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Abstract—We show that solving the LP relaxation of the min-sum labeling

problem (also known as MAP inference problem in graphical models, discrete

energy minimization, or valued constraint satisfaction) is not easier than solving

any linear program. Precisely, every polytope is linear-time representable by a

local marginal polytope and every LP can be reduced in linear time to a linear

optimization (allowing infinite costs) over a local marginal polytope. The reduction

can be done (though with a higher time complexity) even if the local marginal

polytope is restricted to have a planar structure.

Index Terms—Graphical model, Markov random field, discrete energy

minimization, valued constraint satisfaction, linear programming relaxation,

local marginal polytope

Ç

1 INTRODUCTION

THE min-sum (labeling) problem is defined as follows: given a set of
discrete variables and a set of functions depending on one or two
variables, minimize the sum of the functions over all variables.
This problem arises in MAP inference in graphical models [22] and
it is also known as discrete energy minimization [9] or valued con-
straint satisfaction [21].

This NP-complete problem has a natural linear programming
(LP) relaxation, proposed by a number of authors [4], [13], [18],
[22]. This relaxation is equivalent to the dual (Lagrangian) decom-
position of the min-sum problem [8], [12], [19]. While the min-sum
problem can be formulated as a linear optimization over the mar-
ginal polytope, the LP relaxation approximates this polytope by its
outer bound, the local marginal polytope [22].

The relaxation is exact for a large class of min-sum instances
and it is a basis for constructing good approximations for many
other instances [9], [20], [23]. It is therefore of great practical inter-
est to have efficient algorithms to solve the LP relaxation.

To solve the LP relaxation, the simplex and interior point meth-
ods are prohibitively inefficient for large-scale instances (which
often occur, e.g., in computer vision). For min-sum problems with
two labels, the LP relaxation can be solved efficiently because it
reduces in linear time to max-flow [3], [17]. For more general prob-
lems, no really efficient algorithm is known to solve the LP.

In this paper we show that the quest for efficient algorithms to
solve the LP relaxation of the general min-sum problem has a fun-
damental limitation, because this task is not easier than solving
any linear program. Precisely, we prove the following theorems.

Theorem 1. Every polytope is (up to scale) a coordinate-erasing projec-
tion of a face of a local marginal polytope with three labels, whose
description can be computed from the input polytope in linear time.

The input polytope is described by a set of linear inequalities
with integer coefficients. By coordinate-erasing projection, we
mean a projection that copies a subset of coordinates and erases
the remaining ones.

Theorem 2. Every linear program can be reduced in linear time to a lin-
ear optimization (allowing infinite costs) over a local marginal poly-
tope with three labels.

While Theorem 2 immediately follows from Theorem 1, the sit-
uation is more complex when infinite costs are not allowed. In
this case, the reduction time and the output size are quadratic
(see Theorem 9).

Given these negative results, one may ask whether the LP relax-
ation can be solved efficiently for some useful subclasses of the
min-sum problem. One such subclass is the planar min-sum prob-
lem, which frequently occurs in computer vision. We show (in
Theorem 11) that even in this case, the reduction can be done (with
infinite costs allowed), in better than quadratic time.

Similar universality results are known also for other polytopes,
e.g., the three-way transportation polytope [6] and the traveling
salesman polytope [2].

2 THE LOCAL MARGINAL POLYTOPE

Let ðV;EÞ be an undirected graph, where V is a finite set of objects

and E � V
2

� �
is a set of object pairs. LetK be a finite set of labels. Let

gu: K ! R and guv: K �K ! R be unary and binary cost functions,

where R ¼ R [ f1g and we adopt that guvðk; ‘Þ ¼ gvuð‘; kÞ. The
min-sum problem is defined as

min
k2KV

X
u2V

guðkuÞ þ
X

fu;vg2E
guvðku; kvÞ

0
@

1
A: (1)

All the costs guðkÞ; guvðk; ‘Þ form a vector g 2 R
I

where I ¼
ðV �KÞ [ ffðu; kÞ; ðv; ‘Þg j fu; vg 2 E; k; ‘ 2 K g. The problem instance
is given by a tuple ðV;E;K; gÞ.

The local marginal polytope [22] is the set L of vectors mm 2 RI
þ

satisfying X
‘2K

muvðk; ‘Þ ¼ muðkÞ; u 2 V; v 2 Nu; k 2 K; (2a)

X
k2K

muðkÞ ¼ 1; u 2 V; (2b)

where Nu ¼ f v j fu; vg 2 E g are the neighbors of u and we assume
muvðk; ‘Þ ¼ mvuð‘; kÞ. The numbers muðkÞ;muvðk; ‘Þ are known as
pseudomarginals [22]. The local marginal polytope is given by a
triplet ðV;E;KÞ.

