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Abstract. A new approach is proposed to estimate the spatial distribu-
tion of shear modulus of tissues in-vivo. An image sequence is acquired
using a standard medical ultrasound scanner while varying the force
applied to the handle. The elastic properties are then recovered simulta-
neously with the inter-frame displacement fields using a computational
procedure based on finite element modeling and trust region constrained
optimization. No assumption about boundary conditions is needed. The
optimization procedure is global, taking advantage of all available im-
ages. The algorithm was tested on phantom, as well as on real clinical
images.

1 Introduction

Elastography, or elasticity imaging [1, 2], aims at noninvasive measurement of
elastic properties of tissues and their spatial distributions. Knowing elastic pa-
rameters can be very useful for biomedical modeling as well as for diagnostics.
As an example, many carcinoma are harder than the surrounding healthy tis-
sue [3–5], as are some lesions. It has been established that several diseases of
breast, kidney, prostate, blood vessels and other organs are also accompanied
by a change of elastic properties of tissues. After all, palpation, a precursor to
elastography, has been used for medical diagnosis since perhaps several thousand
years.

Many kinds of elastographic procedures have been proposed in recent
years [6–10]. In most cases, a small force is applied to the tissue and the result-
ing displacement is measured. Typically, the induced displacement is extremely
small and a special device is needed to measure it. In ultrasound based elas-
tography, we often need to resolve displacements significantly smaller than the
wavelength. A special ultrasound scanner is used, allowing the sampling of the
received signal (RF signal) at very high frequency [11–13], so that it can be
correlated with the emitted pulse.

However, such specialized devices are not yet readily available in clinical
practice. Therefore, we attempt to develop an elastography approach using only



a standard ultrasound machine, without any special hardware. The tissue is
deformed by varying the force applied by the operator on a standard ultra-
sound hand-held transducer while acquiring the image sequence. A specialized
reconstruction algorithm is used, simultaneously estimating the shear modulus
distribution and the displacement fields between a chosen reference frame and
the rest of the images in the sequence.

We have already confirmed the feasibility of reconstructing elastic properties
of tissues from standard ultrasound images in our previous work [14], where we
have used a pair of images for the reconstruction. Like all similar methods de-
scribed in the literature [8–10, 15], we were forced to provide stress (force) bound-
ary conditions for the elasticity problem even on the virtual internal boundaries
of the imaged region, where no measurement is available. Using displacement-
only boundary conditions leads to an inherently ill-posed and unstable inverse
problem, even if additional boundary conditions for the elastic modulus µ are
imposed [16]. In practical terms it means that there are many different modu-
lus distributions consistent with the two acquired images within measurement
accuracy.

The new reconstruction algorithm described here can find a shear modu-
lus distribution µ consistent with a whole set of images, allowing us to choose
a trade-off between the robustness and accuracy of the estimation and the time
and memory requirements. The applied force does no longer have to be strictly
perpendicular to the sensor array, maintaining the same image plane is enough.
Moreover, no assumptions are needed about the boundary forces any more. By
virtue of using more images, the problem is better posed. It has been shown re-
cently [17] that the elastic modulus can be reconstructed almost uniquely (up to
4 constants) from two displacement fields, i.e. 3 images in our case, and up to 1
constant from 4 displacement fields (5 images). To the best of our knowledge, this
is the first algorithm described in the literature that combines information from
several images (or equivalently, from several displacement fields), to reconstruct
elasticity parameters.

2 Method

2.1 Data acquisition

An ultrasound probe (transducer) of a Philips Envisor scanner is placed on a skin
above the zone of interest, such as the thyroid gland, breast, or liver. An image
sequence of about 10 s at 5 ∼ 10 frames per second is acquired while the operator
slowly varies the pressure applied on the handle. The operator is instructed to
keep the same image plane as closely as possible. Out of this sequence, a smaller
number of approximately equidistant images (in time) are selected for further
processing, ideally with no motion and other artifacts. The selected 2D images
will be denoted ft for −n1 ≤ t ≤ n2. Image f0 will be called a reference image.
The images of an area denoted Ω are taken in a moving coordinate system
attached to the sensor (Figure 1).
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Fig. 1. The tissue is deformed by varying the pressure on the ultrasound probe (black).
Dashed lines show the position of the skin and the sensed region after the probe is
shifted (in this case downward by a distance d).

