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A new reconstruction method for parallel MRI called PROBER is
proposed. The method PROBER works in an image domain
similar to methods based on Sensitivity Encoding (SENSE).
However, unlike SENSE, which first estimates the spatial sen-
sitivity maps, PROBER approximates the reconstruction coef-
ficients directly by B-splines. Also, B-spline coefficients are
estimated at once in order to minimize the reconstruction error
instead of estimating the reconstruction in each pixel indepen-
dently (as in SENSE). This makes the method robust to noise in
reference images. No presmoothing of reference images is
necessary. The number of estimated parameters is reduced,
which speeds up the estimation process. PROBER was tested
on simulated, phantom, and in vivo data. The results are com-
pared with commercial implementations of the algorithms
SENSE and GRAPPA (Generalized Autocalibrating Partially Par-
allel Acquisitions) in terms of elapsed time and reconstruction
quality. The experiments showed that PROBER is faster than
GRAPPA and SENSE for images wider than 150 � 150 pixels for
comparable reconstruction quality. With more basis functions,
PROBER outperforms both SENSE and GRAPPA in reconstruc-
tion quality at the cost of slightly increased computational
time. Magn Reson Med 58:582–591, 2007. © 2007 Wiley-Liss,
Inc.
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Parallel MRI is a technique that exploits the intrinsic spa-
tial encoding of multiple receiver coils with distinct spa-
tial sensitivities to speed up MRI data acquisition (1–10).
The increase in data acquisition speed is achieved by
sampling the k-space more sparsely in the phase-encoding
direction. Due to this subsampling, the images are affected
by aliasing. The missing k-space information is synthe-
sized using sensitivity information from the receiver coils
(called array coils). Several different reconstruction algo-
rithms have been proposed working either in the k-space
(frequency domain) or in the spatial domain. High image
quality and short reconstruction times are desirable. How-
ever, since the reconstruction problem can be ill-condi-
tioned, these requirements are sometimes difficult to ful-
fill.

With the Simultaneous Acquisition of Spatial Harmon-
ics (SMASH) algorithm (1) the missing phase-encoding
steps are reconstructed directly in the k-space using a

linear combination of the neighboring phase-encoding
lines. The original SMASH method is restricted to coil
configurations with sensitivity profiles that are close to
harmonic functions. SMASH was later improved to allow
reconstruction with arbitrary coil configurations (2,3). The
autocalibration process was introduced in AUTO-SMASH
and Variable Density AUTO-SMASH (4,5) where fully
sampled portions of k-space are used to calibrate the
method without having to extract and process sensitivity
maps. A more precise blockwise reconstruction was pro-
posed (6), and later as Generalized Autocalibrating Par-
tially Parallel Acquisitions (GRAPPA) (7). In GRAPPA the
unaliased images are reconstructed for each array-coil el-
ement separately and are subsequently combined using
the conventional sum-of-squares (11).

The second group of reconstruction methods works in
the spatial domain. Sensitivity Encoding (SENSE) (8)
builds a generalized encoding matrix that transforms the
homogeneous-sensitivity unaliased image to aliased array-
coil images. The reconstruction matrix is obtained as the
inverse of the generalized encoding matrix. For normal
image sizes, the encoding matrix is too large to be inverted
directly. In the case of Cartesian sampling, only a small
number of pixels contribute to each aliased pixel and the
encoding matrix is block-diagonal. Thus, the matrix inver-
sion can be decomposed and the inversion can be per-
formed independently for all small matrices correspond-
ing to each pixel.

For non-Cartesian sampling, such as spiral or radial
k-space trajectories, the encoding matrix cannot be decom-
posed since the value of each aliased pixel depends on a
large number of pixels in the unaliased image. Further-
more, the dependency is not spatially invariant. Therefore,
an iterative solution using conjugate-gradients method
was proposed (9). However, the reconstruction time is too
long to be used in clinical practice.

In this article a novel image-based reconstruction
method based on our previous work (12,13), which takes
advantage of the linearity and smoothness of the recon-
struction transformation, is presented. A linear reconstruc-
tion transformation is estimated directly while minimizing
a reconstruction-error criterion. This criterion penalizes
the presence of aliasing artifacts and noise in the recon-
structed images. Unlike the SENSE algorithm, the trans-
formation is not estimated for each pixel independently.
Instead, the reconstruction transformation is represented
using suitable basis functions. The small number of recon-
struction coefficients regularizes the reconstruction and
makes the computations faster and more stable. We use
B-splines as basis functions because of their known good
approximation properties (15).