The LP relaxation of the min-sum problem reads

L�ðgÞ ¼ argmin
mm2L

hg;mmi; (3)

where in the scalar product hg;mmi we define 0 � 1 ¼ 0. The set (3)
contains all vectors mm for which hg;mmi attains minimum over L. It
is itself a polytope, a face of L.

We will depict min-sum problems by diagrams, as in Fig. 1.
Objects u 2 V are depicted as boxes, labels ðu; kÞ 2 I as nodes, label
pairs fðu; kÞ; ðv; ‘Þg 2 I as edges. Each node is assigned a unary
pseudomarginal muðkÞ and cost guðkÞ. Each edge is assigned a
binary pseudomarginal muvðk; ‘Þ and cost guvðk; ‘Þ.

Note the meaning of constraints (2) in Fig. 1. Constraint (2b)
imposes for unary pseudomarginals a; b; c that aþ bþ c ¼ 1. Con-
straint (2a) imposes for binary pseudomarginals p; q; r that
a ¼ pþ q þ r.

3 INPUT POLYHEDRON

We consider the input polyhedron in the form

P ¼ fx ¼ ðx1; . . . ; xnÞ 2 Rn jAx ¼ b; x � 0 g; (4)

where1 A ¼ ½aij� 2 Zm�n, b ¼ ðb1; . . . ; bmÞ 2 Zm, m 	 n. We assume
there is at least one non-zero entry in each row and column of A.
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1. The assumption that ðA;bÞ are integer-valued is common, see e.g., [10]. In
the more general case of rational-valued ðA;bÞ, Lemma 4 would not hold. Linear
complexity of the reduction could probably be maintained under some additional
assumptions, such as prior bounds on the sizes of coordinates of the vertices of P .
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The instance of polyhedron (4) is given by ðA;bÞ or, in short, by the
extended matrix

�A ¼ ½aij� ¼ ½A jb� 2 Zm�ðnþ1Þ: (5)

It will be convenient to rewrite the systemAx ¼ b as follows. In
the ith equation

ai1x1 þ � � � þ ainxn ¼ bi; (6)

it is assumed that bi � 0 (if not, multiply the equation by �1). Fur-
ther, the terms with negative coefficients are moved to the right-
hand side, such that both sides have only non-negative terms.
Thus, (6) is rewritten as

aþi1x1 þ � � � þ aþinxn ¼ a�i1x1 þ � � � þ a�inxn þ bi; (7)

where aþij � 0, a�ij � 0, aij ¼ aþij � a�ij. We assume w.l.o.g. that

aþi1 þ � � � þ aþin 6¼ 0 and a�i1 þ � � � þ a�in þ bi 6¼ 0.

The following lemmas give some bounds that will be needed in
the encoding algorithm.

Lemma 3. For every matrixA 2 Rn�n with columnsAj,

detAj j 	
Yn
j¼1

kajk2 	
Yn
j¼1

kajk1:

Proof. The first inequality is well-known as Hadamard’s inequal-
ity. The second inequality holds because kak2 	 kak1 for every
a 2 Rn. tu

Lemma 4. Let b 6¼ 0. Let ðx1; . . . ; xnÞ be a vertex of P . Then for each j

we have xj ¼ 0 orM�1 	 xj 	 M where

M ¼
Ynþ1

j¼1

Xm
i¼1

jaijj: (8)

Proof. It is well-known from the theory of linear programming
that every vertex x of P is a solution of a system A0x0 ¼ b0,
where x0 ¼ ðx01; x02; . . .Þ are the non-zero components of x, A0

is a non-singular submatrix of A, and b0 is a subvector of b.
By Cramer’s rule,

x0j ¼
detA0

j

detA0 ; (9)

where A0
j denotes A0 with the jth column replaced by b0.

Lemma 3 implies jdetA0
jj; jdetA0j 	 M . tu

Lemma 5. Let P be bounded. Then for every x 2 P , each side of equa-
tion (7) is not greater than

N ¼ Mmax
m

i¼1

Xn
j¼1

jaijj: (10)

Proof. Since every point ðx1; . . . ; xnÞ of P is a convex combination

of vertices of P , we have xj 	 M for each j. Hence, aþi1x1 þ � � �þ
aþinxn 	 Mðjai1j þ � � � þ jainjÞ 	 N for each i. tu

4 ENCODING A POLYTOPE

In this section, we prove Theorem 1 by constructing, in linear time,
a min-sum problem ðV;E;K;gÞ with costs g 2 f0; 1gI such that the
input polyhedron P is a scaled coordinate-erasing projection of
L�ðgÞ. We assume that P is bounded, i.e., a polytope.2

4.1 Elementary Constructions

The output min-sum problem will be constructed from small build-
ing blocks, which implement certain simple operations on unary
pseudomarginals. We call these blocks elementary constructions. An
elementary construction is a min-sum problem with jKj ¼ 3 labels,
zero unary costs guðkÞ ¼ 0, binary costs guvðk; ‘Þ 2 f0; 1g, and opti-
mal value minm2Lhg;mi ¼ 0. It follows that m 2 L is optimal to the