2.2 Elasticity equations

Let us consider the tissue movement between two adjacent images ft
−

, and ft,
where t− = t− sign t. In other words, ft

−

is the image preceding ft towards the
reference image f0. Since we do not have any information about the movement
of the tissue outside the imaging plane, we will make the standard assumption
of a plane strain, i.e. that all the out-of-plane strains (displacements) are zero.
Let us denote vt the displacement field between ft

−

and ft

vt

(

ut
−

(x)
)

= ut(x)− ut
−

(x) (1)

where t 7→ ut(x) is the trajectory of a tissue point that is at coordinates x in
frame f0; u0(x) = x. Note that vt is expressed in the coordinate system of ft

−

.
We shall assume that the displacement is small and that the tissue is isotropic
and incompressible. Then, the displacement field satisfies the standard elasticity
equations [1, 10] governed by a Lamé parameter µ(x) > 0, the shear modulus:

−∇pt +∇ ·
(

2µ∇svt

)

= 0

−∇ · vt = 0

}

in Ω (2)

where pt is a pressure, positive for compression, and εt = ∇svt = 1

2
(∇vt +∇vT

t )
is a symmetric strain tensor. Note that there are n = n1 + n2 independent
displacements vt and pressures pt, one for each image ft, t 6= 0, while there is only
one field µ, defined in the reference coordinate system, common to all images. All
equations (2) must be satisfied simultaneously, for all images t, −n1 ≤ t ≤ n2,
t 6= 0. The only boundary condition we impose is

ut = vt = 0 on Γ1 (3)

It comes from the assumption that the ultrasound sensor is always in touch with
the upper edge Γ1 of the imaged region Ω (the skin).



2.3 Weak formulation

We convert the strong formulation (2) into an equivalent weak one [10]. We say
that fields µ ∈ L+

∞(Ω), {vt} ∈ H1(Ω)n, {pt} ∈ L2(Ω)n, are consistent with the
elasticity constraints, iff (3) holds and

0 = A
(

µ; {vt}, {pt}, {wt}, {qt}
) def

=
∑

t6=0

At(µ;vt, pt,wt, qt)

At(µ;vt, pt,wt, qt) =

∫

Ω

2µt∇
svt : ∇swt − (∇ ·wt)pt − (∇ · vt)qt dΩ

(4)

for all sufficiently regular and integrable test functions wt ∈ H1(Ω) and qt ∈
L2(Ω) such that wt = 0 on ∂Ω. We write

ξ
def
=
(

µ, {vt}, {pt}
)

∈ C ⇐⇒ ∀wt, qt; A
(

µ; {vt}, {pt}, {wt}, {qt}
)

= 0 (5)

where C is a manifold representing all consistent modulus, displacement, and
pressure fields. Note that no boundary conditions are imposed apart from (3).

2.4 Finite element method

We convert the continuous formulation (4) to a corresponding linear system
of equations using the Galerkin method [18]. The domain Ω is triangulated to
form a mesh with a maximum edge size h.The mesh topology is the same for all
frames, while the mesh nodes follow the tissue, i.e. the trajectory of a node with
an initial position x (corresponding to the reference frame) is ut(x). We shall
denote Nv the total number of vertices in the mesh, Nu the number of vertices
except the top, non-moving edge, and Ni the number of internal vertices, not
lying on any edge.

