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Tutorial Outline

0 9:00 ° 9:45 PDT Jiri Matas (Paris 18:00, Beijing 00:00)

Introduction: Outline of the Tutorial

The formulation and taxonomy of robust mode¢stimationproblems
Basics of the RANSAC algorithm

Basics of the Hough Transform

0 9:45° 10:45 PDT Ondra Chum (Paris 18:45, Beljing 00:45)

RANSAC improvements & USAC components

0 11:00 * 12:30 PDT Daniel Barath (Paris 20:00, Beijing 2:00)

RANSAC: Advanced techniques
Multi-instance Model Fitting
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Tutorial Outline

0 13.30 - 15.00 PDT Tat -Jun Chin ( Paris 22:30, Beljing 4:30)
I RANSAC: theoretical limitation
I Globally optimal method: BranckandB o u n d
I Mathematical Programming Approaches

0 15.15 - 16.30 PDT Rene Ranftl (Paris 00:15, Beijing 6:15)
I Differentiableapproaches for robust estimation
I lterated Reweighted Least Squares

0 16.30 - 17.30 PDT Dmytro Mishkin (Paris 01:30, Beijing 7:30)

I Benchmarking- The Truth revealed:
ShouldOpenCVRANSAC be used or avoided?
Which are the best performing of the methods presented?
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O Feel free to

I Ask questions directly through voicehat
(if you can unmute yourself).

I Type your guestions in the chat window.
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Taxonomy of Geometric Estimation Problems

0 Standard Single Class Single Instanégting Problem (SCSI)

0 Robust Single Class Single Instance Fitting Problem (R -SCSI)

)
0 Single Class Multiple Instance Fitting Problem (SCMI)

0 Multiple Class Multiple Instance Fitting Problem (MCMI)

)

05
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Single/Multi -Class S/M -Instance Fitting Applications

0 detection of geometric primitives

O epipolargeometry estimation
O detection of planar surfaces

0 multiple motion segmentation

O Interpretation of lidar scans
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The Standard SCSI Problem * Example (Line Fitting)

Data points
X ={x;,7=1,2,..., Np}
(x; € R?)

Goal: Find the line with

parameters®® which
<best fits> t
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The Standard SCSI

Problem

Example (Line Fitting)

»(x): distance®
from a lime

»(X) = dist(X; x9

Data points

X ={x;,j=12,..,N,}
(xj € R?)

Classical formulation :

0" = argmin X, 6
gr > f(x.0)

xcX

O«

f(X;3)=f sq(X;3) = »(Xx)?

. 0 solved in closed form.
. 0 Summation
justified as maximum
e likelihood (ML) method for
1.1.d. noise
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for normal distribution
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Least Squares are Well established

Adrien-Marie Legendre Carl Friedrich Gauss

Published least squares Developed least
(moindresq u a j im 188G5. squares in 1795.

Slide by T.-J. Chin
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The Formulation of the SCSI Fitting Problem

Given:

0 C=( £f) the model class

0 + set of data points
Find:
0 - Instance €°2 £)
such that:
f* = arg min Z f(x,0)
xEX
Problems:

0 flso(X;3) not robust

0 residuals»(x;) , »(x;) considered independent

0 assumes is a noisy observation ok"
the nearest point on the instance manifold

~ _—
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Least Squares for a Line ° A Closer Look

Data modelled as a result of stochastic process:

1. Select a pointg on a line3 according to probabilityp(qj2)
2. Generate a pointx from an isotropic normal distributionN (xjq; ¥}

Maximum Likelihood (ML) approach to line estimation:

6 Find2°2 £ which maximizes L(0) = [];_, p(x;|0)

0 This assumesi.i.d.

0 The probability p(xj3): p(x|0) _f p(q|O)N (x|q,0)dq

line

i If we assume uniform p(qj3), this will simplify to

p(x]0) = Cexp P/ (27)
I This justifies the solution as minimization of squared distance to ling(x)?.
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Least Squares for a Curve * A Closer Look