The new method, called Parallel MRI Reconstruction
Using B-spline Approximation (PROBER), is compared
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with commercial implementations of GRAPPA and SENSE
using simulated, phantom, and in vivo images. The recon-
struction speed of all methods is measured for various
numbers of channels and image sizes.

THEORY

In parallel MRI, signals are acquired using several receiver
coils. The complex image Sl obtained from the l-th receiver
coil can be written as a pointwise product of the ideal
image S and the sensitivity of the coil Cl:

Sl�x,y� � Cl�x,y�S�x,y�. [1]

To increase the acquisition speed, input images Sl are
sampled in the k-space more sparsely, which results in a
reduced field-of-view (FOV) in the phase-encoding direc-
tion (here the y direction) and in aliasing. Since the image
information is recovered by a Fourier transform of the
acquired signal, the relation between the aliased image SA

and the fully sampled image S is (10):

SA�x,y� � �
m�0

M�1S�x,y � m
Y
M� , [2]

where M is the acceleration factor (i.e., every M-th k-space
line is retrieved), Y is the original FOV in the phase-

encoding direction, and y � 1, . . . ,
Y
M

. The task of parallel

MRI is to reconstruct an unaliased image Ŝ from a set of
input images Sl

A (aliased array-coil images) approximating
the true image S.

PROBER Method

The PROBER reconstruction method is divided into two
consecutive steps. In the estimation step, reference images
without aliasing S and Sl are acquired and are used to
estimate a reconstruction transformation �l. In the recon-
struction step, the transformation �l is used to reconstruct
an unaliased image Ŝ of a possibly different object from a
set of array-coil images with aliasing Sl

A provided that the
images Sl

A, S, and Sl are acquired using the same coil
configuration.

Equations [1,2] are both linear in S, so the composite
transformation from the ideal image S to the array-coil
image with aliasing Sl

A is also linear. We assume that this
composite transformation is invertible, which is an im-
plicit assumption of all reconstruction methods and is
generally the case for any reasonable coil configuration.
The inverse transformation can then be written as a linear
transformation �l that combines L input images Sl

A to form
the reconstructed image Ŝ:

Ŝ�x,y � m
Y
M� � �

l�1

L �l�x,y � m
Y
M�Sl

A�x,y�, [3]

where �l(x,y) are the complex weights for the l-th coil,

y � 1, . . . ,
Y
M

and m � 1, . . . ,M.

If the reference and input images S, Sl, and Sl
A display

the same object, an estimate of � can be obtained by min-
imizing the difference between Ŝ and S. This minimization
problem is analyzed below.

Perfect Reconstruction Conditions

Substitution of Eq. [2] in the reconstruction transformation
equation (Eq. [3]) yields:

S�x,y � m
Y
M� � Ŝ�x,y � m

Y
M�

� �
l�1

L

�l�x,y � m
Y
M�Sl

A�x,y�

� �
m��0

M�1�
l�1

L

�l�x,y � m
Y
M�Sl�x,y � m�

Y
M� .

[4]

Intensity values at different spatial positions are in gen-

eral independent. Namely, the values S�x,y � m
Y
M� and

S�x,y � m�
Y
M� are independent for m � m�. Hence, for

arbitrary Sl it must be valid that �l�l�x,y � m
Y
M�Sl�x,y

� m�
Y
M� � 0 for m � m, so that there is no aliasing.

Combining this with Eq. [4] yields the perfect reconstruc-
tion conditions:

�
l�1

L

�l�x,y � m
Y
M�Sl�x,y � m�

Y
M� � �m,m�S�x,y � m

Y
M� ,

[5]

where �m,m� is Kronecker’s delta. Equation [5] states that
the reconstruction Ŝ is equal to the reference S, yet there is
no aliasing present.

Noise Propagation

An important image quality factor is the propagation of
noise from the input images to the reconstructed image. It
is assumed that the input images Sl

A contain i.i.d. zero-
mean Gaussian noise in both the real and the imaginary
parts. The real and the imaginary parts of the noise are
uncorrelated and have the same variance �1

2. Then the
noise in each pixel of the reconstructed image given by Eq.
[3] is also Gaussian, with variance �Rec

2 (x,y):

�Rec
2 �x,y� � �

l�1

L 2��l�x,y��2�l
2. [6]

Equation [6] describes the propagation of noise from the
input images to the reconstruction. This is similar to a
geometry factor described by Pruessman et al. (8) that
estimates the achievable signal-to-noise ratio (SNR) for a
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given coil configuration. To obtain high-quality recon-
struction the total noise variance �x,y�Rec

2 �x,y� should be
minimized.