The modulus µ, the displacement fields vt and the test functions wt are
discretized with P1 basis functions ϕi (equal to 1 at vertex i, 0 on other vertices,
and piecewise linear on each triangle). The pressure pt and test functions qt are
discretized with P0 basis functions ψi (piecewise constant):

µh =
∑

i

miϕj vh =
∑

i

[

v2i

v2i+1

]

ϕi =
∑

j

vjϕj (6)

ph =
∑

j

pjψj (7)

(and similarly for wh and qh) where the superscript h denotes the discretized
version. To relax the incompressibility condition in order to avoid mesh locking,
the support of functions ψi is chosen to be triangles adjacent to vertex i, where
ψi is 1, and zero elsewhere. Consequently, we have 2Nu degrees of freedom for
each vt, Nv degrees of freedom for µ and each pt and qt, and Ni degrees of
freedom for each wt. Note also that with this discretization, the bilinear form
A (4) can be integrated exactly.



The discretized state ξh of the modulus and displacement reconstruction
problem is completely described by a finite-dimensional state vector Ξ with
Nx = n(2Nu +Nv) +Nv degrees of freedom.

ξh def
=
(

µh, {vh
t }, {p

h
t }
)

←→ Ξ =
(

{mi}, {vj,t}, {pk,t}
)

∈ R
Nx t 6= 0

The corresponding discretized version of the manifold (5) of consistent solutions
is

Ch =
{

ξh =
(

µh, {vh
t }, {p

h
t }
)

;µh > 0, c(ξh) = 0
}

with a vector of constraints

c(ξh) = DλA
h(ξh,wh, qH) and

[

wh

qh

]

= Φλ

where λ =
(

{wi,t}, {qj,t}
)

is a vector expressing the test functions wh and

qh using P1 and P0 basis functions (6),(7). As Ah is linear in λ, we have
∀λ;Ah(ξh,λ) = 0 iff c(ξh) = DλA

h(ξh,λ) = 0. To simplify the notation, we
will from now on drop the superscript h even if the resulting algorithm must ob-
viously represent the continuous quantities in the appropriate finite dimensional
bases.

2.5 Image similarity criterion

A solution ξ =
(

µ, {vt}, {pt}
)

, besides satisfying the elasticity constraints, must
also be consistent with the image sequence {ft}. The displacements vh

t must
correspond to the observed movement in the image sequence. The similarity
between a pair of images f , g is measured by a normalized version of the SSD
criterion

Js(f, g) =
1

2

∑

i∈I

mg(i) mf (i)
(

g(i)− f(i)
)2

∑

i∈I

mg(i) g(i)
2 +mf (i)f(i)2

where I is the set of pixel coordinates in the images and mf and mg are masks,
determining the region of interest. There is one mask mt associated with each
image ft. This criterion is fast to calculate, invariant to image intensity scale
changes and largely insensitive to changes of overlap. This is important in our
application where the imaged region is changing from frame to frame. We chose
to evaluate the similarity between the reference image f0 and deformed images
(

Tut
ft

)

(x) = ft

(

ut(x)
)

, where ut and vt are recursively related by (1)

ut(x) = ut
−

(x) + vt

(

ut
−

(x)
)

and u0(x) = x

In our experience [19, 20] comparing each image with a reference is more accurate
than evaluating the similarity between adjacent images. Bilinear interpolation



and zero boundary conditions are used to evaluate the warped image Tut
ft and

the corresponding warped mask Tut
mt. The global similarity criterion over the

whole sequence is:

J(ξ) = J
(

{vt}
)

=
∑

t6=0

Js(f0, Tut
ft)

2.6 Problem definition

Given the definitions above our problem of simultaneous reconstruction of elas-
tic properties of the tissue and the displacements consistent with the elasticity
equations and the acquired image sequence can be described as a constrained
optimization:

ξ∗ = arg min
ξ
J(ξ) for ξ ∈ C (8)

The difficulty lies in the complicated nonlinear structure of the manifold C,
coming from the µ∇svt products (4) and the the displacement accumulation
{vt} 7→ {ut}. In other words, the PDE (2) is solved in a curved space, the local
curvature of which is influenced by the deformation in preceding frames. The
problem (8) may have several local minima. Therefore, finding a good starting
point ξ0 is important. Usually, we use vt = 0, pt = 0, and µ = 1, or multireso-
lution (Section 2.8).