A ML approach based on the squared distance
to model is a weaker approximation when the
model is a curve. Consider a circumference and
data generated like before

- p(xj®) for R = 1 and %= 0:2

=0.32 . .
profile of 9322
1.5¢ g 10.28 13 0.318}
3 p(xj?) for _ o219
1.0} o1 lo2a y=0: o314
0.312}
0.310¢}
0.5} 11 10.20 ; | . . ! |
0'30&90 0.92 0.94 0.96 0.98 1.00 1.02 1.04
> 00 .. S ___________3EEB _____ 1 1 10.16 x
0.35 ‘ . . . | . /
-0.5} { | 10.12 0.30} A /
0.25}
~1.0l 1 | 10.08 = 0.20}
= 0.15}
-1.5¢ 1 10.04 0.10}
0.05]
-2.0L : ‘ : 1 1J0.00 ‘ . . . ‘ . ‘
-2 -1 0 1 2 0'0—02.0 -1.5-1.0-05 0.0 0.5 1.0 1.5 2.0
Observations: v

6 Maximum of p(xj3) does not lie on themodel

0 »(Xy) = »(Xp), but p(xy*) < p(xz*)
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Line Fitting with Outliers

Example 1

Leastsquaredit

—04 -02 00 02 04 06 08

£L
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The SCSI Model Fitting Problem ° Robust Loss

Given: 3.0 | . _LSQ

2.5}
A * 2.0
0 1.5}

1.0+
0.5¢

+ set of data points 0.0 .~
-20 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0
signed distance

Find: ... RANSAC
25}

0 - Instance, such that: ol

1.5¢
1.0

0" = argr%iﬂ E f(x,6) 05| ,
0.0p---------1 , . . R —
xeX -20 -15 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

signed distance

Line fitting example(Robus) truncated LSQ

3.0

O«

2.5}

0,if p(x) < threshold o 20}
fransac(x,0) = { p(x) ool

const, otherwise 10|

0.0 ‘ , . . . ; .
NOteS: -20 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0
signed distance

0 Fischlerand Bolles 1981° RANSAC (computer vision community)
0 Rouseeuw 1984 ° Least Median of Squares (statistics community)
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Random Sample Consensus- RANSAC
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RANSAC

Selectsample ofm points
at random

Estimate model parameters
from the data in the sample
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RANSAC

Select sample ofm points
\ s o . at random
X 9 Estimate model parameters
’ \\ . ” from the data in the sample
3 \\ P 2 ’o
. f R . Evaluate theerror (residual)
° . B pd for each data point
. 7 X
'y # 2 2
" A N
G ® @ \ . ®
G % \\
.
G \\\
% G
& 3 @
fo . o © .

2020.06.13, RANSAC Tutorial @ @VPRVIRTUAL

Jiri Matas 17/60



RANSAC
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Select sample ofm points
at random

Estimate model parameters
from the data in the sample

Evaluate the error ¢esidual)
for each data point

Selectdata that support
the current hypothesis
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RANSAC
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Select sample ofm points
at random

Estimate model parameters
from the data in the sample

Evaluate the error (residual)
for each data point

Select data that support
the current hypothesis

Repeatsampling
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RANSAC
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Select sample ofm points
at random

Estimate model parameters
from the data in the sample

Evaluate the error (residual)
for each data point

Select data that support
the current hypothesis

Repeatsampling
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RANSAC
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Select sample ofm points
at random

Estimate model parameters
from the data in the sample

Evaluate the error (residual)
for each data point

Select data that support
the current hypothesis

Repeatsampling
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RANSAC ° Probabilistic Quality Guarantee:

0O N Number of points

0 Q Number of inliers,Q = N * J°
0O m Size of sample

0 °= Q/N Inlier ratio

Probability of allinlier (uncontaminated) sample:

(i)
(m)

Hitting at least one allinlier sample with probability/ requires drawing

k Olog(1 * h)/log (1° °m) samples.