B-Spline Approximation

We assume that the coil sensitivities Cl (Eq. [1]) change
slowly and smoothly in space and, consequently, the same
holds for the reconstruction transformation �. Thus, the
reconstruction transformation � (Eq. [3]) need not to be
calculated at each point independently but it can be rep-
resented by smooth functions such as B-splines.

B-spline 	p of degree p is a piecewise polynomial func-
tion with compact support. B-splines are widely used for
their good approximation properties (15). In this work,
uniformly spaced shifted cubic B-splines 	3 have been
chosen as basis functions. One-dimensional B-spline func-
tions 
i(y) and 
j(x) are evenly spaced over the image in the
phase and frequency-encoding directions, respectively.

�i�y� � 	3�y/Hy � i � 2�

Hy � Y/�1 � 3� [7]

where i�1,…,I, I is the number of B-splines in the phase-
encoding direction, and Y is the image size. The basis 
j(x)
is obtained similarly. Note that the parameters are chosen
so that at least four B-splines contribute at each pixel
position to ensure full representability (15). The recon-
struction transformation �l is represented as a linear com-
bination of tensor products of the basis functions 
i(x) and

j(y):

�l�x,y� � �
i�1

I �
j�1

J gijl�i�y��j�x�, [8]

where J is the number of B-splines used in the readout
direction x and gijl are complex B-spline coefficients that
represent �l for the l-th coil. Typically, from 4 to 15 B-
splines are used in each dimension.

Reconstruction Error

We define a squared reconstruction error e consisting of a
deterministic and a stochastic part. The deterministic part
penalizes the deviation from the perfect reconstruction
conditions (Eq. [5]), whereas the stochastic part minimizes
the total noise variance �Rec

2 (Eq. [6]):

e � �
m,m��0

M�1 � �
l�1

L

�l�x,y � m
Y
M�Sl�x,y � m�

Y
M�

� �m,m�S�x,y � m
Y
M�� 2

� �
m�0

M�1� �
l�1

L ��l�x,y � m
Y
M�� 2

�l
2� 2

[9]

where � . . . �2 is an l2 norm over all x � 1, . . . ,X and y

� 1, . . . ,
Y
M

.

The aim of the estimation process is to find parameters
gijl that minimize the error e. For optimal gijl the derivative
with respect to the complex conjugate g*ijl must be zero.
This yields a system of linear equations (13):

Ag � B, [10]

where g is a vector of the unknowns gijl with length I � J �
L. The matrix A is Hermitian and positive definite (13), so
it can be solved using the Cholesky decomposition (16,17).
The solution vector g defines the reconstruction transfor-
mation �l (Eq. [3]) which is used to reconstruct the una-
liased image from the set of input images (Eq. [3]).

Autocalibration

So far, the reconstruction coefficients gijl were estimated
from full-resolution unaliased reference images Sl and S.
However, as the sensitivity information is changing slowly
in space, it is sufficient to use low-resolution images for
the estimation step (18). The size of the B-spline basis
must be adopted accordingly in the estimation phase by
setting Y (the estimation grid size) in Eq. [7]. The recon-
struction is then performed using the full-resolution im-
ages Sl

A (Eq. [3]), where the reconstruction transformation
� is calculated using the full-resolution B-spline basis (Eq.
[7]).

Similar to existing autocalibration techniques for
GRAPPA and SMASH, low-resolution images without
aliasing can be acquired at the same time as the parallel
imaging data using variable-density k-space sampling
(5,7,18). The k-space center is fully sampled while the rest
of the k-space is undersampled with the acceleration factor
M. The size of the center is usually relatively small and the
total acquisition time is therefore not significantly in-
creased.

Construction of the matrix A (Eq. [10]) involves a dot
product of the B-spline basis 
j(x) and 
j(y) with the image
function Sl. The size of the reference image Sl is usually
very small (24 � 24 pixels in our experiments) and sam-
pling the B-splines with a similar resolution is often not
satisfactory. For higher accuracy and reconstruction qual-
ity, the B-splines and the low-resolution reference images
Sl are resampled at a higher resolution—the estimation
grid size is increased (14).

Reference Image Choice

In parallel MRI, the homogeneous-sensitivity reference im-
age is usually not acquired. Instead, the reference image is
approximated as the sum-of-squares (SoS) of the array-coil
images S�x,y� � 	�lSl

2�x,y�. SoS image is an optimal com-
bination of array-coil images with respect to image SNR in
the case of unknown sensitivities (11,18).