LP relaxation if and only if

guvðk; ‘Þmuvðk; ‘Þ ¼ 0; fu; vg 2 E; k; ‘ 2 K: (11)

We will define elementary constructions by diagrams such as in
Fig. 1, in which we draw only edges with costs guvðk; ‘Þ ¼ 1. Edges
with costs guvðk; ‘Þ ¼ 0 are not drawn. We will use the following
elementary constructions (see Fig. 2):

COPY enforces equality of two unary pseudomarginals a; d in
two objects while imposing no other constraints on b; c; e; f . Pre-
cisely, given any feasible unary pseudomarginals a; b; c; d; e; f ,
there exist feasible binary pseudomarginals satisfying (11) if and
only if a ¼ d.

ADDITION adds two unary pseudomarginals a; b in one object and
represents the result as a unary pseudomarginal c ¼ aþ b in
another object. No other constraints are imposed on the remaining
unary pseudomarginals.

EQUALITY enforces equality of two unary pseudomarginals a; b in
a single object, introducing two auxiliary objects. No other con-
straints are imposed on the remaining unary pseudomarginals.
In the sequel, this construction will be abbreviated by omitting the
two auxiliary objects and writing the equality sign between the
two nodes, as shown in Fig. 2d.

POWERS creates the sequence of unary pseudomarginals with
values 2ia for i ¼ 0; . . . ; d, each in a separate object. We call d the
depth of the pyramid.

NEGPOWERS is similar to POWERS but constructs values 2�i for
i ¼ 0; . . . ; d.

Fig. 3 shows an example of how the elementary constructions
can be combined. The edge colors distinguish different elementary
constructions. By summing selected bits from NEGPOWERS, the num-
ber 5

8 is constructed. The example can be easily generalized to con-

struct the value 2�dk for any d; k 2 N such that 2�dk 	 1.

4.2 The Algorithm

Nowwe are ready to describe the encoding algorithm. The input of
the algorithm is a set of equalities (7). Its output will be a min-sum
problem ðV;E;K;gÞ with jKj ¼ 3 labels and costs guðkÞ ¼ 0,
guvðk; ‘Þ 2 f0; 1g. We will number labels and objects by integers,
K ¼ f1; 2; 3g and V ¼ f1; . . . ; jV jg.

The algorithm is initialized as follows:

1.1. For each variable xj in (4), introduce a new object j into V .
The variable xj will be represented (up to scale) by pseudo-

marginal mjð1Þ.
1.2. For each such object j, build POWERS to the depth dj ¼

blog2 maxmi¼1jaijjc based on label 1. This yields the sequence

of numbers 2imjð1Þ for i ¼ 0; . . . ; dj.

1.3. Build NEGPOWERS to the depth d ¼ dlog2 Ne.

Fig. 1. A pair of objects fu; vg 2 E with jKj ¼ 3 labels.

2. If the input polytope is in the general form fx 2 Rn jAx 	 b g, it can be
transformed to the form (4) by adding slack variables and translating.
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Then the algorithm proceeds by encoding each equation (7). The ith

equation is encoded as follows:

2.1. Construct pseudomarginals with non-zero values jaijjxj,
j ¼ 1; . . . ; n, by summing selected values from POWERS built
in Step 1.2, similarly as in Fig. 3. Note that the depths dj are

large enough to make this possible.
2.2. Construct a pseudomarginal with value 2�dbi by summing

selected bits from NEGPOWERS built in Step 1.3, similarly as

in Fig. 3. The value 2�dbi represents bi, which sets the scale
(mentioned in Theorem 1) between the input and output

polytope to 2�d. Note, the depth d is large enough to ensure
that all pseudomarginals are bounded by 1.

2.3. Sum all the terms on each side of the equation by repeti-
tively applying ADDITION and COPY.

2.4. Apply COPY to enforce equality of the two sides of the
equation.

Fig. 4 shows the output min-sum problem for an example poly-
tope P . By construction, the resulting min-sum problem encodes
the input polytope as follows:


 If P ¼ ; thenminmm2Lhg;mmi > 0.

 If P 6¼ ; thenminmm2Lhg;mmi ¼ 0 and

P ¼ pðL�ðgÞÞ; (12)

where p: RI ! Rn is the scaled coordinate-erasing projec-
tion given by

ðx1; . . . ; xnÞ ¼ pðmmÞ ¼ 2dðm1ð1Þ; . . . ;mnð1ÞÞ: (13)

Let us make some remarks on this construction. The output
min-sum problem has costs g 2 f0; 1gI but we could also use

g 2 f0;1gI without affecting the result. The min-sum problem

with costs in f0;1g is well-known as the constraint satisfaction prob-
lem (CSP). An instance of CSP is arc consistent [1] if

min
‘2K

guvðk; ‘Þ ¼ guðkÞ; u 2 V; v 2 Nu; k 2 K: (14)

Our constructed min-sum problem is arc consistent.
Solving the LP relaxation of the problem ðV;E;K; gÞ decides

whether P 6¼ ; and if so, it finds x 2 P . But this in fact means it sol-
ves the system fAx ¼ b; x � 0 g. Thus, we have the following
side-result.