According to our tests, most higher-order approximations used by standard
optimization methods are only useful in a close vicinity of the solution point.
We therefore chose a modified trust region optimization method [21], described
in the following section, as it was the only method tested providing the required
robustness.

2.7 Trust region optimization

In contrast to the classical trust region approach that uses linearized constraints
and quadratic approximation to the criterion, we found that a linear approxi-
mation of the criterion is adequate, while the constraints have to be take into
account exactly in each step, otherwise the convergence is not ensured.

Major iterations. Starting from an initial (feasible) estimate ξ0, the trust
region optimizer attempts to find a sequence of estimates ξ0, ξ1, ξ2, . . . on the
manifold C, (i.e., such that c(ξi) = 0 for all i), and so that further the sequence
of criterion values J(ξ0), J(ξ1), J(ξ2), . . . is decreasing. Each step ξi → ξi+1

is termed a major iteration. Major iterations terminate if the decrease of J is
below an a priori chosen relative or absolute threshold (we normally use a relative
threshold of 10−3) or if the process stagnates (no improvement can be found).

Within each major iteration i, we linearize the criterion around ξi

J̃(ξi + z) = J(ξ) +DξJ(ξi) z = Ji + aT z (9)



and solve the reduced problem

z∗ = arg min J̃(ξi + z) = arg min aT z for z + ξi ∈ C, ‖z‖ < %i (10)

where %i is the trust region radius. We start with %0 = 0.3 (units of % partly
correspond to pixels). If the problem (10) is successfully solved and J(ξi +z∗) <
J(ξi) (the linear approximation is valid), we accept the step by setting ξi+1 =
ξi + z∗ and increase %i+1 = 1.5%i. Otherwise, we try to solve (10) again with
%i ← 0.1%i.

The problem (10) is equivalent to

z∗ = arg min aT z +
α

2
‖z‖2 for z + ξi ∈ C (11)

for some Lagrange multiplier α. The appropriate α is found by a binary search,
stopping if 0.1% ≤ ‖z‖ ≤ % and using the last value of α as a first guess. If no
such α can be found, the major iteration is declared to fail.

Minor iterations. The problem (11) is again solved iteratively, producing a se-
quence z0, z1, . . . . Each step is called a minor iteration. The first of them, z0 is
chosen to minimize (9) in the trust region, regardless of the constraints

z0 = arg min aT z for ‖z‖ ≤ % (12)

The solution (except degenerate cases) is z0 = −%a/‖a‖. Then, for each mi-
nor iteration estimate zj we find the next estimate zj+1 as a solution to the
constrained optimization problem (11) with linearized constraints

zj+1 = arg min
z

aT z +
α

2
‖z‖2

with 0 = d + B(z− zj)

where d + B(z− zj) = c(ξi + zj) +
(

Dξ c(ξi + zj)
)

(z− zj) ≈ c(ξi + z)

We form the Lagrangian

L = aT z +
α

2
‖z‖2 + yT

(

d + B(z− zj)
)

and find its first order optimality conditions for δz = zj+1 − zj :

α δz +B
T y = −a− αzj

B δz = −d
(13)

The sparse symmetric linear system of equations (13) is solved using the (itera-
tive) MINRES method [22].

We monitor the constraint fulfillment ‖c(ξi + zj)‖ during minor iterations.
Normally only a few iterations (3 ∼ 5) are needed to ensure that the dicrepancy is
sufficiently small (‖c(ξi+zj)‖ < 10−4). If divergence is detected (the discrepancy
‖c(·)‖ increases), the minor iterations are declared to fail. Consequently, in the
next major iteration, smaller % will be used and so the linear approximation of
the constraints will be more accurate and the major iterations thus less likely to
diverge.



