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ABSTRACT

We propose a B-spline deformation model, which can be

efficiently updated from sequential measurements. Our incre-

mental update is based on the Kalman filtering, is optimal in

the least squares sense, and is very fast, an order of magni-

tude faster than the direct methods, while converging to the

same solution. While this method can be applied to any mul-

tidimensional scattered data interpolation task, our main ap-

plication is a geometric graph matching algorithm, which is

used for registering large images from the biomedical domain

or remote sensing, based on matching linear structures such

as blood vessels or roads. The B-spline transformation model

needs to be updated incrementally as more points are added to

the match and using the proposed Kalman-like update yields

substantial speed gains over the previously used bi-Lipschitz

model.

Index Terms— B-splines, Kalman filter, image registra-

tion, geometrical transformation, graph matching.

1. INTRODUCTION

Generalized geometric graphs consist of vertices in space

connected by curves and can represent many real world struc-

tures such as roads, rivers, blood vessels (Fig. 3), or neuronal

fibers. We have previously described a matching method

for such graphs [1], with applications to image registration.

The matching is constructed by incrementally adding pairs of

matching edges and corresponding vertices. One of the key

components is a deformation model which is used to deter-

mine whether a new pair being considered for correspondence

is geometrically compatible with the current partial matching,

i.e. if there is a smooth geometrical transformation consistent

with the matching. In each iteration, the model needs to be

updated. Since many possible partial matching are consid-

ered, the update and evaluation need to be fast in order not to

become a bottleneck. In the preceding version [1], only a sim-

ple bi-Lipschitz model was used, constraining the maximum

relative change of distances to a given ε. Such a model is fast

but not very discriminative.
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To improve the matching efficiency, we propose to use

the classical uniform B-splines deformation model [2], which

can be evaluated quickly [3]. However, finding B-splines co-

efficients from scattered data requires solving a linear system

of equations, which would be prohibitively expensive to do

in each iteration. We therefore propose to update the coef-

ficients incrementally using a Kalman filter approach, with

a fast, constant complexity update. The procedure converges

quickly to the exact solution. A similar approach has been

used to recover a 3D position [4] and shape [5].

More generally, we are solving a scattered data approx-

imation problem with sequentially provided measurements.

A scattered data interpolation or approximation problem can

be solved by numerous methods including kernel regression,

Gaussian process regression (also known as kriging), or thin

plate splines [6]. Incrementally updating a scattered point

implementation was described for a quadratic approxima-

tion [7], thin-plate splines [8], or a triangulation-based ap-

proximation [9]. Closely related work includes estimating

non-uniform B-spline coefficients using a Kalman filter for

1D uniform measurements [10], for 1D sequences with a slid-

ing time window [11], or for multivariate non-uniform B-

splines on a mesh [12].

2. METHOD

2.1. Standard approach

Let us first define and solve the scalar problem of recovering

a continuous function f : RD → R, represented as a linear

combination of n = n1n2 . . . nD B-spline basis functions ϕj

with coefficients cj :

f(x) =

n
∑

j=1

cjϕj(x) = ϕ
T(x) c (1)

with ϕj(x) =

D
∏

k=1

β3

(xk

hk

− zj,k

)

(2)

where β3 are 1D cubic B-splines [3] placed on a uniform grid

at positions zj with spacing hk. Given a set of m scattered

data points xi ∈ R
D with i = 1, . . . ,m, we shall assume to

observe yi = f(xi) + ri, where ri is an i.i.d. Gaussian mea-

surement noise with standard deviation σr. In a vectorized
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form, y = Φc + r, with R = Iσ2

r being the covariance of r.

Let us further assume that the a priori p.d.f. of the coefficients

c is also Gaussian, with the mean c̄ and covariance P = Iσ2

c
,

uncorrelated with the measurement noise r.