Theorem 6. Solving any system of linear inequalities reduces in linear
time to the LP relaxation of an arc consistent min-sum problem with
three labels and costs in f0;1g.

4.3 The Complexity of Encoding

Let us show that the running time of the algorithm in Section 4.2 is
linear in the size of P , i.e., in the size of the matrix (5). It is usual
(see e.g. [10]) to define the description size of a matrix as the num-
ber of bits needed to encode all its entries in binary. Since an inte-
ger a 2 Z needs at least log2ðjaj þ 1Þ bits to encode, the number

L1 ¼
Xnþ1

j¼1

Xm
i¼1

log2ðjaijj þ 1Þ (15)

is a lower bound on the size of A. Now it suffices to show that the
running time is OðL1Þ because then it will clearly be linear also in
the true size of P .

Note that zero entries aij ¼ 0 do not contribute to L1. Thus L1 is

a lower bound on a sparse representation of A, in which only non-
zero entries are stored.

The running time of the algorithm is obviously3 linear in jEj.
Object pairs are created only when an object is created and the
number of object pairs added with one object is bounded by a con-
stant, hence jEj ¼ OðjV jÞ. So it suffices to show that jV j ¼ OðL1Þ.

On initialization, the algorithm creates
Pn

j¼1ðdj þ 1Þ objects in
Step 1.2 and dþ 1 objects in Step 1.3. It is easy to verify that both
these numbers are OðL1Þ. To show that dþ 1 ¼ OðL1Þ, one needs to
show (referring to (10)) that log2 M ¼ OðL1Þ and log2 maxi

P
j jaijj ¼

OðL1Þ.
For illustration, we only prove log2 M ¼ OðL1Þ and leave the

rest up to the reader. For every j, we haveXm
i¼1

jaijj 	
Ym
i¼1

ðjaijj þ 1Þ

because multiplying out the left-hand side yields the right-hand
side plus additional non-negative terms. Taking logarithm and

Fig. 2. Elementary constructions.

Fig. 3. Construction of the number 5
8.

3. The only thing that may not be obvious is how to multiply large integers
a; b in linear time. But this issue can be avoided by instead computing

pða; bÞ ¼ 2dlog2 aeþdlog2 be, which can be done in linear time using bitwise operations.
Since ab 	 pða; bÞ 	 ð2aÞð2bÞ, the bounds like M become larger but this does not
affect the overall complexity.
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summing over j yields

log2 M ¼
Xnþ1

j¼1

log2
Xm
i¼1

jaijj 	
Xnþ1

j¼1

Xm
i¼1

log2ðjaijj þ 1Þ ¼ L1:

Finally, encoding one equality (7) adds at most as many objects
as there are bits in the binary representation of all its coefficients.
Thus, the number of objects added to encode all equalities (7) is
OðL1Þ.

5 ENCODING A LINEAR PROGRAM

Here we show how to reduce any linear program to linear opti-
mization over a local marginal polytope. By saying that problem
A reduces to problem B we mean there is an algorithm to solve
problem A that can repeatedly4 call an oracle for problem B

(this is known as Turing reduction [15]). The complexity of the
reduction is the complexity of this algorithm, assuming that the
oracle for B takes constant time and space. If B is a linear pro-
gram, we assume the oracle returns not only the optimal value
but also an optimal argument.

We assume the input linear program in the form

P �ðcÞ ¼ argmin
x2P

hc;xi; (16)

where c ¼ ðc1; . . . ; cnÞ 2 Zn. Since the encoding in Section 4 can be
applied only to a bounded polyhedron but the LP (16) can be
unbounded, we first need a lemma.

Lemma 7. Every linear program can be reduced in linear time to a linear
program over a bounded polyhedron.

Proof. Denote HðaÞ ¼ fx 2 Rn j h1;xi 	 a g. By Lemma 4, all verti-
ces of P are contained in the halfspaceHðnMÞ. Clearly,

min
x2P\HðnMÞ

hc;xi � min
x2P\Hð2nMÞ

hc;xi: (17)

Each side of (17) is a linear program over a bounded polyhe-
dron. Inequality (17) is tight if and only if (16) is bounded, in
which case (17) has the same optimum as (16). The linear pro-
grams (17) are infeasible if and only if (16) is infeasible.

The description size of numbers nM and 2nM is OðL1Þ, thus
the reduction is done in linear time. tu
By Lemma 7, we further assume that P is bounded. We also

assume that P 6¼ ; because P ¼ ; is indicated byminmm2Lhg0;mmi > 0.