The second possibility is to consider each array-coil
image Sl in turn to be the reference image (7). Its relation to
all other array-coil images Sl� (similarly as in Eq. [1]) is
given by:

Sl��x,y� � Cl��x,y�S�x,y� � Cl��x,y�Cl
�1�x,y�Sl�x,y�

� Clj��x,y�Sl�x,y�, [11]
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where Clj� are modified sensitivities. The value of sensitiv-
ity Clj� goes to infinity for pixels where Cl is zero. However,
for a reasonable coil configuration there are coils with
nonzero sensitivity Cl in each pixel, and thus the recon-
struction is feasible by assigning the reconstruction trans-
formation a small or zero value in these pixels. Further-
more, the values of Clj� are not computed explicitly. In-
stead, the reconstruction error is minimized using directly
the images Sl and Sl�. The reconstruction transformation �
is estimated and the unaliased images Ŝl are reconstructed
separately for each array-coil image Sl. The final image Ŝ is
computed as an SoS of the reconstructed array-coil images
Ŝ. B-spline approximation (Eq. [8]) and the stochastic cri-
terion (Eq. [6]) regularize the reconstruction in points
where the sensitivity Cl is close to zero for some l.

MATERIALS AND METHODS

The PROBER algorithm was compared with GRAPPA (7)
and SENSE (8) using simulated images and phantom and
in vivo MR data. Variable-density images with accelera-
tion factors of 2 and 4 were used as inputs. The size of the
fully sampled k-space center was 24 lines. The reconstruc-
tion quality was compared using SNR:

SNR � 20log10	�SG�x,y
2 /�Ŝ � SG�x,y

2 , [12]

where Ŝ is the reconstructed image and SG is the homoge-
neous-sensitivity full-FOV image. Background regions
were identified by thresholding (below 2% of the mean
image value) and excluded from the SNR calculation.

Simulated Images

The algorithms were tested on nine sets of simulated im-
ages where SNR could be evaluated accurately and the
noise level could be controlled. Homogeneous-sensitivity
images and sensitivity maps used to generate the simu-
lated images were extracted from the phantom and in vivo
images described in the following sections. Homogeneous-
sensitivity image SG was obtained as the SoS of the array-
coil images. Intensity bias caused by the SoS combination
was corrected using a nonparametric intensity correction
method (19). The image intensities were scaled to a mean
value of 0.5 for each image. Sensitivity maps were ob-
tained by dividing the array-coil images by a homoge-
neous-sensitivity image SG. The maps were filtered to re-
move noise (8).

Images of 256 � 256 pixels were generated and complex
Gaussian noise was added. The reconstruction transforma-
tion was estimated using reference images with the noise
variance set to 1 � 10�3. Then the reconstruction transfor-
mation was used to reconstruct the input images with the
noise variance varying from 0 to 8 � 10�3. The presence of
aliasing artifacts in the reconstruction was assessed by
evaluating SNR (Eq. [12]) for noise-free input images.
Noise amplification in the reconstruction was tested by
monitoring the reconstruction SNR with an increasing
level of noise in the input images.

Phantom Images

Phantom images were acquired on a clinical 1.5T MR
system (Magnetom Symphony, Siemens Medical Solu-
tions, Erlangen, Germany) using a spoiled gradient echo
pulse sequence. The imaging parameters are listed in Ta-
ble 1. The first two datasets were acquired with an 8-chan-
nel head coil and a Plexiglas phantom designed to measure
image distortions filled with a 1:100 Gd-DTPA:water solu-
tion. In the third dataset, a vessel phantom, was visualized
using a 6-channel spine array coil. For each dataset 50
measurements were performed. The reference image SG for
the SNR evaluation (Eq. [12]) was obtained as an average
over all 50 acquisitions.

In Vivo Images

Three sets of in vivo head and chest images of a 25-year-
old healthy volunteer after informed consent were ob-
tained. A clinical 1.5T MR system with 32 receiver chan-
nels (Magnetom Avanto, Siemens Medical Solutions) was
used. The imaging parameters are listed in Table 1. One set
of sagittal head images at the midline as well as two sets of
coronal images of the torso were acquired. Here, the aver-
aging of many acquisitions was not possible because of
patient movement. Therefore, a single image without alias-
ing was used as a reference for the SNR evaluation. This
makes the quantitative results less significant.

