
RANSAC in 2020 :

A CVPR Tutorial



Tutorial Outline

ǒ9:00 ʻ9:45 PDT  Jiri Matas               (Paris 18:00, Beijing 00:00) 

ïIntroduction: Outline of the Tutorial

ïThe formulation and taxonomy of robust model estimationproblems

ïBasics of the RANSAC algorithm

ïBasics of the Hough Transform

ǒ9:45 ʻ10:45 PDT Ondra Chum (Paris 18:45, Beijing 00:45) 

ïRANSAC improvements & USAC components

ǒ11:00 ʻ12:30 PDT Daniel Barath (Paris 20:00, Beijing  2:00) 

ïRANSAC: Advanced  techniques 

ïMulti -instance Model Fitting
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Tutorial Outline

ǒ13.30 - 15.00 PDT  Tat -Jun Chin            ( Paris 22:30, Beijing  4:30) 

ïRANSAC: theoretical limitation

ïGlobally optimal method: Branch-and-Bound, ˉ.

ïMathematical Programming Approaches 

ǒ15.15 - 16.30 PDT Rene Ranftl (Paris  00:15, Beijing 6:15) 

ïDifferentiable approaches for robust estimation.

ïIterated Reweighted Least Squares

ǒ16.30 - 17.30 PDT Dmytro Mishkin (Paris 01:30, Beijing 7:30) 

ïBenchmarking - The Truth revealed:
Should OpenCVRANSAC be used or avoided?
Which are the best performing of the methods presented?
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ǒFeel free to

ïAsk questions directly through voice chat 
(if you can unmute yourself).

ïType your questions in the chat window.
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Taxonomy of Geometric Estimation Problems

ǒStandard Single Class Single InstanceFitting Problem (SCSI)

)

ǒRobust Single Class Single Instance Fitting Problem (R -SCSI)

)

ǒSingle Class Multiple Instance Fitting Problem (SCMI)

)

ǒMultiple Class Multiple Instance Fitting Problem (MCMI)

)
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ǒdetection of geometric primitives

ǒepipolargeometry estimation

ǒdetection of planar surfaces

ǒmultiple motion segmentation

ǒInterpretation of lidar scans

Single/Multi -Class S/M -Instance Fitting Applications
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The Standard SCSI Problem ʻExample (Line Fitting)

Data points

Goal: Find the line with 

parameters ³¤  which
˂best fits˃ these points. 
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The Standard SCSI Problem ʻExample (Line Fitting)

Data points

Classical formulation :

ǒ f (x ;³)= f LSQ (x ;³) = »(x)2

ǒsolved in closed form.

ǒSummation
justified as maximum 
likelihood (ML) method for 
i.i.d. noise 

ǒ f LSQ (x ;³) justified as ML 
for normal distribution

2020.06.13, RANSAC Tutorial @

»(x): distance 
from a line

x0

x

»(x) = dist(x ; x0)
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Adrien-Marie Legendre Carl Friedrich Gauss

Published least squares 
(moindresquarràs) in 1805.

Developed least 
squares in 1795.

Least Squares are Well established 
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The Formulation of the SCSI  Fitting Problem

Given: 

ǒC = (£; f ) the model class

ǒ+ set of data points

Find:

ǒ- instance (³¤2 £)

such that:

Problems:

ǒf LSQ (x ;³) not robust

ǒresiduals »(x i) , »(x j) considered independent

ǒassumes x is a noisy observation of xʿ,
the nearest point on the instance manifold 

ǒˉ.
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»(x): 
distance 

from a line

x
0

x

»(x) = dist(x ; x0)
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Least Squares for a Line ʻA Closer Look

Data modelled as a result of stochastic process: 

1. Select a point q on a line ³according to probability p(qj³)

2. Generate a point x from an isotropic normal distribution N (x jq;¼)

Maximum Likelihood (ML) approach to line estimation: 

ǒFind ³¤2 £which maximizes

ǒThis assumes i.i.d . 