By Theorem 1, optimizing a linear function over P can be
reduced in linear time to optimizing a linear function over a face of
L. Given an oracle to optimize a linear function over L, it may
seem unclear how to optimize a linear function over a face of L.
This can be done by setting non-zero binary costs to a large
constant.

Precisely, let ðV;E;K; g0Þ be the min-sum problem that encodes

P , constructed in Section 4. Define g 2 R
I
by

giðkÞ ¼ ci; if k ¼ 1 and i 	 n;
0; if k > 1 or i > n;

�
(18a)

gijðk; ‘Þ ¼ 0; if g0ijðk; ‘Þ ¼ 0;
g1; if g0ijðk; ‘Þ ¼ 1;

�
(18b)

where the constant g1 � 0 is large enough to ensure that every
mm 2 L�ðgÞ satisfies (11). It follows that

P �ðcÞ ¼ pðL�ðgÞÞ: (19)

It remains to choose g1. The situation is different depending on
whether or not we are allowed to use infinite costs. If infinite costs
are allowed, we simply set g1 ¼ 1. This proves Theorem 2.

Fig. 4. The output min-sum problem for the polytope P ¼ f ðx; y; zÞ jxþ 2yþ 2z ¼ 3; �xþ 3y ¼ �1; x; y; z � 0 g.

4. In our case, the oracle is called only twice, as given by Lemma 7.
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If infinite costs are not allowed, g1 must be large enough but
finite. Unfortunately, manipulation with these large numbers
increases the complexity of the reduction. This is given by Theorem
9. To prove it, we first need a lemma, which refines Lemma 4 for
the special case of the local marginal polytope.

Lemma 8. Let mm 2 RI be a vertex of the local marginal polytope defined
by ðV;E;KÞ with jKj ¼ 3. Then each component m of mm satisfies

m ¼ 0 or m � M�1
L where

ML ¼ 2jV jþ6jEj: (20)

Proof. Write the local marginal polytope in the form (4), i.e., con-
straints (2) read Ax ¼ b. Matrix A has jV j þ 6jEj rows and
3jV j þ 9jEj columns. Each row of matrix ½A jb� has exactly 4
non-zeros, each of them in f�1; 1g. By Hadamard’s inequality,

in (9) we have j detA0
jj; jdetA0j 	 ML. tu

Theorem 9. Every linear program (16) can be reduced to a linear optimi-
zation (allowing only finite costs) over a local marginal polytope with
three labels. The size of the output and the reduction time are
OðL1ðL1 þ L2ÞÞ where L2 is the description size of c.

Proof. Choose g1 ¼ 1þMLðC2 � C1Þwhere

C1 ¼
Xn
i¼1

minf0; cig; C2 ¼
Xn
i¼1

maxf0; cig:

We show that now every mm 2 L�ðgÞ satisfies (11). It suffices to
show this only for vertices of L�ðgÞ because taking convex com-
binations of vertices preserves (11).

Since mm 2 ½0; 1�I , the contribution of the unary terms to hg;mmi
is in the interval ½C1; C2�. Since P 6¼ ;, we have minmm2Lhg0;mmi ¼
0 and thereforeminmm2Lhg;mmi 	 C2.

Suppose there is a vertex mm of L�ðgÞ and a label pair
fðu; kÞ; ðv; ‘Þg such that guvðk; ‘Þ ¼ g1 and muvðk; ‘Þ > 0. By

Lemma 8, we have muvðk; ‘Þ � M�1
L . Thus

min
mm2L

hg;mmi � g1M�1
L þ C1 > C2;

which is a contradiction.
Let us prove the claimed complexity. The binary length of

g1 is OðL1 þ L2Þ. It occurs in g at OðL1Þ positions, thus the
binary length of g is OðL1ðL1 þ L2ÞÞ. tu

6 REDUCTION TO PLANAR MIN-SUM

In this section, we show that the reduction can be done even if we
require the graph ðV;EÞ of the output min-sum problem to be pla-
nar. For that, it suffices to modify the construction in Section 4.2 to
ensure that ðV;EÞ is planar.

Consider a drawing of the graph ðV;EÞ in the plane, in which
vertices are distinct points and edges are straight line segments
connecting the vertices. We assume w.l.o.g. that no three edges
intersect at a common point, except at graph vertices.

The main idea is to replace every edge crossing with an equiva-
lent planar min-sum problem. Consider a pair fu; zg; fv; wg 2 E of
crossing edges, as shown in Fig. 5a. This pair is replaced by a con-
struction in Fig. 5b. The cost functions guu0 ¼ gvv0 copy unary pseu-
domarginals, i.e., they enforce mu ¼ mu0 and mv ¼ mv0 . The other
cost functions are set as gu00z ¼ guz and gv00w ¼ gvw. Problem H is a
planar min-sum problem that enforces unary pseudomarginals in
objects u0; u00 and v0; v00 to be equal, mu0 ¼ mu00 and mv0 ¼ mv00 . This
problem can be drawn arbitrarily small so that it is not intersected
by any other edges.