Summary of the trust region optimization. The trust region algorithm
consists of four cascaded iteration loops. The outermost, major iterations, finds
a sequence of feasible solutions ξi with decreasing criterion values. The second
level attempts to find a suitable value α such that the step z∗ of (11) has a cor-
rect amplitude ‖z∗‖ ≤ %. The third level (minor iterations) iteratively solves
(11). Finally, the innermost, fourth level, iteratively solves a linear system of
equation (13) within each minor iteration.

Unfeasible starting points. If only an infeasible (not belonging to C) starting
point ξ′

0 is available, we project it to C by minimizing

ξ0 = arg min
ξ
‖ξ − ξ′

0‖
2
W for ξ ∈ C (14)

where ‖(µ, {vt}, {pt})‖
2
W = 103‖µ‖2+‖{vt}‖

2+‖{pt}‖
2 is a weighted Euclidean

norm which gives more weight to the µ components of ξ, expressing our a priori
estimate of the precision of the various components. The minimization prob-
lem (14) is solved by repeated projections to the linearized constraint subspace
with respect to ‖·‖W , until convergence is reached, similarly to the minor itera-
tions described above (13). Infeasible starting point may arise for example when
interpolating a coarse solution in a multiresolution framework (Section 2.8).
Normally, however, the distance from the constraint space is small, just due
to numerical errors, so only a few iterations are needed and the choice of the
projection norm is not crucial.

Maintaining feasibility. We had to add two additional rules to the evaluation
of the success of each major iteration, preventing the algorithm from running
astray. First, we require that µ is everywhere positive. If not, we project the
proposed µ to the allowed space by selectively setting the offending components
to small positive numbers (10−6). Second, we require that the change of all
accumulated displacements ut be less than 0.5 pixels in magnitude everywhere.
Both rules could be implemented within the trust region approach albeit with
a slightly higher computational cost. We opted for this hybrid approach since
both rules only affect the optimization during a few initial steps.

2.8 Multiresolution

To improve speed and robustness of the optimizer, a multiresolution approach
was used with respect to both mesh and image size. We start with a coarse
mesh and coarse versions of the images — normally a mesh with 3 × 3 nodes
and images of about 64× 64 pixels are used. Once the coarse problem is solved
(which is fast), its solution is used as a starting point for a finer one. In the
outer loop we progressively refine the mesh by subdivision. In the inner loop,
we increase the image resolution, so that the problem is solved at optimum level
— as a rule of thumb, we attempt to have image size 5l ∼ 10l pixels, where l
is the maximum edge length for the mesh. We continue until the desired mesh
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Fig. 2. Phantom images (left column) and corresponding reconstruction of the relative
modulus µ from sets of 3 images with a 10 × 10 node mesh (right column). The same
color scale is used in both images.

and image resolution is reached. The image pyramid is built by convolution with
a 3× 3 smoothing filter and down-sampling by a factor of 2.

When the mesh or image resolution is changed, the status vector ξ must be
updated accordingly. This involves multiplying vt by 2 (for image size change) or
taking the mean of the parent node values (for mesh expansion). The interpolated
state vector has to be projected to C (see (14)).

3 Experiments

First experiment is based on data acquired on a Gammex 429 Ultrasound Biopsy
Phantom3 that mimics normal breast tissue and contains eleven test objects
filled with low or high density gel, simulating lesions (Figure 2). Two of the
acquired images with different views of different lesions are shown, each rep-
resenting a whole sequence. Corresponding reconstructions using 3 images are
shown; using 2 images did not converge to an acceptable solution, using more
than 3 images did not improve the results significantly.

3 www.gamex.com



Fig. 3. Normal thyroid gland image (top left) and the reconstructed elastogram from
a 3 image set (top right). Acute thyroiditis subject image (bottom left) and the cor-
responding elastogram reconstructed using a finer mesh and 5 images (bottom right).
The same color scale is used as in Fig. 2.