PROBER Parameters

The reconstruction quality of PROBER was tested with
several parameter settings on all simulated images with
noise variance �l

2 � 10�3. First, SNR was evaluated for the
number of B-splines I � J varying from 4 � 4 to 14 � 14
(the estimation grid size was set to 128). Then the ideal

Table 1
Imaging Sequence Parameters of the Phantom and In Vivo Image Acquisitions

Set
TE

[ms]
TR

[ms]
Flip angle

[°]

Slice
thickness

[mm]

Field of view
[mm2]

Dimensions
[pixel2]

Number of
coils

Phantom 1 3.53 100 60 5 380 � 380 256 � 256 8
Phantom 2 3.53 100 60 5 200 � 200 256 � 256 8
Phantom 3 3.86 8 25 5 400 � 400 256 � 256 6
In vivo 1 10 100 25 7.8 250 � 250 256 � 256 14
In vivo 2 2.52 40 20 8.0 400 � 400 256 � 256 17
In vivo 3 2.52 40 20 8.0 400 � 400 256 � 256 24
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estimation grid size was sought by experimenting with
sizes from 24 to 192 pixels (9 � 9 B-splines were used).

Two different parameter settings termed PROBER A and
B were used for the comparison with GRAPPA and SENSE.
They focused on the reconstruction speed (PROBER A)
and quality (PROBER B). In PROBER A, 5 � 5 B-splines
were used with an estimation grid size 76 pixels. In
PROBER B, 9 � 9 B-splines were used with a grid size of
128 pixels; the unaliased images were reconstructed for
each array-coil separately. The PROBER A and B methods
were compared with the GRAPPA and SENSE methods on
all simulated, phantom, and in vivo datasets as specified
in the previous sections.

Reconstruction Speed

The speed of the PROBER reconstruction was compared
with the speed of the commercial implementations of the
GRAPPA and SENSE algorithms. The speed was tested on
the simulated dataset 1 (8 receiver coils) and dataset 2 (5
receiver coils) with image sizes from 64 � 64 to 768 � 768
pixels and an acceleration factor of 2. All methods were
implemented in C and the tests were performed on an
AMD K8 4.4 GHz processor with 4GB RAM. The total time
of the estimation and the reconstruction processes was
measured 30 times and the minimal value was considered.

RESULTS

Figure 1 shows the reconstruction SNR as a function of the
number of B-splines I � J used. The SNR for each dataset
was normalized by scaling the maximal value to 1 and the
mean value over all simulated datasets is shown. The
mean normalized SNR of PROBER as a function of the
estimation grid size is shown in Fig. 2d. Aliasing artifacts
are clearly visible on images corresponding to grid sizes of
less than 76 pixels. For grid sizes of more than 76 pixels,
no significant artifacts are visible (Fig. 2b,c).

The reconstruction SNR of PROBER, GRAPPA, and
SENSE for simulated datasets is displayed in Fig. 3.
PROBER B has the highest SNR for input images with SNR
over 35 dB in 91% of the cases. For noisy images (under
35 dB), PROBER B has the highest SNR in 56% of cases.
PROBER B has more than 2% higher SNR than PROBER
A in all cases. Examples of reconstruction are shown in
Fig. 4.

The reconstruction SNRs of the phantom and in vivo
images are listed in Table 2. PROBER B and GRAPPA are
free of visible aliasing artifacts on all tested phantom im-
ages, whereas there are minor aliasing artifacts in the
PROBER A and SENSE reconstructions (Fig. 5). There are
some artifacts in the GRAPPA, SENSE, and PROBER A
reconstructions and only minor artifacts in the PROBER B
reconstruction of the in vivo dataset 1 (Fig. 6). Recon-
structed images of datasets 2 and 3 contain no visible
aliasing artifacts except for SENSE and PROBER A recon-
structions, which contain a few artifacts near the image
edges.

Results for an acceleration factor of 4 on simulated data-
sets with noise variance 5 � 10�4 are shown in Table 3. Most
of the datasets are not suitable for reconstruction due to
unfavorable coil configuration. Reconstructions of datasets
1, 3, and 5 all contain significant artifacts or are contami-
nated by noise; thus, a quantitative evaluation of SNR is
not meaningful. GRAPPA has the highest SNR for datasets
2 and 4. For the rest of the datasets the PROBER SNR is
5–15% higher than SNR of the other methods. Examples of
reconstruction are shown in Fig. 7.

Graphs in Fig. 3j,k show the reconstruction times for 5
and 8 receiver coils, respectively. The reconstruction
times of PROBER A are the shortest for image sizes over
180 � 180 pixels (for five coils) and over 140 � 140 pixels
(for eight coils). The PROBER B method has the longest
reconstruction times for all tested image sizes.