Fig. 6 shows how the planar min-sum problem H can be
designed. We work with halves of unary pseudomarginals, the
first two from each object. The order of unary pseudomarginals
is changed by swapping neighbors, imitating bubble sort on
four elements.

Recall that the (non-planar) min-sum problem constructed in
Section 4.2 has E ¼ OðL1Þ object pairs. Thus, there are OðL2

1Þ
edge crossings in this problem, which yields a reduction to a
planar min-sum problem (allowing infinite costs) done in time

OðL2
1 þ L2Þ.
It turns out that a more careful strategy of drawing the graph

decreases the bound on edge crossings to OðmL1Þ. Before proving
this in Theorem 11, we need a lemma.

Suppose we are given numbers a1; . . . ; ap and sets I1; . . . ; Iq �
f1; . . . ; pg and we want to compute numbers bj ¼

P
i2Ij ai,

j ¼ 1 . . . ; q. The jth sum is constructed using a binary tree, Tj, in

which every non-leaf vertex is the sum of its children (i.e., every
non-leaf vertex with two children is ADDITION and every edge is
COPY, as in Fig. 3). The leaves of Tj are ai, i 2 Ij, and its root is bj. We

refer to this construction as SUMTREES.

Lemma 10. LetSUMTREES be drawn such that the leaves a1; . . . ;ap lie
on a common horizontal line and their positions on the line are
given, and the roots b1; . . . ;bq lie on a different horizontal line

and their positions on the line can be arbitrary. Under this constraint,
SUMTREES can be drawn withOðqPq

j¼1 jIjjÞ edge crossings.

Fig. 5. Eliminating an edge crossing.

Fig. 6. Planar edge crossing using three labels.
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Proof. The construction is drawn as follows (see Fig. 7a). Each tree
is drawn without edge crossings. In each tree Tj, all the leaves
ai, i 2 Ij, have the same distance (i.e., the number of edges) to

the root bj. Let the height of a tree vertex be defined as its dis-

tance to the nearest leaf. The vertical coordinate of every non-
root vertex is equal to its height. All the roots b1; . . . ;bq have the

same vertical coordinate h ¼ dlog2 maxqj¼1jIjje.
Let us focus on tree T1. It is built in the bottom-upmanner. All

non-leaf vertices with the same height have two children except
the right-most one, which can have only one child. The horizontal
coordinate of a vertex equals the horizontal coordinate of its sec-
ond child; if there is only one child, it equals the horizontal coor-
dinate of this child. When a layer containing only one vertex has
been drawn and its height is less than h, the vertex is linked by a
single vertical edge with the layer of height h (thus, this edge can
jump over several layers), where it forms the root b1. Clearly,
adding this vertical edge does not affect the overall complexity.

The trees T2; . . . ; Tq are drawn similarly. The only differ-
ence is that all non-leaf vertices are shifted to the left by a
small offset, to ensure that the non-leaf vertices of all the
trees are distinct.

We will show that the number of edge crossings between
two trees Ti and Tj is OðjIij þ jIjjÞ. Consider all vertices with
heights k and kþ 1 (see Fig. 7b). For a vertex u with height
kþ 1, let Xu � R denote the smallest interval containing the
horizontal coordinates of u and its children. Edges going down
from u and v to height k can cross each other only if the intervals
Xu andXv intersect. Note that if u and v belong to the same tree,
thenXu andXv are disjoint.

Let qi;k and qj;k be the number of vertices with height k of Ti

and Tj, respectively. The number of pairs of intersecting inter-

vals is Oðqi;k þ qj;kÞ. To see this, observe that if an interval is

included in another, then it appears only in one intersecting
pair. If all such included intervals are discarded, each interval
intersects at most two others. Thus the number of intersections
is Oðqi;k þ qj;kÞ.

It follows that the number of edge crossings between Ti and
Tj is OðjTij þ jTjjÞ, where jT j denotes the number of vertices of

tree T . But we have jTjj ¼ OðjIjjÞ, because qj;kþ1 ¼ dqj;k=2e for

every j; k (recall, in every tree the highest non-root layer with a
single node is linked with the root layer by a single edge).

The total number of crossings in the whole SUMTREES graph isP
1	i 6¼j	q OðjIij þ jIjjÞ ¼ OðqPq

j¼1 jIjjÞ. tu
Theorem 11. Every linear program can be reduced inOðmL1 þ L2Þ time

to a linear optimization (allowing infinite costs) over a local marginal
polytope with three labels over a planar graph.

Proof. It suffices to show how to draw, in the algorithm from Sec-
tion 4.2, the graph ðV;EÞ with OðmL1Þ edge crossings. We show
this in the rest of the proof.