Figure 3 (top) shows a reconstruction based on a real thyroid gland ultra-
sound sequence of a normal subject using 3 images. Finally, for illustration, the
bottom image shows a reconstruction from thyroid gland sequence taken from
a subject with acute thyroiditis, 4 reconstructed using a twice finer mesh and 5
images.

4 Timings and resolution

Most reconstructions shown above used 3 images of about 500× 500 pixels and
moderate density meshes with about 10 × 10 nodes. Such reconstruction takes
10min ∼ 1 h on a standard PC (1.4GHz Pentium). The time increases signif-
icantly with both mesh density and number of images. As an illustration, the
thyroiditis reconstruction above with 20× 20 nodes and 5 images took over 5 h.

4 We suspect there might be a difference in the elastic properties however it probably
is not discernible at the current resolution level of the elastograms.



5 Conclusions

We have presented an algorithm for simultaneous estimation of displacement
field and shear modulus distribution from a series of standard ultrasound im-
ages. The novelty of the method is in its ability of combining information from
several images in a global manner. It is based on the theoretical observation
that while reconstructing a shear modulus from a pair of images is bound to
lead to an ill-defined problem [17], the situation is improved if several deforma-
tion fields are available. This way we avoid inventing essentially unmeasurable
boundary data for the direct elasticity problem. The reconstruction task is for-
mulated as a constrained optimization method. Unfortunately, since we no longer
have a uniquely solvable direct problem, the feasible subspace that needs to be
searched is a highly convoluted manifold of all solutions consistent with linear
elasticity equations. Therefore, the computation time is rather long. Also, since
our data is relatively noisy and low resolution, we suspect there might not even
be enough information to obtain more details of the shear modulus distribution.
In any case, the new method gives better results than the previous algorithm [14],
based on only two images.

Acknowledgements

The first author was sponsored by the Czech Ministry of Education, grant
MSM6840770012, the second author by the Grant Agency of the Czech Academy of
Sciences, grant 1ET101050403.

References

1. J. Ophir, F. Kallel, T. Varghese, E.E. Konofagou, S. K. Alam, B. Garra,
T. Krouskop, and R. Righetti, “Elastography: Optical and acoustic imaging of
acoustic media,” C. R. Acad. Sci. Paris, vol. 2, no. 8, pp. 1193–1212, 2001, serie
IV.

2. M. F. Insana, L. T. Cook, and Chaturvedi P., “Analytical study of bioelasticity
ultrasound systems.,” in Information Processing in Medical Imaging (IPMI), Kuba
A., Samal M., and Todd-Pokropek A., Eds. Berlin, 1999.

3. H. T. Liu and L. Z. Sun, “Analytic modeling of breast elastography,” Medical
Physics, vol. 30, no. 9, pp. 2340–2349, Sept. 2003.

4. Wen-Chun Yeh, Pai-Chi Li, Yung-Ming Jeng, Hey-Chi Hsu, Po-Ling Kuo, Meng-
Lin Li, Pei-Ming Yang, and Po Huang Lee, “Elastic modulus measurements of
human liver and correlation with pathology,” Ultrasound in Medicine & Biology,
vol. 28, no. 4, pp. 467–474, apr 2002.

5. Yin, Sun, Wang, and M. Vannier, “Modeling of elastic modulus evolution of cir-
rhotic human liver,” IEEE Trans. Biomed Eng., vol. 51, no. 10, pp. 1854–1856,
Oct. 2004.

6. Ji Lin and J. McLaughlin, “Recovery of the Lamé parameter µ in biological tissues,”
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21. J.J. Moré and D.C. Sorensen, “Computing a trust region step,” SIAM Journal on
Scientific and Statistical Computing, pp. 553–572, 1983.

22. Richard Barret, Michael Berry, Tony F. Chan, James Demmel, June Donato, Jack
Dongarra, Victor Eijkhout, Roldan Pozo, Charles Romine, and Henk van der Vonst,
Templates for the Solution of Linear Systems: Building Blocks for Iterative Methods,
SIAM, Philadelphia, 1994, Available from netlib.