3O

m

~ €

P(inlier sample) =

3 =2

On average, one in 1P samples is afinlier.
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RANSAC [Fischlerand Bolles1981]

Input: X = {x;}7 data points
e(S) =140 estimates model parameters 6 given sample S C X
0, if distance to model < threshold o cgst function for
f(x,0) = : . :
1, otherwise single data pointx

= J(0) = > . cx f(x,0) is #outliers
n — required confidence in the solution, o — outlier threshold

Output: 0* parameter of the model minimizing the cost function

1: iter < 0, J" +—

2: repeat

3: Select random S C X’ (sample size m = |S|) SAMPLING

4: Estimate parameters 6 = ¢(.5)

5. Evaluate J(6) = 3,y f(x,6) VERIFICATION

6 If J(0) < J* then SO-FAR-THE-BEST
0% <60, J* < J(0)

7: wter <— iter + 1

8: until P(better solution exists) = f(|X], J*,iter) <n
9: Compute 0* from all inliers X;;,: 0* < LocalOptimization(Xj,,, 6*)
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RANSAC in 1755: The Earth ° prolate or oblate?

Prolate spheroid Spheroid Oblate spheroid

Slide by T.-J. Chin
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POLARIS
POLARIS

Spherical Earth Oblate Spheroidal Earth

Slide by T.-J. Chin
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a=z+esin?6

69.6

69.4 @
69.2 |

69 1

Arc length a (miles)

68.8 -

BB.B?
0

0.5 1 1.5
Lattitude @ (radians)

Slide by T.-J. Chin
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a=z+esin?6
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Boscovich s data (1755)

Arc length Boscovich’s
Location Latitude (6) (toises) sin? 6 X 10*
(1) Quito 0°0/ 56,751 0
(2) Cape of Good Hope 33°18' 57,037 2,987
(3) Rome 42°59° 56,979 4,648
(4) Paris 49°2%/ 57,074 5,762
(5) Lapland 66°19’ 57,422 8,386

Source: Boscovich and Maire (1755, p. 500). Reprinted in Boscovich and Maire (1770,
p. 482). |

Slide by T.-J. Chin
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69.6 ' '

*Lapland
69.4 1
w
2
£69.2 1
£ *Paris
= +Cape of Good Hope
O 69- *Rome 1
o
<
68.8 | 1
+Quito
68.6 | ! | |
0 0.2 0.4 0.6 0.8 1

sin29
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4=z esin’ @

69.6 ' '
*Lapland
69.4 - 1
)
=2
£69.2 1
£ *Paris
= Cape of Good Hope
o 69 *Rome 1
o
<
68.8 1
«Quito
68.6 ‘ | | |
0 0.2 0.4 0.6 0.8 1
sin®0
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4=z esin’ @

69.6 ' '
*Lapland
69.4 - 1
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o
<
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sin®0
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a=z+esin®6
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Slide by T.-J. Chin
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a=z+esin®6
69.6 . .

D D
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Arc length (miles)
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o

sin29

Slide by T.-J. Chin

2020.06.13, RANSAC Tutorial @ @VPRVIRTUAL JiriMatas 3660



a=z+esin®6

69.6
60.4 Boscovich' s “esiti mat e
— (supports oblate Eart
&
E£69.2
L
s)
C
QL 69
O
<
68.8 -
+Quito
68.6 ‘ ' ‘ '
0 0.2 0.4 0.6 0.8 1

sin29

0 Boscovichused model averaging,

discussed by Daniel in the context of _ _
RANSAACnad MAGSAC Slide byT.-J. Chin
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RANSAC - Properties

0 extremely popular @pprox.25 000 citations in Google Scholar)
0 used in many applications

Pros:

O percentage of inliers not needed to be known a priori

0 a probabilistic guarantee of the optimality of the solution
Cons:

0 assumptions: ¥sknown, I.i.d. errors

0 optimal solution not guaranteed

O slow if inlier ratio low

(0 it was observed experimentalthat RANSAC takes several )
times longer than theoretically expected . This is due to noise
" not every allinlier sample generates a godaypothesis:

\_ P(inlier sample) # P(good model estimate) )
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RANSAC Upgrades

Input: X = {x;}7 data points
e(S) =140 estimates model parameters 6 given sample S C X
0, if distance to model < threshold o cost function for
f(x,0) = : . :
1, otherwise single data pointx

= J(0) = > . cx f(x,0) is #outliers
n — required confidence in the solution, o — outlier threshold

Output: 0* parameter of the model minimizing the cost function

1: iter < 0, J* <= 00
2: repeat
3: Select random S C X (sample size m = |5])
4: Estimate parameters 6 = ¢(5)
5: Evaluate J(0) = > . f(x,0)
6 If J(0) < J* then
0" <0, J + J(0)
7: wter < iter + 1
8: until P(better solution exists) = f(|X], J*,iter) <n
9: Compute 0* from all inliers X;;,: 0* < LocalOptimization(Xj,,, 6*)
2020.06.13, RANSAC Tutorial @ @VPRVIRTUAL JiriMatas 4060
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RANSACcovered by
OndraChum &
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Robust Single Class Multiple Instance (R -SCMI)

2020.06.13, RANSAC Tutorial @ @VPRVIRTUAL

Covered by

DA n iBalr @t| h
Example
Points in 2D
Task:

0 find multiple lines and outliers

Notes

0 Possible to apply RSCSI
methods sequentially ? No ..

0 Joint estimation of multiple
Instances needed

Jiri Matas 41/60



Hough Transform for Robust Multi -instance

United States Patent Office 3,069,654

Patented Dec. 18, 1862

1 2
e of the poirt on the line sagimert front the horfrontal mid.
069,/ linc 109 of the framelzc 108
METHOD AND MEANS FOR RECOGNIZING )y E i .
COMPLEX PATTERNS o 11) Each Iine in the trantfarmed plane is made 1o bave

A ¥ 0 nfercepl with the hoviconial midlice 101 of the pr-

'hl.lll‘tdwm»\::ka as :"'m::‘“',;p': &:: 6 tere ICO equal 1o the boricumial cuorditale of s rospec-
States Atomic Eneegy Comsmlssion tve poant on the line scement i Tramclet 188,

Fllod Mar. !i. 1940, Ser. No. 17,715 Thuy, for a given mference point 110 on hae sopment

6 Clalms  (C1, 340~ 146.3) 102 3 Liae 1205 b dtuwn in e place wansiorm 102A.

The retercnce poing 110 is approxinialely midway botween

FIG1] From the title page of Paul V.C. Hough’s patent.

FIG2] Graphical description of the transform in the Hough patent. A point in the
ipper image space or "framelet” maps to a line in the lower “transformed space.”
Zolinear points map to lines that intersect at a “knot.” [The original figure in the
satent has been redrawn and slightly simplified here for clarity.]
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Hough Transform Intro, Finding a Line

A point p votes for all lines it can be incident with.

20; ‘ ; . 30—
: =(12/9 E
5 N .)/ 20
" 10 ¢
> ObemTree T L I e
g -10, ! " |
-10 ’ | ~ :
/ | =20 |
%0 10 0 10 20 3055 100 150
x 0 [deq]
A subset of lines incident tagp Corresponding line parameters
Efficient evaluation of , on discretized grid inft
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Hough Transform, Finding a Line

A point p votes for all lines it can be incident with.

20 ‘ 30—
20}
1
10
S - - « 0
-10
-10
_20
~2050 =10 10 20 305—=%5 700 150
x 0 [deq]
Image with a single point Accumulator storing votes
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Hough Transform, Finding a Line

A point p votes for all lines it can be incident with.