We start by drawing POWERS for variable x1 horizontally.
Then we draw SUMTREES over the objects of POWERS, with roots
being non-zero numbers jai1jx1, i ¼ 1; . . . ; m. The ith tree has
Oðlog2ðjai1j þ 1ÞÞ leaves, therefore, by Lemma 10, this SUMTREES

construction has OðmPm
i¼1 log2ðjai1j þ 1ÞÞ edge crossings.

This is repeated for the remaining variables x2; . . . xn, result-
ing in n independent SUMTREES constructions. The numbers

2�dbi, i ¼ 1; . . . ;m, are constructed similarly, by drawing SUM-

TREES over NEGPOWERS. The total number of edge crossings is

O
�Xn

j¼1

m
Xm
i¼1

log2ðjaijj þ 1Þ þm
Xm
i¼1

log2ðjbij þ 1Þ
�
¼OðmL1Þ:

At this stage, we have objects representing all non-zero num-
bers jaijjxj and 2�dbi. We assume that the vertical positions of all
SUMTREES were such that all these objects lie on a single horizon-
tal line. Now we proceed to sum the terms of each side of each
equality (7). This is done by drawing SUMTREES over these
objects, with 2m roots being the left-hand and right-hand sides
of all equalities (7). The tree associated with any side of the ith
equality (7) has OðniÞ leaves, where ni is the number of non-
zeros in the ith row of A. Therefore, the number of edge cross-

ings is OðmPm
i¼1 niÞ ¼ OðmL1Þ.

At this stage, all objects representing both sides of all equali-
ties (7) lie on a common horizontal line. It remains to join corre-
sponding left- and right-hand sides using COPY. This creates

Oðm2Þ � OðmL1Þ edge crossings. tu

7 CONSEQUENCES

Let us discuss some consequences of our results.
Most importantly, our results show that solving the LP relaxa-

tion of the min-sum problem is comparably hard as solving any
LP. This is straightforward if infinite costs are allowed. Then, by
Theorem 2, the reduction is done in time OðLÞ where L ¼ L1 þ L2,
while the best known algorithm [10] for general LP has time com-

plexity5 Oðn3:5L2 log L log log LÞ. Finding a very fast algorithm,

such as OðL2 log LÞ, to solve the LP relaxation would imply
improving the best-known complexity of LP, which is unlikely.

The cases in which the reduction time is polynomial but higher
than linear (Theorems 11 and 9) still impose a restriction on possi-
ble search for an efficient algorithm to solve the LP relaxation.
There are not many principles how to solve the general LP in poly-
nomial time (one is the ellipsoid algorithm), and finding a new
such principle is expected to be difficult. Therefore, we should
restrict our search to modifying these known principles rather than
to discovering a new principle.

Our results make more precise the known observation that the
LP relaxation of the min-sum problem is easier for two labels than
for the general case. It is known that for two labels the LP relaxa-
tion reduces in linear time to max-flow [3], [17] and the local mar-
ginal polytope has half-integral vertices [11], [23]. For three labels,
the coordinates of the vertices of local marginal polytopes can have
much more general values, as shown in Section 4.1. Moreover,
there is not much difference in complexity between the LP relaxa-
tion for three labels and for more than three labels (allowing infi-
nite costs) because, by Theorem 2, the latter can be reduced to the
former in linear time.

Rather than solving directly the LP relaxation (3), it is often
more desirable to solve its dual. The dual seeks to maximize a
lower bound on (1) by reparameterizations. One class of algorithms
to tackle this dual LP converges only to its local minimum,

Fig. 7. (a) A drawing of SUMTREES for p ¼ 6, q ¼ 2, I1 ¼ f1; 3; 4; 5g, I2 ¼
f2; 3; 4; 5; 6g. (b) Crossing edges between two layers.

5. Note, Karmarkar [10] assumes full encoding of the LP matrix but we allow
sparse encoding (see Section 4.3). To the best of our knowledge, the complexity of
solving sparse LPs is largely open [16].
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characterized by arc consistency. This class includes popular mes-
sage passing algorithms [23, Section 6], [11], [7] and the algorithms
[14], [23, Section 7], [5]. Theorem 6 has an interesting consequence.
Suppose we are given a fixed point of say min-sum diffusion [23,
Section 6] and want to decide whether it is (globally) optimal to the
dual LP relaxation and if so, find a corresponding optimal solution
to the primal LP (3). This problem is equivalent to the LP relaxation
of an arc consistent min-sum problem with costs in f0;1g, there-
fore it is as hard as solving the general system of linear inequalities.

ACKNOWLEDGMENTS

The authors were supported by the Czech Science Foundation
grant P202/12/2071. Besides, Tom�a�s Werner was supported by the
European Commission grant FP7-ICT-270138.

REFERENCES

[1] C. Bessiere, “Constraint propagation,” in Handbook of Constraint Program-
ming. Amsterdam, The Netherlands: Elsevier, 2006, ch. 3.

[2] L. J. Billera and A. Sarangarajan, “All 0-1 polytopes are traveling salesman
polytopes,” Combinatorica, vol. 16, no. 2, pp. 175–188, 1996.

