1 Optical Ray

Optical ray: Spatial line that projects to a single image point.

1. consider the following line
d unit line direction vector, kdk =1, 2 R, Cartesian representation

X()=C+ d
2. the projection of the ( nite) point X( ) is XA
m-Q a *{) =qc+ d+a= Qd=

... which is also the image of a point at in nity in P3
optical ray line corresponding to image point m is the set
X()=C+ Q 'm 2R

optical ray direction may be represented by a point at in nity (d;0) in P3
optical ray is expressed in world coordinate frame
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1 Optical Axis

Optical axis: Optical ray that is perpendicular to image plane

1. points on a line parallel to  project to line at in nity in

23 2 _ 3
u 1 Qs
4v5 b P)S = 4q2> q245
> 1 X
0 4z Gaa
2. therefore the set of points X is parallel to i T o
O3 X +0qaa =0
3. this is a plane with g5 as the normal vector
4. optical axis direction: substitution P @ P must not change the direction
5. we select (assuming det(R) > 0)
0 = det(Q) g,
if PA P then det(Q) A 3det(Q) and g3 A g [H&Z, p. 161]

the axis is expressed in world coordinate frame

3D Computer Vision: Il. Perspective Camera (p. 37/189) “©a¢ R. Sara, CMP; rev. 29{Sep{2020 il



1 Principal Point

Principal point: The intersection of image plane and the optical axis

1. as we saw, g is the directional vector of optical axis

2. we take point at in nity on the optical axis that must
project to the principal point mo q3

3. then
me” Q (¢ %3 =Qqa;

principal point: mo ~ Qs

principal point is also the center of radial distortion
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1 Optical Plane

A spatial plane with normal p containing the projection center C and a given image line n.

optical ray given by m d * Q 'm

optical ray given by m’ d’ 7 Q 'm’

p~d d'=@Q 'm) Q 'mM)=Q°(Mm m")=Q7n

note the way Q factors out!

hence, 0=p (X C)=n" P()iz Cg =n"PX=(P7n)™X for every X in plane
130

optical plane is given by n: ~~ * P7n 1X+ 2y+ 32+ 4=0
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Cross-Check: Optical Ray as Optical Plane Intersection

T
/.1

d p

optical plane normal given by n

optical plane normal given by n’
d=p pP'=@QnN @n)=Q *n

R. Sara, CMP; rev. 29{Sep{2020 il
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I Summary: Projection Center; Optical Ray, Axis, Plane

General ( nite) camera

2 =
a:
P=Q q =8q;

ds

cC>mull(P); C= Q 'q

d=Q 'm

0 = det(Q) q,

mo ~ Qs

:P>D
-2

3
f T cot Uo
K=40 f=(asin ) wv°

(14

CI24g=KR t =KR 1 C

(34

projection center (world coords.)

optical ray direction (world coords.)
outward optical axis (world coords.)
principal point (in image plane)

optical plane (world coords.)

135

136

137

138

139

camera (calibration) matrix (f, ug, vo in pixels) 131

0 0 1
R camera rotation matrix (cam coords.) ¥ 30
t camera translation vector (cam coords.) ¥ 30
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What Can We Do with An ‘Uncalibrated’ Perspective Camera?

e

How far is the engine?
distance between sleepers (ties) 0.806m but we cannot count them, the image resolution is too low
We will review some life-saving theory. . .

...and build a bit of geometric intuition. ..

In fact

‘uncalibrated’ = the image contains a calibrating object that su ces for the task at hand
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1 Vanishing Point

Vanishing point: the limit of the projection of a point that moves along a space line
in nitely in one direction. the image of the point at in nity on the line

Xo + Ad
\

Xo

. 1 _ > ~ P1; 1pt: Prove (use Cartesian
Ma I!Iml P - Qd coordinates and L’Hopital’s rule)
the V.P. of a spatial line with directional vector d is m1 ~ Qd

V.P. is independent on line position Xo, it depends on its directional vector only

all parallel lines share the same V.P., including the optical ray de ned by m4
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Some Vanishing Point \Applications"

where is the sun? what is the wind direction? y above the lane,
(must have video) at constant altitude!
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1 Vanishing Line

Vanishing line: The set of vanishing points of all lines in a plane
the image of the line at in nity in the plane
and in all parallel planes

n — plane normal

)

U1

any box with parallel edges

m — line orientation vector

V.L. n corresponds to spatial plane of normal vector p = Q™ n
because this is the normal vector of a parallel optical plane (!) ¥ 39

a spatial plane of normal vector p has a V.L. represented by n=Q ~p.
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1Cross Ratio

Four distinct nite collinear spatial points R;S; T; U de ne cross-ratio

LA N AN
[RSTU]:@@ R s T U
jSRj jTUj N N A

a mnemonic (o)
||
jRTj { signed distance from R to T in the arrow direction

6 cross-ratios from four points:

[SRUT] = [RSTU]; [RSUT] = ; [RTSUl =1 [RSTUJ;

[RSTU]
rtv usyv

Obs: [RSTU]= ortv =
srv tuy

Corollaries:
cross ratio is invariant under homographies X 7 Hx plug Hx in (1): (H =(r )™ Hy
cross ratio is invariant under perspective projection: [RSTU] =[rstu]

4 collinear points: any perspective camera will \see" the same cross-ratio of their images
we measure the same cross-ratio in image as on the world line
one of the points R, S, T, U may be at in nity (we take the limit, in e ect % =1)
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11D Projective Coordinates

The 1-D projective coordinate of a point P is de ned by the following cross-ratio:

. on. .
P1=[PoPiP Pa]=[popippa] = iop P2 =) P Pt P Pe

ip1pPoj jppij
naming convention:
Po { the origin [Po] =0
P1 { the unit point [P1]=1
P4 { the supporting point [Pa]= 1

[P]1=[p]
[P] is equal to Euclidean coordinate along N
[p] is its measurement in the image plane

Applications
Given the image of a 3D line N, the origin, the unit point, and the vanishing point,
then the Euclidean coordinate of any point P 2 N can be determined 148
Finding v.p. of a line through a regular object 149
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Application: Counting Steps

Namesti Miru underground station in Prague

i

detail around the vanishing point

Result: [P] = 214 steps (correct answer is 216 steps) 4Mpx camera

3D Computer Vision: Il. Perspective Camera (p. 48/189) 9©a( R. Sara, CMP; rev. 29{Sep{2020 il



Application: Finding the Horizon from Repetitions

in 3D: jPoPj = 2jPoP1j then [H&Z, p. 218]

jPOPj: 5 x1=X0(2X X1) XXi

[POP1PP1] = jPlpoj X + Xo 2X1

X { 1D coordinate along the yellow line, positive in the arrow direction
could be applied to counting steps ( ¥ 48) if there was no supporting line

~ P1; 1pt: How high is the camera above the oor?
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