ǒThe probability p(x j³):

ïIf we assume uniform p(qj³), this will simplify to 

ïThis justifies the solution as minimization of squared distance to line, »(x)2.
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q

x

Least Squares for a Curve ʻA Closer Look 

A ML approach based on the squared distance 
to model is a weaker approximation when the 
model is a curve. Consider a circumference and 
data generated like before  
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p(x j³) for R = 1 and¼= 0:2
profile of 

p(x j³) for 
y = 0 :

»= 0

max

x2

x1

Observations:

ǒ Maximum of p(x j³) does not lie on the model

ǒ »(x1) = »(x2), but p(x1j³) < p(x2j³)
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Line Fitting with Outliers

Least squares fit

Example 1
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Given: 

ǒ*

ǒ+ set of data points

Find:

ǒ- instance, such that:

Line fitting example(Robust)

Notes:

ǒFischlerand Bolles, 1981 ̒ RANSAC (computer vision community)

ǒRouseeuw,            1984 L̒east Median of Squares (statistics community)

The SCSI Model Fitting Problem ʻRobust Loss
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LSQ

RANSAC 

truncated LSQ
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Random Sample Consensus- RANSAC

Select sample of m points at 
random
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RANSAC

Select sample of m points
at random

Estimate model parameters 
from the data in the sample
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RANSAC

Select sample of m points
at random

Estimate model parameters 
from the data in the sample

Evaluate the error (residual) 
for each data point
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RANSAC

Select sample of m points
at random

Estimate model parameters 
from the data in the sample

Evaluate the error (residual) 
for each data point

Select data that support 
the current hypothesis

2020.06.13, RANSAC Tutorial @ Jiri Matas 18/60



RANSAC

Select sample of m points
at random

Estimate model parameters 
from the data in the sample

Evaluate the error (residual) 
for each data point

Select data that support 
the current hypothesis

Repeat sampling

2020.06.13, RANSAC Tutorial @ Jiri Matas 19/60



RANSAC

Select sample of m points
at random

Estimate model parameters 
from the data in the sample

Evaluate the error (residual) 
for each data point

Select data that support 
the current hypothesis

Repeat sampling

2020.06.13, RANSAC Tutorial @ Jiri Matas 20/60



RANSAC

Select sample of m points
at random

Estimate model parameters 
from the data in the sample

Evaluate the error (residual) 
for each data point

Select data that support 
the current hypothesis

Repeat sampling
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RANSAC ʻProbabilistic Quality Guarantee:

ǒN Number of points

ǒQ Number of inliers, Q = N J̒*

ǒm Size of sample

ǒ°= Q/N Inlier ratio

Probability of all-inlier (uncontaminated) sample: 

Hitting at least one all-inlier sample with probability h requires drawing

k Ólog(1 ʻh) / log (1 ʻ°m)    samples.

On average, one in 1/P samples is  all-inlier.
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RANSAC [Fischlerand Bolles1981]

SAMPLING

VERIFICATION

SO-FAR-THE-BEST

Cost function for 
single data point x

2020.06.13, RANSAC Tutorial @ Jiri Matas 23/60



RANSAC in 1755: The Earth p̒rolate or oblate?
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Prolate spheroid Spheroid Oblate spheroid

Slide by T.-J. Chin
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< 45 °

Slide by T.-J. Chin
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Roger Boscovich ( RuĈerBoĹkoviþ)
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Boscovichʿs data (1755)
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Boscovichʿs estimate
(supports oblate Earth)

ǒBoscovichused model averaging, 
discussed by Daniel in the context of 
RANSAAC nad MAGSAC
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Boscovichʿs estimate
(supports oblate Earth)

Modern estimate
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RANSAC - Properties

ǒextremely popular (approx. 25 000 citations in Google Scholar)

ǒused in many applications 

Pros:

ǒpercentage of inliers not needed to be known a priori

ǒa probabilistic guarantee of the optimality of the solution

Cons:

ǒassumptions: ¼known, i.i.d. errors

ǒoptimal solution not guaranteed

ǒslow if inlier ratio low

ǒit was observed experimentallythat RANSAC takes several 
times longer than theoretically expected . This is due to noise 
ʻnot every all-inlier sample generates a good hypothesis:
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RANSAC Upgrades

Cost function for 
single data point x
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State-ot-the-art 
RANSAC covered by
Ondra Chum &
DØnielBarØth
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Robust Single Class Multiple Instance (R -SCMI)

Example

Points in 2D

Task: 

ǒfind multiple lines and outliers 

Notes

ǒPossible to apply R-SCSI 
methods sequentially ? No ..

ǒJoint estimation of multiple 
instances needed
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Covered by
DØnielBarØth
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Hough Transform for Robust Multi -instance 
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Hough Transform Intro, Finding a Line

A point p votes for all lines it can be incident with.