[3] E. Boros and P. L. Hammer, “Pseudo-Boolean optimization,” Discrete Appl.
Math., vol. 123, nos. 1–3, pp. 155–225, 2002.

[4] C. Chekuri, S. Khanna, J. Naor, and L. Zosin, “Approximation algorithms
for the metric labeling problem via a new linear programming for-
mulation,” in Proc. 12th Annu. Symp. Discrete Algorithms, 2001, pp. 109–118.

[5] M. C. Cooper, S. de Givry, M. Sanchez, T. Schiex, M. Zytnicki, and T.
Werner, “Soft arc consistency revisited,” Artif. Intell., vol. 174, nos. 7/8,
pp. 449–478, 2010.

[6] J. A. De Loera and S. Onn, “All linear and integer programs are slim 3-way
transportation programs,” SIAM J. Optim., vol. 17, no. 3, pp. 806–821, 2006.

[7] A. Globerson and T. Jaakkola, “Fixing max-product: Convergent message
passing algorithms for MAP LP-relaxations,” in Proc. 21st Annu. Conf. Neu-
ral Inf. Process. Syst., 2008, pp. 553–560.

[8] J. K. Johnson, D. M. Malioutov, and A. S. Willsky, “Lagrangian relaxation
for MAP estimation in graphical models,” in Proc. Allerton Conf. Commun.,
Control Comput., 2007.

[9] J. H. Kappes, B. Andres, F. A. Hamprecht, C. Schn€orr, S. Nowozin, D. Batra,
S. Kim, B. X. Kausler, J. Lellmann, N. Komodakis, and C. Rother, “A com-
parative study of modern inference techniques for discrete energy minimi-
zation problem,” in Proc. IEEE Conf. Comput. Vis. Pattern Recog., 2013,
pp. 1328–1335.

[10] N. Karmarkar, “A new polynomial-time algorithm for linear pro-
gramming,” in Proc. 16th Anuu. ACM Symp. Theory Comput., 1984, pp. 302–
311.

[11] V. Kolmogorov, “Convergent tree-reweighted message passing for energy
minimization,” IEEE Trans. Pattern Anal. Mach. Intell., vol. 28, no. 10,
pp. 1568–1583, Oct. 2006.

[12] N. Komodakis, N. Paragios, and G. Tziritas, “MRF energy minimization
and beyond via dual decomposition,” IEEE Trans. Pattern Anal. Mach.
Intell., vol. 33, no. 3, pp. 531–552, Mar. 2011.

[13] A. Koster, S. P. van Hoesel, and A. W. Kolen, “ The partial constraint satis-
faction problem: Facets and lifting theorems,” Oper. Res. Lett., vol. 23,
nos. 3–5, pp. 89–97, 1998.

[14] V. K. Koval and M. I. Schlesinger, “Dvumernoe programmirovanie v zada-
chakh analiza izobrazheniy (Two-dimensional programming in image
analysis problems),” USSR Acad. Sci., Autom. Telemech., vol. 8, pp. 149–168,
1976, in Russian.

[15] C. M. Papadimitriou, Computational Complexity. Reading, MA, USA: Addi-
son-Wesley, 1994.

[16] P. M. Pardalos and S. A. Vavasis, “Open questions in complexity theory for
numerical optimization,”Math. Program., vol. 57, pp. 337–339, 1992.

[17] C. Rother, V. Kolmogorov, V. S. Lempitsky, and M. Szummer, “Optimizing
binary MRFs via extended roof duality,” in Proc. IEEE Conf. Comput. Vis.
Pattern Recog., 2007, pp. 1–8.

[18] M. I. Shlezinger, “Syntactic analysis of two-dimensional visual signals in
noisy conditions,” Cybern. Syst. Anal., vol. 12, no. 4, pp. 612–628, 1976.

[19] D. Sontag, A. Globerson, and T. Jaakkola, “Introduction to dual decomposi-
tion for inference,” in Optimization for Machine Learning, Cambridge, MA,
USA: MIT Press, 2011.

[20] J. Thapper and S. �Zivn�y, “The power of linear programming for valued
CSPs,” in Proc. Symp. Found. Comput. Sci., 2012, pp. 669–678.

[21] S. �Zivn�y, The Complexity of Valued Constraint Satisfaction Problems. New
York, NY, USA: Springer, 2012.

[22] M. J. Wainwright and M. I. Jordan, “Graphical models, exponential fami-
lies, and variational inference,” Found. Trends Mach. Learn., vol. 1, nos. 1/2,
pp. 1–305, 2008.

[23] T. Werner, “A linear programming approach to max-sum problem:
A review,” IEEE Trans. Pattern Anal. Mach. Intell., vol. 29, no. 7, pp. 1165–
1179, Jul. 2007.

904 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 37, NO. 4, APRIL 2015



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