DISCUSSION

PROBER Parameters

The accuracy of the reconstruction transformation approx-
imation increases with a higher number of B-splines I, J
and, thus, the reconstruction quality improves. However,
for more than 9 � 9 B-splines the transformation becomes
less constrained and more susceptible to noise. The qual-
ity also increases with higher estimation grid size because
the error is evaluated more accurately. For the fast settings
(PROBER A), the smallest reasonable parameter values
were selected—5 � 5 B-splines with grid size 76 pixels.
PROBER A offers reasonable suppression of aliasing arti-
facts as well as low amplification of noise. However, its
reconstruction quality is lower than that of SENSE and
GRAPPA. Thus, PROBER A should be used in applications
where the reconstruction speed is the most important as-
pect. For the high-quality settings (PROBER B), the opti-
mal values in terms of quality were selected—9 � 9 B-
splines with the grid size 128 pixels (as the improvement
in quality for more than 128 pixels and more than 9 � 9
B-splines is less than 1%). This is done at the cost of
higher computational complexity. However, the difference
with respect to SENSE and GRAPPA is at most 4 sec for the
largest images tested.

FIG. 1. Dependency of SNR on the number of B-splines used to
represent the reconstruction transformation � in the estimation pro-
cess. The normalized SNR averaged over all sets of simulated
images with the noise variance 10�3 is shown.
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The PROBER quality can be further improved by using a
continuous representation of the B-splines (Eq. [8]) and of
the reconstruction error (Eq. [9]). In order to do that, the
reference images Sl have to be converted to a continuous
representation using a continuous basis function �. The
main computational effort in this case lies in evaluating
the scalar product of continuous functions � and B-spline
functions 
. This can be estimated numerically and com-
puted in advance to decrease the computational load of the
reconstruction. Therefore, the quality can be improved
without increasing the reconstruction speed [14]. This,
however, is out of the scope of this article.

Comparison with SENSE

The idea of the Cartesian SENSE is to calculate the un-
folded image as a weighted linear combination of the
aliased images (Eq. [3]). The SENSE reconstruction
weights are estimated for each location separately using
smoothed sensitivity maps. The PROBER reconstruction
equation (Eq. [3]) neglecting the B-spline approximation is
similar to the SENSE equation (8). Unlike in SENSE (8),
the PROBER reconstruction transformation is estimated at
once by minimizing the assumed reconstruction error. In
PROBER the reconstruction transformation is approxi-
mated using B-splines (Eq. [8]). This significantly reduces
the number of unknown parameters and, thus, the recon-
struction can be estimated for all pixels at once. This has a
positive effect on the reconstruction speed. PROBER A is
faster than SENSE for all image sizes captured with five
receiver coils. For eight coils, PROBER A is faster for
images larger than 128 � 128 pixels. The relative differ-
ence in speed is more significant for large images; PROBER
A is 4 times faster than SENSE for eight coils and images of
768 � 768 pixels.

The B-spline approximation in PROBER has an implicit
regularization effect and makes the estimation robust to
noise in the reference images. Therefore, it is possible to
calibrate PROBER using raw images without having to
smooth the raw data. The PROBER B SNR on low-noise
simulated images (SNR over 35 dB) is the same or higher
than the SENSE SNR. This means that the artifact suppres-
sion of PROBER B is better. On the other hand, SENSE
amplifies noise less than PROBER. This is evident from
results on noisy images (SNR under 35 dB), where the
PROBER SNR is comparable to or not more than 3%
smaller than the SENSE SNR on all datasets. However, the
results for noisy images are less important for clinical
purposes.

In PROBER, the smooth reconstruction transformation is
estimated by minimizing the total reconstruction error.
Thus, the high-signal regions partly compensate for re-
gions lacking the signal. This makes the estimation more
reliable in areas where the signal voids. The effect of this
can be seen in Figs. 4, 6, and 7, where the SENSE recon-
structions contain many aliasing artifacts due to imperfect
estimation of sensitivity in the low-signal areas, whereas
the PROBER reconstructions are almost aliasing-free.

Phantom and in vivo results show an improved recon-
struction quality of PROBER over SENSE. This is mainly
due to a higher number of aliasing artifacts in the SENSE
reconstruction (Figs. 5, 6). The factor 4 SENSE reconstruc-
tions contain in general low noise; however, due to the
presence of aliasing artifacts the SENSE SNR is lower than
the PROBER B SNR on all simulated datasets.

Comparison with GRAPPA

The GRAPPA method operates in k-space to reconstruct
the missing k-space lines as a linear combination of several

FIG. 2. A simulated image of a distortion phantom (a)
undersampled with an acceleration factor of 2 is recon-
structed using the PROBER method with a varying
estimation grid size. Aliasing artifacts are visible for grid
sizes of (b) 24 and (c) 48 pixels. The graph (d) shows
the dependency of the mean normalized reconstruction
SNR on the grid size.
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adjacent lines (Eq. [13]) (7). PROBER can be viewed as an
image-domain version of GRAPPA that differs in the
choice of the basis functions (see Appendix). In GRAPPA,
harmonic functions are used to represent the reconstruc-
tion weights (Eq. [15]), while B-splines are used in
PROBER (Eq. [16]). B-splines are spatially localized and

they have good properties for the approximation of smooth
continuous functions [15] such as sensitivity maps and
their inverse. The harmonic functions are localized in
frequency, which is advantageous for the k-space recon-
struction but it can be less effective for certain coil config-
urations (14).