20 | 30—
20/

5
o

=10

220 =10 10 20 %550 100 150
T 0 [deg]
Image with a multiple points Accumulated votes
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Hough Transform, Finding a Line

A point p votes for all lines it can be incident with.
20 | 30—

(0,r) (45de,15)

20}

1
10

> O R e e TP T L O e P
-10

-10
_20

2000 =10 10 20 305—=55 100 150

x 0 [deq]
Line with maximum number of votes Accumulator maximum
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R-SCMI with Hough Transform

Greedy algorithm ofGerig(1987) Linking Imagespace and Accumulatespace:
A New Approach for Object Recognition

The Algorithm:

1. Findthe current globalmaximum in the HT accumulator space
2. Remove it together support of thismode

3. Repeat till only insignificant modes remain.

Notes: \ | | ~
i Linking: assigns data to modes, -\ | | ety =
(labelling problem) o | 4
I look at the images fromthe | .. - gemhing
1987 paperand the implicit o ol
formulation of 5——
ojectrecogniion > 1| 2> s
lines (minimum length 10 pixels)
¢) example of.link“kl:;t—\;:::‘:urviving evident count and

-20 90
SURVIVING COUNTS ORIGINAL IMAGE
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R-SCMI with Hough Transform

)
45 Problems?~

Consider these 10 lines

0 (7 pixels each)

35 Desired solution
30
25
20

15

10

0
0 5 10 15
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R-SCMI with Hough Transform ° Problem?

Accumulator value 10 Consider these 10 lines

45
(7 pixels each)

40

35 Any vertical line incident with all
10 small lines will have acc.

30 value 10

- G e r ialgoritem will not
produce the desired solution.

20 No al gorithm usi |
potentials will succeed.

15

10

9 X ( 4 )

(only)

0
0 5 10 15
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Hough Transform ° Summary

Pros
O easy generalization from singlastance to multrinstance fitting.
0 speed independent of inlier ratio (cf. RANSAC)

Cons
0 accumulator space impractical for highetimensional models

~

0 grid resolution = size of the accumulator space difficult to set

Osomemultt nstance solutions not <the o
It is a consequence of the ignoring spatial coherence of the structures.
Cannot be easily fixed since the cost function is necessarily

a sum of unary terms

6" = arg min Z f(x,0)

xeX
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Multi -Class Multi -Instance Lines and Circles

Covered by
DA n iBalr @t| h

(a) Ground truth (b) Edge map

@VPRVIRTUAL Jiri Matas 52/60



Multi -Class Multi -Instance Lines and Circles

(a) Ground truth (c) T-Linkage (d) PEARL
WYV IrS | Wk

g)sMulti-X

Jiri Mat 53/60



Multi Instance Single Model

Multiple Lines
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Conclusions

. Fitting of models is an old problem.

The R-SCSI, SCMI and MCMI are open, related problems.

. Basic RANSAC and Hough Transform are the classics for robu

SCSI and SCMI problems encountered in Computer Vision.

. State-of-the-art implementations differ substantially from the

simple algorithmic cores presented in this introductioi®©(dra

Daniel)

.Alternatives" | RLS with <deep weili ght

base on Mathematical programming (TJ) will be presented later.

5. To know what works, careful benchmarking is needeBDinytro)



Thank You!
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RANSAC termination

- How many samples?

Size of the samplem

Inlier ratio ° = Q/N  [%]

15% 20% 30% 40% 50% 70%
2 132 73 32 17 10 4
4 5916 1871 368 116 46 11
7 | 1.75-10% | 2.34-10° | 1.37-10% 1827 382 35
8 | 1.17-107 | 1.17-10° | 4.57- 104 4570 765 50
1212311009 7.31-10% | 5.64-10% | 1.79-10° | 1.23.10% 215
18 | 2.08- 10 | 1.14- 1013 | 7.73-10° | 4.36-107 | 7.85-10° 1838
30 ~ 0 1.35-101 | 2.60-1012 | 3.22.107 | 1.33-10°
40 x O ~ 2.70 - 101 | 3.29. 102 | 4.71 - 10°

computed ford = 0.95
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Locally Optimized RANSAC (LO -RANSAC) : Problem Intro
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LO-RANSAC : Problem Introduction

Data: 200 points
Model, 100 inliers

—0.4} . .