Given measurements Mt =
{

(yi,xi); i = 1, . . . , t
}

at

time t, we are interested in calculating the maximum a pos-

teriori probability (MAP) estimate ĉt of c. From the Bayes

law,

ĉt = argmax
c

p(c|Mt) = argmax
c

p(y|c, X)p(c), (3)

where X represents all xi. Taking the negative logarithm

leads to ĉt being a minimizer of

(y − Φc)TR−1(y − Φc) + (c− c̄)TP−1(c− c̄) (4)

The first part of (4) corresponds to a standard least squares

fitting, while the second term introduces a quadratic regular-

ization for the spline coefficients towards c̄. If no a priori

information is known, we use large σc to avoid bias. Setting

the derivative to zero yields the normal equations

(

ΦTR−1Φ+ P−1
)

ĉt = ΦTR−1y + P−1c̄ (5)

In the incremental setting, the normal equations (5) need to

be solved for each t, which can be costly. Alternatively, the

normal equations can be solved iteratively, using for example

the conjugated gradients method, initialized from the previous

estimate ĉt−1.

2.2. Kalman update

We use a Kalman-like approach [4, 5] to update the a posteri-

ori Gaussian p.d.f. p(c|Mt) = N (ĉt, Pt) given the previous

estimate p(c|Mt−1) and the current measurement (yt,xt),
with initial values P0 = P and c0 = c̄. The principal dif-

ferences with respect to a standard Kalman filter are that (i)

the (unknown) system state c is static, with no evolution and

no process noise, while (ii) the measurement matrix ϕ
T(xt)

varies with t. The update procedure to incorporate a measure-

ment (yt,xt) is as follows:

1. Calculate the (scalar) measurement residual

ỹt = yt −ϕ
T(xt) ĉt−1 (6)

2. Calculate the scalar variance st of the residual

st = ϕ
T(xt)Pt−1ϕ(xt) + σ2

r (7)

3. Calculate the Kalman gain

kt = Pt−1ϕ(xt)s
−1

t (8)

4. Calculate the updated a posteriori mean and covariance

ĉt = ĉt−1 + ktỹt (9)

Pt =
(

I − ktϕ
T (xt)

)

Pt−1 (10)

These steps are repeated for each new match received. The

update procedure is very efficient because of the compact sup-

port of the B-splines, leading to sparse ϕ(xt); no system of

linear equations needs to be solved. Because of the Gaussian-

ity, the mean ĉt from (9) is equal to the desired MAP estimate

(3).

Fig. 1 shows an example of the approximation f deter-

mined by the estimate ĉt for a 1D function approximation

task with uniformly distributed random measurements. Ob-

serve that with increasing t the approximation converges to

the function being approximated.

2.3. Vector extension

Both the direct method (5) and the Kalman update method

(Section 2.2) can be easily extended to vector measurements.

In our case f : RD → R
D represents the geometrical trans-

formation, f(x) = ϕ
T(xi) C, where C of size n × D con-

tains the B-spline coefficients. For simplicity, let us consider

that both the measurement noise r and the a priori probability

p(C) are independent between coordinates. Then the estima-

tion can be performed for each coordinate separately. If in

addition the initial covariance matrices R and P are the same

for all coordinates (isotropic) then also all Pt,kt are the same

and the calculations (7), (8), and (10) can be shared.

2.4. Deformation model

We now have all ingredients of our deformation model. Given

the initial guess of the transformation, e.g. identity, we find

Ĉ0 by least squares fitting, while σc corresponds to the ex-

pected difference between the initial guess and the final trans-

formation. During the matching process, our current belief

about C is described by the mean Ĉt and correlation Pt (the

same for all coordinates). When a new pair (xt,yt) comes,

we calculate the prediction error

ỹt = yt −ϕ
T (xt)Ĉt−1 (11)

as in (6). The covariance matrix of the residual is diagonal,

Σy = ID×Dst, with st from (7). The new pair is accepted if

ỹT
t Σ

−1

y
ỹt ≤ d2M (12)

where the left term is a Mahalonobis distance [5]. We use

dM = 3, which corresponds to a 99% confidence region.