FIG. 3. SNR of SENSE, GRAPPA, and PROBER on nine simulated datasets with an acceleration factor of 2 and input image SNR from 70
dB down to 20 dB (a–i). Reconstruction times for (j) five and (k) eight receiver channels and image of 64 � 64 to 768 � 768 pixels.
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The PROBER B method achieves a higher SNR than
GRAPPA on most of the simulated datasets for all input
noise variances (Fig. 3). The advantage of PROBER B is
visible especially on datasets 1, 3, and 9 (Fig. 3a,c,i) that
have an unfavorable coil configuration for GRAPPA, as the
harmonics functions are not optimal. However, the
PROBER B method using B-spline approximation reaches
good results on these datasets.

Another advantage of B-splines is their better approxi-
mation properties, i.e., a lower number of basis functions
can be used to approximate the reconstruction transforma-
tion with the same precision. Even 5 � 5 B-splines used in
PROBER A are sufficient, which makes PROBER A faster
than GRAPPA for images larger than 180 � 180 (for five
coils) and 140 � 140 pixels (for eight coils). For eight coils
and image size 768 � 768 pixels, PROBER A is 3 times
faster than GRAPPA.

As stated in the Results section, PROBER B reaches
better quality than GRAPPA on most of the datasets.
PROBER B has a 1–15% better SNR than GRAPPA on more
than half of the simulated datasets for all tested noise

levels. It has also a 1–7% higher SNR on all phantom
images. For in vivo dataset 1, PROBER achieves 5% higher
SNR than GRAPPA and the PROBER SNR for datasets 2
and 3 is comparable to the GRAPPA SNR. For acceleration

FIG. 4. Reconstructions of the simulated dataset 6 undersampled
with a factor 2 (see also Fig. 3f). (a) Original image, (b) GRAPPA (34.1
dB), (c) PROBER B (34.5 dB), (d) SENSE (17 dB). The reconstructed
images (b–d) are cropped. The PROBER and GRAPPA reconstruc-
tions have high SNR and are free of aliasing artifacts. (d) The SENSE
method failed in this image, producing noticeable divergence from
the original image—as marked by white circles.

Table 2
Reconstruction SNR of the Phantom and In Vivo Datasets (in dB)

Set PROBER A PROBER B SENSE GRAPPA

Phantom 1 27.2 37.6 35.8 37.0
Phantom 2 32.3 35.9 34.3 33.5
Phantom 3 25.3 26.3 26.1 26.1
In vivo 1 20.1 27.2 22.4 26.0
In vivo 2 17.2 26.8 18.7 26.8
In vivo 3 15.0 22.9 16.1 23.1

FIG. 5. Reconstructions of the phantom dataset 1 with an acceler-
ation factor of 2. The difference between the original image (a) and
the reconstructed images is shown to facilitate comparison. (a)
Original image; difference images for (b) GRAPPA (37.0 dB), (c)
PROBER B (37.6 dB) and (d) SENSE (35.8). GRAPPA and PROBER
reconstructions (b) and (c) are free of significant aliasing artifacts.
There are visible fold-over artifacts in the SENSE reconstruction (d).

FIG. 6. Reconstructions of the in vivo dataset 1 with an acceleration
factor of 2. (a) Original image, (b) GRAPPA (26.0 dB)—small number
of artifacts, higher level of noise, (c) PROBER B (27.2 dB)—minor
artifacts, (d) SENSE (22.4 dB)—high number of visible artifacts.
Detailed images of the reconstructions are shown. White ellipses
mark aliasing artifacts.
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factor of 4, GRAPPA shows fewer artifacts than PROBER
for datasets 2 and 4. This is because the spine array-coil
sensitivities change mainly in the phase-encoding direc-
tion and are favorable for GRAPPA. For the rest of the
datasets PROBER has higher SNR than GRAPPA. Specifi-
cally, PROBER reached a significantly higher SNR than
GRAPPA with a lower level of aliasing on dataset 6 (Fig. 7).
The results on the factor 4 reconstructions show that
PROBER reconstruction can be used where other recon-
struction techniques fail.