~0.4 ~0.2 0.0 0.2 0.4
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LO-RANSAC : Problem Introduction

For simplicity, consider only points belonging to the mod€L00 points)

0.4]
0.2} . Ser
o % 5 % " -'
Y 1-. . ™
= 0.0 . -«
-.-'. -.. )
o .'
. -n o -n --
_0.2 ':- :‘ PY -.-i
—0.4!
~0.4 ~0.2 0.0 0.2 0.4
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LO-RANSAC : Problem Introduction

For simplicity, consider only points belonging to the mod€L00 points)

0.4+

—0.4}

~0.4

~0.2

0.0

0.2
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RANSAC

Hypothesis generation
from 2 points

Will every two
points generate the
whole inlier set?

This sample
YES 100 inliers.
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LO-RANSAC : Problem Introduction

For simplicity, consider only points belonging to the mod€L00 points)
| | | .~ /.1 RANSAC

Hypothesis generation
from 2 points

0.4+

Will every two
points generate the
whole inlier set?

0.2+

This sample:
NO. 45 inliers.

—-0.2%

—0.4/
0.4 ~0.2 0.0 0.2 0.4
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LO-RANSAC : Problem Introduction

For simplicity, consider only points belonging to mod€LOO points)
0.030 . . . . RANSAC

Hypothesis generation
from 2 points

0.025+

Will every two
points generate the
whole inlier set?

probability
o
o
|_I
wun

0 20 40 60 80 100
#inliers

The distribution of the number of inliers
obtained while randomly sampling points pairs
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RANSAC [Fischlerand Bolles1981]

Input: X = {x;}7 data points
e(S) =140 estimates model parameters 6 given sample S C X
0, if distance to model < threshold o cgst function for
f(x,0) = : . :
1, otherwise single data pointx

= J(0) = > . cx f(x,0) is #outliers
n — required confidence in the solution, o — outlier threshold

Output: 0* parameter of the model minimizing the cost function

1: iter < 0, J" +—

2: repeat

3: Select random S C X’ (sample size m = |S|) SAMPLING

4: Estimate parameters 6 = ¢(.5)

5. Evaluate J(6) = 3,y f(x,6) VERIFICATION

6 If J(0) < J* then SO-FAR-THE-BEST
0% <60, J* < J(0)

7: wter <— iter + 1

8: until P(better solution exists) = f(|X], J*,iter) <n
9: Compute 0* from all inliers X;;,: 0* < LocalOptimization(Xj,,, 6*)
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LO-RANSAC

Input: X = {x;}, data points
e(S) =10 estimates model parameters 6 given sample S C X
0, if distance to model < threshold ¢ (Cost function for
f(X, 9) — : . :
1, otherwise single data pointx

= J(0) = > _,cr f(x,0) is #outliers
n — required confidence in the solution, o — outlier threshold

Output: 6" parameter of the model minimizing the cost function

1: iter < 0, J* + o0

2: repeat

3: Select random S C X' (sample size m = |S|) SAMPLING

4. Estimate parameters 6 = e(.5)

5: Evaluate J(0) = ) .+ f(x,0) VERIFICATION

6 If J(6) < J* then SOFAR-THE-BEST
0* < LocalOptimization(X;,, ), J* < J(6%)

7: iter <— iter + 1

8: until P(better solution exists) = f(|X|, J*,iter) <n

9: gone
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LO-RANSAC: Example

inliers count = 60 Init
0.4} ’

0.2+

-0.2

—0.4f

~0.4 ~0.2 0.0 0.2 0.4
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LO-RANSAC: Example

Init

0.4} lteration 1

0.2+

—-0.2
Cs

-0.4

~0.4 ~0.2 0.0 0.2 0.4
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LO-RANSAC: Example

Init
lteration 1
lteration 2
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