A subset of lines incident to p Corresponding line parameters

Efficient evaluation of  , on discretized grid in £
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Hough Transform, Finding a Line

A point p votes for all lines it can be incident with.

Image with a single point Accumulator storing votes
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Hough Transform, Finding a Line

A point p votes for all lines it can be incident with.

Image with a multiple points Accumulated votes 
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Hough Transform, Finding a Line

A point p votes for all lines it can be incident with.

Line with maximum number of votes Accumulator maximum
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R-SCMI with Hough Transform 

Greedy algorithm of Gerig(1987) Linking Image-space and Accumulator-space: 
A New Approach for Object Recognition

The Algorithm:

1. Find the current global maximum in the HT accumulator space

2. Remove it together support of this mode

3. Repeat till only insignificant modes remain.

Notes:

ïLinking: assigns data to modes
(labelling problem)

ïlook at the images from the 
1987 paperand the implicit
formulation of 

o˂bject recognition ˃!
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R-SCMI with Hough Transform
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Problems?

Consider these 10 lines 

(7 pixels each) 

Desired solution
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R-SCMI with Hough Transform ʻProblem?
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Consider these 10 lines 

(7 pixels each) 

Any vertical line incident with all 
10 small lines will have acc. 
value 10

Gerigʿsalgorithm will not 
produce the desired solution. 

No algorithm using ˂unary 
potentials will succeed.

Accumulator value 7
(only)

Accumulator value 10
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Hough Transform ʻSummary

Pros

ǒeasy generalization from single-instance to multi-instance fitting.

ǒspeed independent of inlier ratio (cf. RANSAC)

Cons

ǒaccumulator space impractical for higher-dimensional models

ǒgrid resolution = size of the accumulator space difficult to set 

ǒsome multi-instance solutions not ˂the ones we want˃.
It is a consequence of the ignoring spatial coherence of the structures. 
Cannot be easily fixed since the cost function is necessarily 
a sum of unary terms
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Multi -Class Multi -Instance ʻLines and Circles
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Multi -Class Multi -Instance  L̒ines and Circles
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Multi Instance Single Model  ʻMultiple Lines
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Multiple Homographies
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Conclusions

1. Fitting of models is an old problem. 

The R-SCSI, SCMI and MCMI are open, related problems.

2. Basic RANSAC and Hough Transform are the classics  for robust 

SCSI and SCMI problems encountered in Computer Vision.

3. State-of-the-art implementations differ substantially from the 

simple algorithmic cores presented in this introduction (Ondra, 

Daniel)

4. Alternatives ̒ IRLS with ˂deep weights˃ (Rene)  and approaches 

base on Mathematical programming (TJ) will be presented later.

5. To know what works, careful benchmarking is needed (Dmytro)
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Thank You!
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RANSAC termination - How many samples?

computed for Ǝ= 0.95

Inlier ratio°= Q/N [%]
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Locally Optimized RANSAC (LO -RANSAC) : Problem Intro

Data: 200 points
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LO-RANSAC: Problem Introduction

Data: 200 points

Model, 100 inliers
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LO-RANSAC: Problem Introduction

For simplicity, consider only points belonging to the model(100 points)
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LO-RANSAC: Problem Introduction

RANSAC

Hypothesis generation 
from 2 points

Will every two 
points generate the 
whole inlier set?

This sample:
YES. 100 inliers.

For simplicity, consider only points belonging to the model(100 points)
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LO-RANSAC: Problem Introduction

RANSAC

Hypothesis generation 
from 2 points

Will every two 
points generate the 
whole inlier set?

This sample:
NO. 45 inliers.

For simplicity, consider only points belonging to the model(100 points)
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LO-RANSAC: Problem Introduction

RANSAC

Hypothesis generation 
from 2 points

Will every two 
points generate the 
whole inlier set?

The distribution of the number of inliers 
obtained while randomly sampling points pairs

For simplicity, consider only points belonging to model(100 points)
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RANSAC [Fischlerand Bolles1981]

SAMPLING

VERIFICATION

SO-FAR-THE-BEST

Cost function for 
single data point x
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LO-RANSAC

SAMPLING

VERIFICATION

SO-FAR-THE-BEST
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9: gone

Cost function for 
single data point x

Jiri Matas 67/60



LO-RANSAC: Example

Init
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LO-RANSAC: Example

Init

Iteration 1
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LO-RANSAC: Example

Init

Iteration 1

Iteration 2
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