CONCLUSION

A new reconstruction method, PROBER, was proposed
and implemented. The speed and quality of the method
was compared with the commercial methods GRAPPA and
SENSE. It was shown that it is possible to achieve higher
reconstruction quality with PROBER than with SENSE and
GRAPPA for certain input images. It was also shown that
PROBER is faster than the other two methods for image
resolutions of more than 150 � 150 pixels at the cost of
slightly lower reconstruction quality. Therefore, the
PROBER method offers a good alternative to present re-
construction methods. Options to improve the algorithm

were indicated. This should lead to the same reconstruc-
tion quality as GRAPPA and SENSE at higher reconstruc-
tion speed.

APPENDIX

The main difference between the PROBER and GRAPPA
reconstruction methods is that the first operates in the
image domain and the second in k-space. Here, it is shown
that these methods are theoretically similar and differ only
in the choice of the basis functions. GRAPPA reconstructs
the missing k-space lines using the reconstruction coeffi-
cients w (7):

ŝj�k � m� � �
l�1

L �
b�0

Nb�1w�j,b,l,m�sl�k � bM�, [13]

where Nb is the number of blocks used in the reconstruc-
tion, M is the acceleration factor, k goes through the ac-
quired lines (k�0, M, 2M,…, Ny-1) and m goes from 1 to
M-1. The acquired lines need not be reconstructed (ŝj�k�
� sl�k�), thus, the weights n can be defined also for m�0
as w(j,0,j,0)�1 and w�0 elsewhere. Then Eq. [13] can be
rewritten for ky � 0, 1, …, Ny-1. Without loss of generality
the weights w(j,b,l,m) can be replaced by w(j,bM,l,m) and
the indices bM and m can then be grouped together:

ŝj�ky� � �
l�1

L �
k�y�ky�bM

kyM�1 w�j,ky modM � ky

� k�y,l,kymodM�sl�k�y��0,k�ymodM

ŝj�ky� � �
l�1

L �
k�y�ky�bM
kyM�1 w�j,ky � k�y,l�sl�k�y��0,k�y

modM

[14]

where � is the Kronecker delta. The images s in Eq. [14] are
transformed to the images S and the parameters w are
Fourier transformed to W. After several rearrangements,
the weights W are transformed back to the Fourier domain
and then Fourier transformation is applied to the whole
equation:

�
y�0

Ny�1

ei2�ykyŜj�y�

� �
l�1

L �
k�y�ky�bM

kyM�1 �
y�0

Ny�1

ei2�yk�ySl
A�y�

1
Ny

�
y��0

Ny�1

ei2�y��ky�k�y�WjJ�y��

Table 3
Reconstruction SNR of Simulated Datasets for an Acceleration Factor of 4 (in dB)

Method � Set 1 2 3 4 5 6 7 8 9

PROBER A 13.1 21.6 11.3 22.3 15.2 14.3 16.5 12.1 20.9
PROBER B 17.9 28.3 17.9 27.6 21.6 19.5 24.5 24.7 28.0
SENSE 13.3 18.5 12.6 22.6 13.0 9.0 16.7 22.4 24.0
GRAPPA 18.3 28.5 18.4 27.7 22.1 17.5 22.6 23.5 21.7

FIG. 7. Reconstructions of the simulated dataset 6 with an accel-
eration factor of 4 (see Figs. 3d, 4 for the results with an acceleration
factor of 2). Images were undersampled along the horizontal axis. (a)
Original image, (b) GRAPPA (17.5 dB)—minor artifacts, (c) PROBER
B (19.5 dB), (d) SENSE (9.0 dB)—major artifacts over the whole
image.
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�
y�0

Ny�1

ei2�ykyŜj�y�

� �
l�1

L �
y�0

Ny�1

ei2�ykySl
A�y� �

k�y��bM

M�1

ei2�yk�y
1
Ny

�
y��0

Ny�1

e�i2ny�k�yWj,l�y��

�
y�0

Ny�1

ei2�ykyŜj�y� � �
l�1

L �
y�0

Ny�1

Sl
A�y� �

k�y��bM

M�1

ei2�yk�ywj,l�k�y�ei2�yky

Ŝj�y� � �
l�1

L

Sl
A�y� �

k�y��bM

M�1

ei2�yk�ywj,J�k�y� [15]

The GRAPPA reconstruction equation after the Fourier
transformation (Eq. [15]) is similar to the PROBER recon-
struction (Eqs. [3,8]):

Ŝj�y� � �
l�1

L Sl
A�y��

i�1

l gijl�i�y�. [16]

Thus, GRAPPA (Eq. [15]) and PROBER (Eq. [16]) differ
only in the choice of the basis function, where GRAPPA
uses harmonic functions and PROBER uses B-splines.
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