In many biomedical applications, the transformation is al-

most rigid, with a small nonlinear component. We proceed

by first fitting a rigid transformation using e.g. a fast SVD-

based algorithm [13] to the first few matched edges. Initial

Ĉ0 is then determined to fit the B-spline approximation to the

rigid transformation at knots zi by solving the normal equa-

tions (5). The B-spline approximation is then updated as de-

scribed above. The rigid component could be reestimated in

later iterations but in practice we found it unnecessary.
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Fig. 1. Evalution of the approximation calculated by the proposed method with the true function in brown, the B-spline

approximation f in blue, the randomly sampled data points shown as blue dots and the most current point in dark blue. Vertical

gray lines represent the B-spline knots. The covariance matrix Pt of c is also shown (blue values are small and red are high).

3. EXPERIMENTS

3.1. Synthetic data

On the task of approximating a known function from its ran-

dom samples, we compare the accuracy and speed of the

proposed B-spline Kalman update method (Section 2.2) with

four other methods: B-spline approximation by the direct

method and by the iterative conjugate gradient method (with

at most 20 iterations), Gaussian process regression (GPR) as

described in [14], and thin plate splines radial basis functions

(RBF) [6]. We set σc = 0.1 and σr = 0.0025 and n1, n2 = 8
in all experiments. All methods had to update the approxima-

tion after each sample. We report the mean time for the update

and the mean ℓ2 approximation error (evaluated on a fine, reg-

ular grid). The parameters governing the trade-off between

accuracy and speed in all methods were set so that the final

approximation error is similar.

Figure 2 shows the average over 100 repetitions of the

mean approximation error and update time for the task of ap-

proximating an R
2 → R B-spline function with 8 × 8 knots

and random normal coefficients. The Kalman method is at

least as accurate as the other methods; note that exact recov-

ery is not possible due to the measurement noise. Moreover,

the Kalman method is much faster than all other methods and

the update complexity per iteration is constant, independent

of the number of measurements.

3.2. Graph matching

In Table 1, we present the numerical geometric matching re-

sults for the Monte Carlo Tree Search algorithm [1]. We com-

pare our B-spline model with Kalman update described here

with fitting the same model either directly or via the iterative

conjugated gradient method. We compare it further with the

original bi-Lipschitz method [1] (denoted GMMC) and the

Gaussian process model (denoted GPR) [14].

We use the following datasets (see [1] for example im-

ages): Brain Circuits (3D 2-photon microscopy volumes of

Fig. 2. Mean approximation error and update time per iter-

ation for an R
2 → R function generated with B-splines, as

a function of the number of measurements (matches).

brain networks acquired one week apart), EM/LM (3D brain

neuronal connections acquired with electron and light mi-

croscopy), Brain Vessels (3D brain blood vessels acquired

with optical and 2-photon microscopy), Angiography (heart

blood vessels acquired by X-rays at different time instances),

Retina (overlaping retinal photography images acquired at

different positions, see Fig. 3), Roads (roads from satellite

images with graphs extracted from maps).

In all datasets, the new method works best in terms of pre-

cision (fraction of correctly retrieved matches) thanks to the
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(a) (b)

Fig. 3. Example matching on the retinal dataset. (a) First

image with extracted edges in green, (b) second image with

extracted edges in blue and transformed edges from the first

image after alignment. Matched edges are shown in red.

more efficient search space pruning. In 5 out of the 6 datasets,

the proposed method is the most geometrically accurate. It is

also the fastest on the two largest datasets.

4. CONCLUSION

We have presented a novel and computationally efficient

method of updating B-spline coefficients for the task of incre-

mental approximation of scattered data, based on Kalman fil-

tering. We have shown that our procedure is by several orders

of magnitude faster than alternative methods. We have fur-

ther integrated the incremental update into a geometric graph

matching method [1], to check the compatibility of incremen-

tally built matches with the geometric model. This has turned

out to be a very good fit, using the incremental updating pro-

cedure for a B-spline model is both fast and efficient in prun-

ing the search tree, further increasing the match quality and

the size of the graphs that can be matched.
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